Advanced 
Physical Geodesy 


BY 

HELMUT MORITZ 


%. • • \ v - JL 



HERBERT WICHMANN VERLAG KARLSRUHE 


ABACUS 


r*V:*: 




PRESS 


ABACUS PRESS TUNBRIDGE WELLS KENT 

1980 



Published simu 


Itancously by Herbert Wichmann Verlag in West Germany 
and by Abacus Press in Great Britain, 1980 


CIP-Kurztitelaufnahme der Deutschen Bibliothek 

Moritz, Helmut: 

Advanced physical geodesy / by Helmut Moritz. - 
Karlsruhe : Wichmann, 1980. - 
(Sammlung Wichmann : N.F. : Buchreihe ; Bd. 13) 
ISBN 3-87907-106-3 


ISBN 3-87907-106-3 

© 1980 Herbert Wichmann Verlag, RheinstraSe 122, 7500 Karlsruhe 21, 

West Germany 


ISBN 0 85626 195 5 

Abacus Press, Abacus House, Speldhurst Road, Tunbridge Wells, 
Kent TN4 OHU, England 


All rights reserved. No part of this publication may be reproduced, stored 
in a retrieval system, or transmitted in any form or by any means, 
electronic, mechanical or otherwise, without prior permission of 
Herbert Wichmann Verlag. 


Printed and bound in the Federal Republic of Germany. 


To the memory of 

RONALD SUNTHERERAJ MATHER 
1933 - 1978 



VII 


PRC I ACC 


the P ««rth al has°s* Sy ’ ^ ° f *** 9ravltatiof,a1 •«<» the figure 0 f 

* . enormous Progress in the years following the publtca- 

hor in 1967 00 Phys1ca1 Geodes *" by W.A. Helskanen and the present 
thor in 1967 Te new book is devoted almost exclusively to this progress, 

u eve " so it S far from comprehensive. First, It Is limited to the matn- 

ema ica eory, of which it attempts a systematic and didactic presenta- 

lon. ere is hardly any mention of observational techniques and of numer- 

but the mathematical methods are developed with a view to 
practical application. 


econdly, ever from the theory of physical geodesy, a selection had to 
to keep the si 2 e of the book within limits. Least-squares colloca- 
tion, which is a technique for combining observational data of different 
types for an optimal determination of the earth's figure and gravitational 
field, is treated rather broadly. The elementary presentation in Part B 
should be sufficient for most practical applications, whereas Part C pro- 
vides the advanced theory which is necessary for a deeper understanding. 
Part D deals with the geodetic boundary- val ue problem, the problem of Molo- 
densky, but limited to two main topics: series solutions as proposed by 
Ho 1 oden s ky , Brovar, and others, which seem to be most convenient for prac- 
tical use; and recent mathematical investigations regarding existence and 
uniqueness of the solution, associated with the names of Hbrmander, Krarup, 
and Sansd. 

The book is restricted to what might be called "classical physical ge- 
odesy": both the figure of the earth and its gravitational field are con- 
sidered independent of time. This is true to a very high accuracy (almost 
down to 10~ 7 ), which is sufficient for most present applications. For 
higher accuracy, geodynami cal (time-dependent) effects can be taken into 
account by small corrections. 

This approach seems to be practically and didactically the best; it has 
so far almost exclusively been pursued. Thus the present book uses it too, 
rather than formulating the observation equations and the boundary-value 
problem from the very beginning in a temporally variable, "four-dimension- 
al", form. 


An adequate treatment of geodynamical effects would have required a spe- 
cial Part E, if not another book. The handling of this topic within the 
frame of a section (sec. 55) Is a meager substitute: only the barest out- 
lines could be sketched. 

The author also regrets not to have been able to include a treatment of 
the differential structure of the gravity field, again for reasons of space 
There is, however, the book by Hotine (1969), which serves as an excellent 
basis for a study of the extensive subsequent literature. 

The understanding of the book requires a basic knowledge of physical ge- 
odesy. for the sake of uniformity, we have used the text (Heiskanen and Mo- 
ritz, 1967) as a source of reference. However, an equally useful background 
is provided by books such as (Groten, 1979), ( leders teger , 1969), (Leval- 
lois, 1970). (Magnizki et al . , 1964), (Peltinen, 1978), (Pick et al., 1973), 
(Shimbirev. 1975), or (Torge, 1975). 

The book is written for graduate students and research workers In the 
field of geodesy and gravity; it is not a mathematical text. In fact, in- 
tuitive intelligibility is aimed at, rather than full abstract rigor. The 
author has been guided by a kind of "minimum principle": to present the 
topics with the minimum adequate mathematical apparatus. Still, some places 
do require quite advanced mathematics, of which an easygoing introduction 
is given in Part A. Throughout, we have provided ample, wordy, and some- 
times repetitive explanations, because the mathematical and physical mean- 
ing behind the formulas is as important as the formulas themselves. Also, 
derivations are usually presented in a quite detailed manner. 

We have tried to use a fairly uniform notation without being pedantic. 
Vectors and matrices have been symbolized by underlined letters where nec- 
essary to avoid confusion; otherwise ordinary letters are employed for de- 
noting them. Similarly, row and column vectors are distinguished only where 
matrix operations are involved. 

The list of references is intended as a guide for the reader rather than 
as a complete documentation, which would comprise much more than the 200 
titles given. Without doubt there are important omissions due to the au- 
thor's inadvertence or ignorance. He apologizes to any colleague who feels 
that his work has not been adequately represented. 

The author’s cooperati on , now for almost two decades, with the Depart- 
ment of Geodetic Science of The Ohio State University has been of invalu- 
able influence on his research. He is particularly indebted to discussions 
with Dr. Richard H. Rapp, Mr. Bela Szabo, and Dr. Urho A. Uotila, who has 
also given permission for the frequent use of material from reports of this 
department. 
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Publ i cati ons of the German Geodetic Commission also have kindly permitted 
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The author expresses particular thanks to Mrs. Astrid Fink-Gradl for 
the competent and painstaking preparation of the typescript in a form suit 
able for direct reproduction and for advice in linguistic questions, to 
Mr. Robert Ge re ts ch 1 a ge r for properly constructing the diagrams, and to 
and to Dr. Hans SLinkel for help in proofreading. 
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part a 
general background 


ihis introductory vart ? j 

mathematical background for th ™ lnl U to provide the geodetic and 

central material frol the the "77 ^ 3 *" 

spherical harmonics. Basic consists f 7^’" in ° luii ^ 

concepts from functional analysis, such as 

flZ e Z 1 7 f^nau, oill be used throughout the book. There- 

is i t d TV ^ 5 0%Ve 0 SZm?U intp °duction to these topics , which 

ie intended for geodesists, not for mathematicians. 

The following sections are more advanced . Section 6 presents a review 
of the difficult problem of convergence of the spherical harmonic expan - 
* %on ° f the extep ^ gravitational potential at the earth’s surface. A 
fresh look on the subject from a practical angle is provided by an applica- 
tion of Bunge’s theorem in sec . 7. This theorem is proved in sec . S, which 
is mathematically more demanding than the preceding sections . 

The reader may start with sections 1 to 3 to refresh hie knowledge of 
basic facts from physical geodesy and get familiar with the terminology . 

If he is interested in applications rather than in the theory, he may then 
pass on to Part 3. 

For the study of Parts C to E, the material of sections 4 and 5 is in- 
dispensable, Bunge’s theorem (sec, 8) can be studied when the need arises s 
the proof (p. 70 et seq.) may be left out. Sections 6 and ? may be read 
whenever desired . 


2 General Background 


2, THE EARTH'S GRAVITY FIELD 

Th . sectlon r ev tews basic properties of the e.rth's gravity field end 

, related to It. In general following (Melskanen and Mont,, 

coordinate systems related to * u 

ro* 7 i esoeciaPy sections 1-1 and 2-1 through 2-4. 

0 ; fundament. 1 earth-flxed r.ctangu.ar ooordlnate k^temnyf Is defined 

the usual way: the origin Is at the earth’s center of .... (t ^**<>‘* 
the ,-aals coincides with the mean axis of rotation, the x-axis l.s In the 
mean Greenwich meridian plane and Is normal to the z-axls, the y ax s or 
mal to the xz-plane and directed so that the xyz system is right-handed. , 

xy-p 1 ane is thus the (mean) equatorial plane. 

One uses a mean axis of rotation and a mean Greenwich meridian p an 
order to get a definition independent of time, in view of very sma an 
or less periodic changes in the instantaneous rotation axis and 

tions of the earth's body; see sec. 55. 

The gravitational potential V may be expressed by the formula 


V (P) = V ( x ,y , z ) = G /// £|3i dv Q , {1_1) 

earth 

where P is a point having coordinates (x,y,z) ■ Q 1 s a point, variable 
within the earth's body, which forms the center of the volume element dv^ , 



FIGURE 1.1. Illustrating equation (1-1). 


1. The Earth's Gravity Field 


1 is the distance between P and q , *nd P (Q) is the mass density at Q; 

<j is the Newtonian gravitational constant 

G * 6.672 x I0' 11 m 1 s" 2 kg' 1 . (1-2) 

The integral is to be extended over the whole earth’s body* which includes 
the solid and liquid parts. The (very small) effect of the atmosphere isusu- 
ally disregarded; if necessary, it can be taken into account by corrections, 
which have the relative order of 10 . The same treatment may be applied to 
temporal variations of V , which have the order of 10* 7 ; see secs, 40 and 55. 
Unless stated otherwise, we shall therefore treat the earth as a rigid body 
without temporal changes and without atmosphere. 

Even so, the representation (1-1) has only theoretical value because its 
practical use would require the knowledge of the detailed density distribu- 
tion within the earth, which obviously is not known. 

For large distances 

r = Tx 2 + y 2 + z 2 , 

(1-1) may be expressed as 

V = ~ + O(i-) as r - - . (1-3) 

r 

M denoting the total mass of the body and 0(l/r 2 ) symbolizing a term that, 
for r ■+ ® , tends to zero as 1/r 2 . The physical sense of this equation is 
that, at large distances and approximately, any body acts gravitationally as 
a point mass. 

The gravity potential W is the sum of V and the potential of the cen- 
trifugal force, 

v c = \ u 2 (x 2 + y 2 } » (i-4) 


so that 


W(x,y,z) = V(x,y,z) +^oi 2 (x 2 +y 2 ) , (1-5) 

w being the angular velocity of the earth's rotation (which is considered 
cons tant } . 

The field of potential V is called the gravitational field ; the field 
of potential W is the gravity field . 


4 General Background 


The gravity vector £ is the gradient of W : 


£ 


grad W 



(1-6) 


its components are the partial derivatives of W with respect to *, y, j ; 
it is the resultant of the gravitational force grad V and the centrifugal 
force . 

The second-order partial derivatives of V form a symmetric matrix 



V 

V I 

XX 

xy 

x z 


V 

V 

y x 

yy 

yz 


V 

V 

zx 

*y 

zz , 


0-7) 


which is called the (second-order) gravitational gradient tensor , Similarly, 
the second-order derivatives of W form the gravity gradient tensor. 

The trace of the matrix (1-7) is the Laplaaian of V : 

A V = V + V + V . (1-8) 

xx yy zz 

Outside the attracting masses, above the earth's surface S , V satisfies 
Laplace 's equation 

aV « 0 ; (1-9) 

the solutions of this equation are called harmonic functions . In the 
earth's interior, inside S , the potential V satisfies Poisson 's equation 

AV - - 4 n Gp , (1*10) 

&V and 0 referring to the same point inside S . 

The corresponding relations for the gravity potential W are, in view of 

(i-i). 


AW = 2 W 2 

outside S , 

(1-H) 

AW = -4ttGp + 2w 2 

inside S . 

(1-12) 



6 General Background 


of a unit sphere centered at the observation station P , Tft e Symbo]s 

|| *» || y, || 2 denote parallels, through P , to the coordinate axes, 7^ 

intersection of the sphere by the planes (|Jx, || y) and (l|x f (12) i* 

* 1 s thf 

equator and the zero meridian, respectively. The local plumb line intersects 
the sphere at the zenith Z ; the vector PZ is the unit vector n . Th e co 
ordinates t and A appear as angles, as well as arcs on the unit sphere 
The surfaces W 3 const, are called the equipotential surfaces or level 
surfaces* They are everywhere normal to the gravity vector, that is, to the 
plumb line. A particular one of these surfaces, 

^{x,y ,z } = W 0 * const. , { 1 - 16 ) 

which approximately forms an average surface of the oceans, is distinguished 
by call ing it the geoid. 

The orthogonal trajectories of the level surfaces are the lines of force. 
The tangent to a line of force at any of its points is the direction of the 
gravity vector £ , or the plumb line. Sometimes the lines of force, which 
are slightly curved, are themselves referred to as plumb lines; a confusion 
is not likely to arise. 

bet P be a point of the visible earth‘s surface, called the topographic 
surface or the physical earth's surface. The line of force passing through 
P intersects the geoid at a point P Q . The length of the {slightly curved) 
plumb line segment P Q P is the orthometric height H . 



FIGURE 1.3. The orthometric height H . 


g. Refer ence Ellipsoid and Anomalous Gravity Field. 


The triple (♦.A.H) is called the natural coordinates of 9 . THey form 
system of curvilinear coordinates defined in terms of the gravity neldl 
An alternative definition of natural coordinates is by the trip e ) 

since the potential VI of P can also be regarded as a physical measure o 
the elevation of P . This is particularly evident if we consider the geo- 
potential number 


which is easily related to H but is conceptually simpler. 

Finally it should be noted that physical geodesy is concerned almost ex 
clusively with the gravity field at the gecnd and above. Of particu 
est is the external gravitational field, the field outside the 
face, for which the potential V is a harmonic function. 


2 , REFERENCE ELLIPSOID AND ANOMALOUS GRAVITY FIELD 

This is again a review section, summarizing some basic material which is 
presented in detail, for instance, in chapters 2 and 5 of (Heiskanen and Mo 

riU, 1967 )‘ _ 

Geodetic coordinates. If we replace the geoid by an ellipsoid, then the 

natural coordinates *, A, H are replaced by the geodetic coordinates ♦, 

X h . They are defined in the following way (Fig. 2.1). 



FIGURE 2.1. Referenda ellipsoid and geodetic coordinates . 
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A* ellipsoid of revolution , generated by rotating an ellipsoid of semi- 
axes a and b about the minor axis, Is placed with its center at the 
geocenter, in such a way that the minor axis coincides with the z-axis. A 
spatial point P is projected, by means of the straight line normal to the 
ellipsoid, onto the ellipsoid; this gives the point Q . The straight seg. 
ment QP is the geodetic height h , and the usual ellipsoidal geographi- 
cal coordinates of the foot point Q are the geodetic latitude a and 
geodetic longitude X of P , More precisely, 4 is the angle between the 
ellipsoidal normal and the equatorial plane, which is the xy-plane, and x 
is the angle between the meridian plane of P (the plane through P and 
the z-axis) and the zero meridian plane, which is the xz-plane. 

The system ( 4 ,x,h) is related to the system (x,y,z) by closed formu- 
las; 


X = (y + h) C054C0SX » 

y = {v + h) cos^sinx , (2-1) 

.2 

z = (— ^ v + h } s i n$ , 
a 

where 



( 2 - 2 ) 

( 2 - 3 ) 

(2-4) 


v is the transversal radius of curvature of the ellipsoid, c is the polar 
radius of curvature, and a' is called the second (numerical) excentricity. 
The deviation between the plumb line and the ellipsoidal normal is char- 


acterised by two small angles the components of the deflection of the 

vertical. This is illustrated by Fig. 2.2. The (astronomical) zenith l is 
the spherical image of the plumb line and has the spherical coordinates . 
and a , as in Fig. 1 . 2 . The “geodetical zenith" Z' is the image of the 
el 1 ipsoidal normal and has the coordinates * and a . From Fig. 2.2 it 
follows immediately that 


n * (a - X ) cos $ . 


(2-5) 


2* Re fertincG Ellipsoid and Anomalous Gravity Field 9 



FIGURE 2.2. The deflection of the vertical on the unit sphere. 


Similarly, Fig. 2.3 shows 
the geoidal height , we have 


that to a sufficient approximation. 


H being 


N = h " H ■ 


(2-6) 


P 



FIGURE 2.3. The geoidal height. 
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n Q!rm a i 


Equations { 2 - S ) and (2-6) relate the geodetic and the natural coordii 
through the deflection of the vertical and the geoidal height. 

The normal gravity field. The ellipsoid may be considered as some 
surface" for the geoid; a suitably chosen ellipsoid of revolution closely 
approximates the geoid and represents Its global shape (the maximum devia^ 
of the geoid from such a best-fitting ellipsoid Is on the order of only 
100 m }). It Is* therefore, natural to use the external gravity potential of 
an ellipsoid of revolution as a normal gravity potential U to approximate 
the earth's external gravity potential W . 

Since the geoid 


W(x.y.z) ■ W Q - const. (2-7) 

is an equipotential surface of W , it is obvious to postulate that the el- 
lipsoid be an equipotential surface for U ; 

U(x,y,z) * U Q « const. , (2-8) 

so that the given ellipsoid becomes an equipotential ellipsoid, or level el- 
lipsoid. Furthermore, U must be the sum 

U(x,y,z) = V(x,y,z) + £ w 2 (x 2 + y 2 ) (2-9) 

of a normal gravitational potential 7 and a centrifugal potential; ¥ 
must satisfy Laplace’s equation 

o¥ - 0 (2-10) 

outside the ellipsoid and behave at infinity approximately as a point mass: 

V = + o(~) as r -*■ « , (2-11) 

r 

ft denoting the total mass enclosed by the ellipsoid. These equations corre- 
spond to (1-5), (1-9), and (1-3), respectively. 

It can be shown that the postulate (2-8), together with the natural con- 
ditions (2-9), (2-10), and (2-11), completely and unambiguously determine 
the normal gravity potential U , provided the numerical values of 

a, b ... semiaxes of the ellipsoid, 

w angular velocity of rotation, (2-12) 

U 0 normal potential at the ellipsoid, 

or of four other suitable constants, are given. 


2. Ref«r<eno 0 Ellipsoid and Anomalous Gravity Fiald II 


The function U defined in this way i s expressed by a dosed formula 
which, however, involves some new notations and will not be used in this 
book. We shall, therefore, not give this formula here and limit ourselves 
to stating some auxiliary relations, referring the reader for details, 
e.g., to (Heiskanen and Moritz, 1967, secs. 2-7 to 2 - 9 ). 

The mass of the ellipsoid is expressed by 

GFI * TFH§TV< u o - T” 2 * 2 ) * (2 - U > 


where 


IE * yj a 2 ~ b 2 (2-14) 

is the linear excentricity and 

e 1 = § (2-15) 

is the second (numerical) excentricity of the ellipsoid, which we already 
have met at { 2-4 ) . 

Normal gravity y on the ellipsoidal surface is given by the formula 
of Somigliana 


aY a cos 2 <)> + bY b sin 2 $ 
/a^cos 2 ^ + b 2 sin^4 


(2-16) 


where 4 is the geodetic latitude and where normal gravity at the equator, 
y , and at the poles, Y b » are S iven b y 


t 



(2-17) 


wi th 


m 


<n 2 a 2 b 

GFT 


I 


q o = + — ^-)a rctan e' 



( 2 - 18 ) 

(2-19) 
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q ' = 3 { 1 +■ ; y } ( 1 - — -r a rc tan e 1 } * 1 

V pC 


( 2 - 20 ) 


For later use we shall need the quantity 




2 


= 


C - A 
Ha 2 


f 


( 2 - 21 ) 


where ft and C are the principal moments of inertia of our ellipsoid of 
revolution; A is the moment about the x (or y ) axis, and C is the 
moment about the z-axis, This quantity J 2 , called the dynamic form fac- 
tor f is, for the level ellipsoid, expressed by 



( loc, cit , , p.73), where 



( 2 - 22 ) 


(2-23) 


is the first (numerical) excentricity, 

The reader should note that all these quantities are, in fact, express- 
ed in terms of the four constants (2-12), 

The anomalous gravity field. The normal gravity potential U is a good 
first a ppro x i ma t i on for the actual gravity potential W outside the geoid. 
The difference 


T = W - U , (2-24) 

called the anomalous potential , or disturbing potential, is small. The 
function T is harmonic outside the earth, satisfying Laplace's equation 

iT = ° ; (2-25) 

this follows by forming the difference between (1-11) and the correspon- 
ding equation for U , under the assumption that u is the same in both 
cases . 

Writing 


W = u + T , 


(2-26) 


3. Referenda Ellipeoid and Anomalous Gravity Field 13 

*e see that the gravity field (potential w ) is split up Into a normal 
field (potential U ) and an anomalous field (potential T ). This decom- 
position is very practical: the principal part, expressed by U , Is given 
by closed (ellipsoidal) formulas; the remainder, expressed by T , Is ir- 
regular but very small, so that linear approximations are sufficient in 
practice. 

These principles, decomposition and linear formulas, will now be demon- 
strated for quantities referring to geoid and reference ellipsoid, respec- 
tively (Fig. 2,4). 



FIGURE 2.4, Geoid and reference ellipsoid. 


Let us associate to each geoidal point P an ellipsoidal point Q by 
projecting P onto the ellipsoid by means of the ellipsoidal normal. The 
distance PQ is the geoidal height N already introduced above. The nor- 

mal gravity vector y_ a t Q * 


l = (grad U) Q , 

is considered to be the "normal” counterpart of the gravity vector £ at 

P . 
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<1 * W ) P • (2-28} 

The difference between the norms g and y of these vectors is the grav- 
ity anomaly 


Ag s g - Y ; 


(2-29) 


note that gravity g refers to P whereas normal gravity refers to Q , 
On the other hand, in £2-24) both W and U refer to the same point; 
both to P or both to Q . 

The equations (2-5), (2-6), (2-24), and (2-29) all have the same struc- 
ture: quantities of the anomalous gravity field (T, N, ag, £, n) are ex- 
pressed in terms of differences between actual field quantities (W, H, g, 
4> , a) and their normal or ellipsoidal counterparts (U, h, y, <f> , A) . 

Basic is the fact, already mentioned, that all relations between quan- 
tities of the anomalous gravity field are linear , obtained by Taylor ex- 
pansions truncated after the linear term. We mention the most important 
relationships. They have a particularly simple form if the normal poten- 
tial U Q at the ellipsoid is taken to be equal to the actual potential 
W 0 at the geoid; this will be assumed. 

The components i, n of the deflection of the vertical are connected 
with the geoidal height N by 


C = 


3 N 

’ 3u * 



(2-30) 


where the system uv is a local cartesian coordinate system in the tan- 
gent plane to the geoid at P , with origin at P , the u-axis pointing 
north and the v-axis pointing east (cf. Heiskanen and Moritz, 1967, p . 112). 
The geoidal height N is related to the anomalous potential T by Bruns' 
formu la 


N - } , (2-31) 

where T - W - U (or, to the same accuracy, = W - U ), and T and 49 
y y f p 

are related by 

|T . I T . 49 . o , <2-«> 

where s/ah denotes differentiation along the ellipsoidal normal {ibid.* 
pp . 85 - 86 ) , 


E* Fefer&noe Ellipsoid and Anomalous 


Gravity Field 15 


Th. last formula U callad the fundamantal equation of pHyeUal geoleey. 
It IS a boundary condition at the ellipsoid. By solving Laplece's equation 
(2-25) subject to the boundary condition (2-32). supposing ig to be given, 
one obtains T outside and at the ellipsoid. Then Bruns' formula (2-31) 
yields the geoidal height. 

The validity of aT = 0 outside the ellipsoid presupposes the unreal- 
istic situation that there are no masses outside the ellipsoid. Therefore, 
these masses must be removed computationally, by a so-called gravity r«- 

ductvon. (A logically more satisfactory approach, due to Molodensky, will 
be considered In Part D.) 

An explicit solution for T in terms of the boundary values Ag is 
found in the following way. Since the quantities T and Ag entering in 
(2-32) are very small, the flattening f may be neglected in this equa- 
tion (this introduces an error in T of fT i 0.003 T). Then this bound- 
ary condition takes the form 

|I + |l + Ag = 0 , (2-33} 

where 

R = 6371 km (2-34) 

is a mean radius of the earth. Thus the reference ellipsoid is formally 
replaced by a sphere of radius R , and a/3r is the radial derivative at 
this sphere. 

The meaning of this spherical approximation should be properly under- 
stood. It does not mean that the reference ellipsoid is replaced by a 
sphere in a geometrical sense, so that now a sphere, instead of an ellip- 
soid, would be used as a reference surface for the geoid. It only means 
that the flattening is neglected in the coefficients of ellipsoidal formy- 
ls such as (2-32), so that formally a spherical relation (2-33) is ob- 
tained. As a matter of fact, normal gravity y in Ag = g - Y must be com- 
puted by the exact ellipsoidal formula (2-16). 

The solution of lap1ace‘s equation aT = 0 subject to the boundary con- 
dition (2-33) leads to Stokes formula 

T P " 77 // S (ifr ) da , i{2-35) 

? i s the po i nt at which T is computed and Q is the variable 
poir, t to which ag refers. The notations are illustrated by means of 
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FIGURE 2,5. Reference ellipsoid and unit sphere. 


Fig. 2.5. The symbol u denotes a unit sphere whose center may be taken 
to coincide with the center of the ellipsoid. The points P and Q are 
mapped into the points V and $ on the sphere a in such a way that the 
radii at F and Q are parallel to the ellipsoidal normals at P and Q; 
that is, the spherical coordinates (latitude and longitude) of F an d Q 
are identified with the geodetic coordinates <f>, \ 0 f p and , A< Qf 

Q , respectively. The surface element do of the unit sphere is, therefore 
given by 


do - cosift ' d$ ’ dA ' , 

and i i> , the spherical distance between F an{ j ^ 
sic spherical triangle of Fig. 2.6: 

cos ip - s in$s in$ 1 + cos$cos<f.‘cos(A'-A ) 1 

The function S(p) has the form 


(2-36) 

follows from the ba- 
(2-3?) 
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F I G U ft£ 2.6. The basic spherical triangle. 


Si*) - 



5 c o s iff - 3ce$*ln 



{2-38} 


The geoidal height now results from (2-31): 


"* ■ TJT7 //«9 0 S(*)d* i (Z ‘ 39) 

Y may be replaced by a global mean value such as 980 gal (1 gal = 10 ms ). 
A differentiation of this formula according to (2-30) leads to Vening 

Meinesz ' formula : 


! C P 


' “ ik [sin«] d0 


(2-40) 


where dS /d* is the derivative of Stokes’ function (2-38) and a is ob- 
tained from 


tana = 


cosssi n* 


cosdi 1 sinjx'-xj — , 

I 1 - si nijjcos* cos(a -a ) 


(2-41) 


following from the spherical triangle of Fig. 2.6, 

Both stokes * formula and Vening Heinesf formula presuppose the gravity 
anomaly ag to he given at every point of the ellipsoid. 


-known formulas for sphe 
follow (Helskanen and Me 
9 , 

e (polar distance), a 
nates x, y, z by 



it and rectangular coordinates , 


0 in spherical coordinates e 
ctions, each of which depends 
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f(r) » 

r n or f ( r) * — ™ , 

' n+i ’ 

r 

( 3 - 3 ) 

g( 0 ) = 

P (cose) , 

nm' ’ * 

( 3 - 4 ) 

MO * 

cos m A or h(A) = sin m A , 

( 3 - 5 ) 


where 


n = 0,1, 2,3,... 
* 0 , 1 , * 4 «, n « 


n is called the degree and m , the order of the functions under consider- 
ation. 

Thus, the dependence on r and on A is simple: f(r} is a positive 

or negative power of r , and h(A) is a sine or cosine of multiples of x. 

The functions P fcosd) are less elementary. They are called Legendre 
nm 

functions and defined by (we put coss = t ): 

, m jij+ia _ r . 

p (t) - -J-u . < 3 - 6) 

nia 2 n n ! dt 


An explicit expression is 


P 

nm 


(t) 



^ n * m - 2 k 


(3-7) 


where v is the greatest integer *<n-m>/2 . The Legendre functions are 
thus polynomials in t = cos0 , multiplied by powers of /l'-t 2 = sine . 
For m ~ 0 we have the Legendre polynomials 


p n * t > = "no**) 


_J d^_ 

2 n nl dt n 


(t 2 - l) n 


( 3 - 8 ) 


they are polynomials in t of degree n . For m t 0 , the P nn (t) are 
Called the associated Legendre functions . 

The product of functions (3-4) and (3-5), 


R (a ,*) = P (cose )cos n A , 

nra v ’ 1 run 

S (0 ,n = P (cose)sin mx , 
am v * * nm 


(3-9) 
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i 


trt Itif.irt turnoniet, and the products of (3-3), (3-4), and (3-s>_ 

r"R nB (e,t) , 
r-">* n R (.,») , 

ntn 

are the corresponding solid spherical harmonics ( * a 0 : zonal', m>0 : tes- 
s erst , m = n : sectorial }. The functions (3 — 10} » as well as their (finite 
or convergent infinite) linear combinations, are harmonic. 

In particular, the series 

V { r , a , x ) • l l 

n^O m -0 

or, equivalently, 

" 1 n 

V{r,e,x) = T T P (cose) (A cos nn8 sin ax) , (3-12) 

\ * f l n+1 L nm v * v nm mn 

n-0 r m«0 

may be used for representing the earth's external gravitational potential, 
which is a harmonic function. 

Since the first term, for n = 0 , is represented by GM/r , the series 
(3-11) or (3-12) may also be given the form, frequently used in satellite 
appl i cations : 


nm 


R n,te.A) 

n + 1 


+ 8 


nm 


5 (OtA) 

nm 

ri+ 1 


(3-11) 


r n S (e ,x ) , 
n® 


r“ (n+1) S (e,x) , 
nm 


(3-10) 


v = — 


GM 

r 


1 - 


l l 

n^2 m- O 




(cose)(J cosmx+K sin m x ) 

nm nm nm * 


(3-13) 


in which a is the semimajor axis of the earth (that is, of a best-fitting 

earth ellipsoid) and the coefficients J and K are, in a simple way, 

o m n m 

related to the coefficients A and B in (3-12), The advantage of the 
form (3-13) is that the coefficients are small dimensionless numbers. There 
is no term with n = 1 if the origin is at the geocenter. 

As an example we mention the case of the equipotential ellipsoid. In 
view of the rotational symmetry we have K =0 always and J * 0 i f 

nm nm 

m / 0 , On putting 0 nQ = and noting (3-8), the expansion (3-13) thus 
reduces to 




n 

P (cose) 
n 


i 


V * 6M 
r 


(3-14) 
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and the coefficients are given by 


2v 


<*1> 


v + 1 


3e 


2 v 


( 2v +1 ) (2v + 3 ) 


( 1 - v 4 


, C-A. 
5v — -) 

me z 


3 


2\> + l 


0 . 


using the notations of the preceding section and v ■ 1,2,3,. 
and Moritz, 1967 , p,73) . 

Orthogonality relatione . The integral over the unit sphere 
duct of any two different functions R or S is zero: 

nm nm 

nR nm ( 9 .x}R sr {e.x)da * 0 ’ 

a 

* if sfn or rfm or 
/fS nffi (6,X)S sr (e,X)do = 0 I 

U 

ll R na ( fi » x ) s sr (0 .X)do = 0 in any case. 

o 

For the product of two equal functions we have 


;/[R nQ («.Ml 2 <la - 7STT ■ « n0 . 

0 

//tR„„(e.x)l 2 d, - /J[S nB (e.*)] 2 d, - 

a c 



The integral over the unit sphere is expressed by 


2 W TF 

//(Oder = J / { * ) s i n e d 0 d A 
a X^o 8-0 

Let us now put r - I in (3*11) and write 
v (1 ,0 ,X ) = f{8,X) , 


so that 


n r 


f(e,x) * l l 


n*G m=0 


A R (0,X) + B S (8,X) 
nm bb' ’ 1 nm ntn' ' 


(3*15) 

, , (He i skanen 
of the pro- 

both, (3*16) 


(3-17) 

(3-18) 

(3-19) 


(3-20) 


zz General Background 


ye multiply 
unit sphere, 
coefficients 


f(e.x) 

taking 

as 


by R (9.0 or S n (9.0 and i"te g ra« o,or tha 
into account (3-16) and (3-17). This dotorminos the 


A n^)r-<f f ( 0 ' X > R n« (9 ' X)d " ' (3-21 

run -o v 

B nm * T~ // f ( 8 ' X ) S nml 8 - X)d ” ' 

nm o 

iFinally we introduce the Laplace surface harmonics f n C 0 » x ) 
defined by 


f <e,x) = I 

n m=o 


A R (e ,X) + 8 S (e,A) 
run nta nm 


(3-22) 


and write 


f(s.i) 


DO 


I f n (e.A) 


(3-23} 


Then the Laplace harmonic of degree n is given by the expression 


f (e , \) = ifii r /" f {6^')? ( cos ^) s ' in0 ' cle,cU ' 

n 1 ' ; 4 tt r ^ Q 


(3-24) 


Which Obviously is closely related to (3-21), 4 being the spherical dis 

tance between the points (9, A) and < « ' »* * ) : 

cos = COS0COS0’ + sinssine ' cos(a 1 -a) . (3-25 

Fully normalized harmonics. The "fully normalized" Legendre harmonics 


J 

nm 


(e > a ) 


Z 

run 


(e »a ) 


. /-^L, 


is nm 

nm 



with K defined by (3-17), 
nm 

but also normalized by 


( 0 » A ) 
(0 ,A) 
are 


(3-26) 


not only orthogonal according to (3-16). 
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they form an orthonormat eyatem of functions. 

If the expansion (3-20) is written In terms of these functions; 


f(e.x) 


I 


n-O 


n f 

I * R 

„ „l nm nm 
m=Q 4 


(e.») 


+ B I (0,A) 

nm nm' 


(3-28) 


then the coefficients are given by 

<> (3-29) 

*nra = 37 H f ^ )^ nm ( © )dcj . 
g 

Also the so-called decomposition formula , or addition theorem, for 
spherical harmonics takes a particularly simple form if expressed in fully 
normalized harmonics: 


? n (cos^) = 


1 

2n+I 


f [r (8,x)I (9‘,a 

u ntc nm 

TG-0 L 


7 (e,*)! (e 

run v * 1 nm v 


>’) 


(3-30) 


where P (cosik) is the usual Legendre polynomial (3-8) for the argument 
(3-25), 

We finally mention the spherical -harmonic development of the reciprocal 
distance. Consider two points P and P 1 in space, having spherical co- 
ordinates 


p( r ,e ,x) and P‘ (r 1 ,6 1 »x 1 } , 

By applying the cosine theorem to the plane triangle OPP 1 , 0 being the 

origin r = 0 , we find for the spatial distance 1 = PP’ : 

} = vV 2 + r * 2 ~2rr 1 cos*f« , (3-31) 

where * , the angle between the radius vectors r = OP and r 1 = OP* , 
is again given by (3-25). The reciprocal distance may now be expanded into 
the series 


1 

T = 


OD 


I 

n-Q 



P {COS !?0 
n 


(3-32) 


which converges (uniformly in $ ) for 


r’ < r since 
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j P n {cos*)j i 1 ; 

It diverges for r' > r . 


(3-33) 


4. A FIRST LOOK AT HILBERT SPACE 

The purpose of this and the following section is to provide an intuitive 
understanding of concepts such as operators and functionals which will be 
used throughout the present book. The treatment will be leisurely and 
simple * emphasizing analogies with vector and matrix calculus and not hav- 
ing too much concern about mathematical rigor. In fact, a certain familiar- 
ity with the basic terminology is, apart from a few exceptions, all that is 
needed for reading the book. If the reader wants to start research of his 
own, then he will wish to go further into the subject. A possible way to do 
so is first to read the lecture by Me is si (1975), then the one by Tscher- 
ning {1978a), and then to refer to one of the many good books, such as 
(Kantorovich and Akilov, 1964), (Kolmogorov and Fomin, 1970), or (Taylor, 
1958) . 

The case of R n . Consider first vectors and matrices in n-dimensional 
Euclidean space R n , A vector x is an n-tuple of numbers 


x - 





j # * I * 



(4-1) 


these vectors may also be interpreted as points of R n . In this section, 
we shall write vectors as row vectors rather than column vectors, which is 
not quite consistent with standard matrix notation but convenient for gen- 
eralization; furthermore, vectors and matrices will be symbolized by ordi- 
nary letters, without underlining. 

The “size", Or length or magnitude, of x is characterized by the norm 


l 

II x|| - (x^x**...+xj;) 7 


(4-?) 


A transformation between a vector x 
(4-1)) and another vector y = 


(this is an abbreviation for 


is given by 


Ax 


(4-3) 


13 


where A is an nxn matrix with elements a 
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ui 1 


( 4 - 4 ) 


iMore explicitly, (4-3) may be written 


y ‘ * k'H'i 


( 1 * 1, 2, , • • » n ) * 


(4*5) 


Hilbert spaces. How can we generalize these relations? Let first n~~ , 
that is, the vector x is now an infinite sequence 


^ a 1^1*2* *3* * ' ' 


(4-6) 


for which the series 


ii *n 


i * 

k= 1 


(4-7) 


converges; the norm j| xj| defined in this way is a natural generalization 
of (4-2), 

The set of all sequences (4-6) with finite norm forms a "space", which 
is an. obvious generalization of n-dimensional Euclidian space formed by 
vectors (4-1). The space of such sequences is, of course, i nf i ni tely-di - 
roensional; it is called the Hilbert space of sequences and denoted by 1 2 . 

A linear transformation in this Hilbert space is given by an analogue 
to (4-5): 


v * T a x, (1=1,2, 3,...), (4-8) 

1 j£i j 

provided the sum, which here is an infinite series, converges. The matrix 
A = I a 1 -j s now an infinite matrix . it is also called a linear operator 
transforming the vector x into a vector y in a linear manner. 

Another generalization is the Hilbert space of square-integrable func- 
tions L , An intuitive approach is the following. The elements, or 
Points , of R n are vectors x. as given by (4-1); the elements (or 
"points") of the present function space are functions, say f(t), defined 
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on the Interval a * t * b , 1 An analogy to {4*5) would then be 

b 

9 ( t ) « J A(t,u}f(u)du ; (4-9) 

u* a 

there corresponds 


function 

f (u) 

to 

vector x^ , 


argument 

u 

to 

index j , 

(4-10) 

integral 

b 

/ du 

to 

n 

sum J 



u=a 3=1 

An expression of form (4-9) is called a linear integral operator; it trans- 
forms a function f into another function g , The function A(t,u) is 
called the kernel of the operator. 

Another example of a function space is provided by functions f(9,x) 
or f($>,A) defined on the unit sphere and satisfying certain conditions 
(such as continuity or square integrability) . linear integral operators are, 
for instance, Stokes 1 operator (2-39) and Vening Meinesz* operator (2-40) ; 
they transform the function Ag into the functions N, c, n» respectively. 

However, not all linear operators are integral operators. The indefinite 
integral of a function f(t) , 

t 

F ( t ) = / f <u)du , <4-ll| 

a 

may be expressed by an integral operator of form (4-9): 

b 

F { t ) = / A{t,u)f(u)du £4-12) 


The elements of are functions square integrate In the sense of lebesgue* The 

lebesgue integral is a rather advanced mathematical concept, which will not explicitly 
be used In this book. Therefore, the reader not Interested in precise mathematical de- 
tails may visualize our elements fft) simply as continuous functions for which the 
Integrals which will occur in the sequel, especially the norm (4-J0) t are finite* * n 
fact* some of the operators to follow are defined only for continuous or even different 
tiable functions* 
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rt itn kernel 


A(t,u) 


1 

If 

u * t 

0 

1 f 

u > t 


The inverse operator, however, which it <i 1 f f erent 1 a t i on 


f(t) < F* ( t> , 


( 4 - 13 ) 


<4-H) 


cannot be expressed as an integral operator with an ordinary function as a 
kernel . 

Nevertheless, the compact notation corresponding to (4-3), 

g - Lf , (4-15) 

f = l M g , (4-16) 

L denoting a linear operator and l" 1 the inverse operator (if it exists), 
can always be used; in our example, l would be integration and L , 
differentiation. 

The unit operator , Thus, what is the operator corresponding to the unit 
matrix? Acting on a function, it must leave the function unchanged: 

If - f , (4-17) 

this can be considered as the definition of the identity operator, or unit 
operator, I . Can I be considered as an integral operator? Let us pro- 
ceed by analogy to the case of R • There the equation 

lx * x . '(4-18) 

1 being the unit matrix, can be written in the form (4-5); 


1 « 


3-1 


i3 X J 


« 


the Kroneoker delta 


i if J * * 
1 0 if J f 1 


(4-19) 


( 4 - 20 } 


28 


th« *lf>i»*ntl or M». unit ».trlx. >"* contlnuou. tn.loguo of (4-19) 

would he 


/ 3(t,y)f(u)dw " f{0 • ( 4 -21) 

U* A 

The kernel 6{t,u) would have to be zero for all u f t {similar to 
6 ^ « 0 for j f 1 )* and for u • t it should be infinite in such a way 

that the integral gives f{t) » 

This behavior {zero or not) depends only on the difference u - t (non- 
zero or not); therefore we may write 

6 {t,u) « 6 (u-t) , ( 4 *22) 

where 6{x) would be a function of one variable only with 

«(x) = 0 if x y 0 (4-23) 

and 6(0) infinite in such a way that 

fs (x)dx * 1 (4-24) 


for arbitrarily small e . Then it is easy to see that (4-21) would hold 
for any continuous function defined in' the (open) interval {a,b) , In fact, 
(4-21) becomes 


b t+e 

/ 6 { u-t ) f { u ) du = J «(u-t)f(u)du , 

u*a u»t-e 


in view of {4 -22) and {4-23), and further 


t+e t+e 

= / «(u-t)f(t)du « f { t ) / 6(u-t}du 

t-e t-e 


because only the value of f at the point u * t contributes to the inte- 
gral. The last integral becomes (4-24), on substituting x = u - t , and 
has thus the value 1 . This verifies (4-21). 
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Unfortunately* there Is no ordinary function for which (4-23) and (4-24) 
hold. The symbol A(x) denotes a "generalized function" or. In modern ter- 
minology, a distribution (cf. Kolmogorov and Fomin, 1970, p . 124). Still, It 
has long been, and continues to be, customary to call 4{x) the Diraa dat“ 
ta function , or briefly, the delta function. 

In this sense, the delta function may be considered as the kernel of the 
unit operator I although, strictly speaking, l Is not an integral oper- 
ator with an ordinary function as a kernel. 

The delta function may be regarded, in a certain sense, as a limit of 
ordinary functions ^(x) . We may, for Instance, take 





- 1 < , . 1 

7Z * x s In 

elsewhere , 


(4-25) 



see Fig. 4.i, This leads to an interpretation in terms of mean values; in 
fact, (4-21), with s replaced by 6 ^ , gives the average value of the 
function f in the interval (t-l/2n, t+l/2n) .For n - 0 , the length 
1/n of this Interval tends to zero, and the mean value tends to the point 
value f(t) , as it should be according to (4-21). 

The functions (4-25) are discontinuous, but there are also continuous 
a Pproximations to fi(x) , e.g. 
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5 n(*> 


n 


l' tf 


- n 


2 2 

x 


The inner product . 

In 

R n 

, the 

inner product of two 

vectors x * f 

x, x and y = 

i n 

y i 

* y 2 * ' 


is defined by 

I * 

(x.y) = x t y j + 

X 2 y 2 

+ . . , 

n 

' * Vn * J/l^l ■ 

(4-26 

In vector calculus, the 

inner 

product is usually denoted 

by x • y ; in ma* 


trix notation, by x T y ; the notation (x,y) is customary in functional 
analys i s . 

The generalization to the Hilbert space 1 is s tra i ghtforward : 


oo 

(*.y) = l x y , 

i= 1 


(4-27) 


In L 2 , the inner product between two functions f and g is naturally 
defined by 


(f.g) - / f(t)g(t)dt , 


t = a 


(4-28) 


using the correspondence (4-10). 

The inner product of a vector (or a function) with itself is nothing 
else than the square of the norm: 


f\\ = (f.f) , 


(4-29) 


which is in agreement with (4-2) and (4-7) ; for L this means 


fll 2 - /[f(t)] 2 dt . 


(4-30) 


OrtH.nor.al ayacema. In R" . a vector x may be represented in the for. 
X " X l 6 l + x 2 e 2 + * ’ ■ + , (4-31) 

wh 0 TG 0 p 

2* * * • * e n a re mutually orthogonal unit vectors. They satisfy 
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the orthonormality relations 

( VV * 6 ij * <4-32) 

which means that the norm of each vector e A (the inner product of e ^ 
with itself) is 1 {normalization), and that the inner product of two 
different vectors e i and is 0 (orthogonality). The vectors 

form an orthonormal base. The component is then simply the inner pro- 

duct of the vector x with the base vector 6i : 

x i = U.e.) . (4-33) 

This is immediately generalized to Hilbert space !_ 2 . Assume that there 
are base functions ^ satisfying 

(4-34) 

for i » j = 1, 2, 3, and that a given function f can be expanded 

into a series of such base functions 

CO 

f = ; {4-35} 

if such an expansion is possible, then the orthonormal system $ is call- 
ed complete. For functions defined on the interval [a.b] , these relations 
mean 


b 


/♦ i (t)* ;j (t)dt * & L . , 

(4-36) 

f{t) = I 1 

(4-37) 

The coefficients f are then found by forming the 
as given by (4-28), with the base functions $ : 

inner product of f , 

f L * tf.+i) . 

(4-38) 


ln fact, denote the summation index by k and write (4-35) in the form 
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it is clear that summation Indices and integration variables can be deno 
ted by arbitrary letters. Then 


* ( l f k * k . ♦i) ■ / l f k <*> k (t)d> i (t)dt 

k * 1 a k= 1 


Interchanging the order of integration and summation (this would have to 
be justified if we wished to proceed in a rigorous way) and using (4- 34) 


= * W*i) = l f k « kl . 

k=*l K 

In this infinite sum, all terms 


ki 


an terms vanish exrpn* + 

■ ° ‘ M . F.r k . , * the ,° ne "' th k 


“ e \i - 1 , so that there regains 


< f **i) » f A . 

which proves (4-38) 

Isomorphism between 
space 1 


ue tween L and ] 

, are isomorphic; that Is! i h 1™“'°" $Pace 4 a "d sequence 

;;r :;r ents h r w 

p e - the expansion (4-371 spaces. The Drinrini« • 

furni shoe » ' J '>• f or a given cut* Principle is very 

‘"r bet “-" a function "" ^ 

fonctioi. ?, e ;° med by the «oef f , c1# , t , ( # t j and th * «»«..«. 

°ne: that to each f rnentar y to show that th* he ex Pansion of this 

finite o r r .: un r i# ; B : r#m 12 — co:x:: d r ; espondence is ° ne - to 

What is more even !h V1Ce Versa - a sec t uen ce (an in- 

’ even the norms of two m 

Pre sponding elements ere equ.l; 


. j f 2 

• L x 1 • 

so are 

er Products; 


(4-3S 
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/f(t)a(t)dt • I r. 9 . . (4-40) 

• 1 

We give « heuristic derivation of this relation, using (4-34) and (4-3$); 

b • 

/f(t)g(t)dt - (f,g) . ( l f | l g * ) 

* l-i 1 3-1 3 3 

• I l f L 9 j {4 1 t4 j > » l l * I’Mt 

i- IJ-l 3 1 3 i-lj-l 3 3 1-1 

(of course, the Interchange of sums and Integrals would have to be justi- 
fied). 

To each operator A In t 2 there corresponds an infinite matrix in 1^ ; 


[*u] ' 


1 1 

fl 12 

a 1 3 

► i ■ 

2 1 

a 22 

3 2 3 

i 1 * 

31 

8 3 2 

3 3 3 

i a « 


e 

e 



(4-41) 


the elements of which are defined by 

a ij * (A^,^) . 


(4-42) 


Example l. Let the Hilbert space L 2 be the set of functions square-inte- 
grable on the unit circle 0 £ t < 2 it ; that is, the functions are periodic 
with period 2 it . The inner product is defined as 


(f»g) 


2 it 

« / f(t)g(t)dt . 


o 


(4-43) 


A system of orthonormal base functions is 
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^(t) ■ 7— . 

♦ 2 (t) - J~ cos 1 • 
4 4 (t) * ^cos2t , 
$ 6 {t) = -^-cos3t , 


4 3 {t) « -j^-s in t , 
^5 { t } “ 7U i n2t 1 
♦? ( t ) * -^s i n 3 1 , 


(4-44} 


It is verified by direct integration that the orthonormality relations 
(4-34) are satisfied. 

An expansion (4-35), 



+ f„cos2t + f,cos3t + ... 

4 6 


+ f * s i n t + f_$in2t + f-s1n3t + * ii ) 
357 * 


(4-45) 


is nothing else than the usual Fourier series (apart from constant factors 
ensuring that the system of base functions is not only orthogonal but also 
normal i zed) , 

Which infinite matrix [d^] corresponds in this case to the differen- 
tiation operator D ? By definition, 

Df ( t ) = f'(t) = . (4-46) 


We write 

“ 1 9, 

f'(t) * g(t) * £9.^(0 “ 7 ^( 7 ? + S 2 C0S t + 9 4 cos2t + ... 

1 11 (4-47) 

+ g 3 s i n t + g 5 si n2t + , . . ) 

and compare this to the series obtained by termwise differentiation of 
(4-45): 


f'{t) * “( - f s 1 n t-Zf.s1n2t- ... 

/tt * 4 


+ f 3 cos t + 2f cos2t + ...) , 
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We 


9 , • 2f 5 • 9 5 ’ - 2f 4 • 
S 6 " 3f 7 • «7 ' ' 3f 6 * 


(4-48) 


This can be written 


as a matrix multiplication; 


l 





0 

0 

0 

0 


0 

0 

-1 

0 

0 


0 0 
1 0 

0 0 

0 0 

0 -2 


0 

0 

0 

2 

0 



(4-49) 


the square matrix being the matrix [d ij ] corresponding to the operator [ 
This may also be verified using (4-42). For instance, take the element 
d c . , We have 


$ s *-Lco$2t » 

^ / 7F 

“♦ 4 ■ ♦;<*) * -^ sin2t 
♦ B * ~sin2t , 


*nd hence, by (4-42) , 
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54 


{D$ I *r ) 


2 IT T 2 ^ * 

j {. ^-s I n2 1 )™-s 1 n2 td t * * — /sin 2tdt • -2 


in agreement with ( 4 - 49 ). 

Cianp l. 8. Let our baste space be the set of functions squ.re-1nt„r, b , 
on the unit sphere (Ones., 0s»<2.) . The Inner product Is defined as 


(f , 9 ) » 37 J/fg do . M- 50 ) 

a 

which is the average product of the two functions over the sphere (the fac 
tor 1/4* does not change the basic fact that we have an integral of the 
product of the two functions; hence this definition of an inner product is 
permi ssi bl e) . 

The fully normalized spherical harmonics (sec. 3) are orthonormal base 
functions in this space; for instance, (3-16) together with (3-27) corre- 
sponds to (4-34), (3-28) to (4-36), and (3-29) to (4-38). 

Example 3. The unit operator I , defined by (4-17), corresponds to the 
infinite unit matrix 

1 1 0 0 

0 10 ,, 

0 0 1 . , I ( 4 - 51 ) 


in any system of base functions. 

linear functionals . An operator associates to a function (a vector) an- 
other function (another vector). A functional associates to a function (a 
vector) a real number. 

In R n , linear functionals are called linear forms. They associate to 
the n-vector x a number 1 by 

1 * I * (4-52) 

i-i 1 1 

the coefficients forming another vector which is a characteristic f° r 

the linear functional under consideration. In other terms, a linear func- 
tional in R n may be represented as an inner product of two vectors h 
and x ; 
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1 * (h.*) (4-53) 

This representation as an inner product also holds for all functionals 
In a Hilbert space. For 1 2 we have 

1 - I ax , (4-54) 

and for l 2 t 

b 

1 = Jh(t)f(t)dt , (4-55) 

a 

with a function h(u) characteristic for the linear functional. Generally 
we shall denote a linear functional of f by L(f) and write 

1(f) * 1 . (4-56) 

An example for a linear functional is the expression (4-38) for the co- 
efficient f , which is a real number associated to the function f ; the 
base function $ takes the place of the characteristic function h in 
(4-55). In the space of functions defined on the sphere, Stokes' and Venirvg 
Meinesz’ integrals (2-39) and (2-40) are examples of linear functionals if 
we consider N, £, n at one point only (for fixed <f> , a ); then Stokes' 
integral (2-39) associates the value of N at this point to the function 
ag . (If we regard the point ($,*) as variable and consider the function 
N($,a) , then Stokes' integral defines an operator, as we have seen above.) 

A simple but important linear functional is the evaluation functional , 
or delta functional , associating to a function f(t) its value at a given 
point t * t Q : 

« t f - f(t Q > • (4-57) 

o 

The name, evaluation functional, expresses the fact that the function is 
■evaluated at the point t , and the name, delta functional, arises from 
the possibility of writing (4-5?) in the form 

4 1 f ■ f(t Q ) * / 4(t-t 0 )f(t)dt , 

o u*a 


(4-58) 
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in view of (4-21), using the delta function {4-22),* 

The fundamental geodetic importance of linear functionals Is d ue t 
fact that all geodetic measurements depending on the gravity field may 
ter linearization, be considered as linear functionals of the anomalo u j 
potential T , as we shall see in Part B. 

Norms of functionals and operators . The norm of a linear functional 
Hilbert space, |j lj| , is simply the norm of the vector (or function) ^ 


{4-S 9) 

the norm || h|j being given by (4-7) for 1 2 and by (4-30) for l 2 . If 

norm |j Ljj is finite, we speak of a bounded linear functional. 

The norm of a linear operator L for which 


g = Lf 


(4-60) 


according to (4-15), is the smallest number C {if it exists) for which 


Ml * Cj| f is 


(4-61) 


t f MVl: , r;S| : fr0m the Hllbert SPaCe Under Cons 1 dei *ation. He denote 


= C . 


(4-62 


Li 1S finite > then the operator L i S called h 
is called unbounded, 2 d bounded ; otherwise t 

Bxa " ples - These important concepts will be n lustr .,.H k 

ustrated by some example 


1 

The evaluation functional t 

zztziZ"^ a 

tional; see sec. 2t. function, the evaluation function*! I l woll,d e * ist - 

2 Ct, ° f ,sl l * a bounded linear 

Simi ' ar,y ^ ^ionaU. hne3r ° perator . '• ^served for bounded linear operators, 
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For the operator in R 3 , represented by the matrix 

[1 0 O' 

L - 0 2 0 

„ o 0 3 

the length of the vector Lx is at most three times the length of the 
vector x . For instance, if 

x = [1. 0, 0] , then Lx = [1, 0, 0] , 


but if 


x - [0, 0, 1] , then Lx = [0, 0, 3] 

(strictly speaking, we should write column vectors). Thus 

11 Lj 1 — 3 

Generally, in R n , the norm jj Ljj is the maximum amount by which a vector 
x is stretched through the linear transformation Lx . For symmetric matri- 
ces, |i Lj] is the greatest eigenvalue. 

In 1 matters are similar. The infinite diagonal matrix 
2 

" 1 0 0 0 . 1 

0 1/2 0 0 

0 0 V3 0 

0 0 0 V4 

v 

has norm 1 ; its inverse 

’ 1 0 0 0 

0 2 0 0 .' 

0 0 3 0 , 

'0 0 0 4 , 


• is unbounded. 
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The differential operator (4-46) Is unbounded, for similar reasons; 
the matrix in (4-49). (The norm of an operator In L 2 Is the same as th e 
norm of the associated infinite matrix.) 

The unit operator I has norm 1 since If * f for all f , 


5 , NORMED SPACES 

In a Hilbert space, the norm of an element is defined in terms of the 
inner product of this element with itself: 

IMI 2 = (f.f) . (5-1) 

It is possible, however, to introduce a meaningful definition of the norm 
which does not depend on an inner product. 

The space C of continuous functions. Consider the set of continuous 

functions f(t) defined, e.g., on the interval a S t s b , and introduce 
a norm by 


|| f|| = max | f (t) | 


(5-2) 


which is the greatest value which the absolute amount of f(t) attains 

in the interval [a.b] ; see Fia 5 i tw q * 

9« . . The set of continuous functions 

with the norm (5-2) forms the space C 


FIGURE 5.1. 
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Is this norm definition meaningful? Let us go back to the vector norm 
( 4 - 2 ), Its purpose is to give a measure of the "length", or the "size", of 
the vector under consideration. Similarly, a norm of a function has to ex- 
press, in a certain way, the size of this function. This can be done in 
different ways, depending on the purpose. 

We have seen that the Hilbert norm {4-29} has been very appropriate for 
discussing orthogonal series such as Fourier series and expansions in 
spherical harmonics. The present norm (5-2) is closely related to the im- 
portant concept of uniform convergence, which is found in any standard 
mathematical text (cf. Smirnow, 1967). 

A sequence of continuous functions f n (t) , n * 1, 2, 3, ...» defined 
on the interval [ a ,b] , is said to converge uniformly to a continuous 
function f(t) if the difference 


f{t) “ f n (t) 

tends uniformly to zero, that is, if the maximum absolute amount of this 
difference, for any t in [a,b| , 

max} f ( t } - f n (t)| 

tends to zero if n + ® . In terms of the norm {5-2} this simply means 

|i f.f || -*■ o if n -*• » . (5-3) 

11 Jr 

Thus, convergence in the norm (5-2} is nothing else than uniform conver- 
gence in the classical sense. Therefore, the norm (5-2} is also called the 

uniform norm. 

By means of convergence in the norm it is also possible to introduce 
the important concept of completeness . 

Assume that a sequence of functions fjt) converges uniformly to a 

function f(t) , all functions being elements of C , so that (5-3) holds. 
Then the sequence of f„(t) also satisfies the Cauchy criterion for uni- 
form convergence: given any e > 0 , there is an integer N such that 

|j f -f II < C for all n, m > N , * 5 " 4 ' 

n nr 

A sequence of f satisfying (5-4) is called a Cauchy sequence. 

It is now well known that the limit of a uniformly convergent sequence 
of continuous functions is Itself a continuous function. This means that 


* '"'■A'. 

>V b 


42 General Background 


every Cauchy sequence in the space C converges to an element f of q 
which precisely is meant by saying that the space C is complete, 

In an incomplete space, not every Cauchy sequence of elements has a l-j. 
mit which is an element of the space. 

Completeness in R , The simplest illustration for completeness and i n 
completeness is furnished by the real number line R : -® < x < ® . p or 

each real number there exists a Cauchy sequence of rational numbers. Take 
for instance, the irrational number /Z ; then the sequence 


x 2 = 1.41, 
x 3 = 1.414, 
x 4 * 1,4142, 
x 5 = 1.41421, 


{5-5} 


obtained by truncating the infinite decimal fraction for ’/Z after the 
n-th decimal, forms a Cauchy sequence for 'fZ . 

Consider now the set Q formed only of the rational numbers on R (the 
irrational numbers are removed). Then the Cauchy sequence x consists of 
elements of Q , but this sequence does not converge to an element of Q 
since v/2 is not a rational number. 

It is clear that R is a normed space with norm 

INI = Ixl . 

which is the absolute amount of the number x . But the set Q , with the 

same norm, also satisfies the conditions (5-9) of a normed space to be 

given below: Q is an incomplete normed space. On the other hand, R is 

complete since every Cauchy sequence of real (rational and irrational) 

numbers converges to a real number (in our example, /2 ). 

Denseness. We have just seen that real numbers (such as /Z } can be ap* 

proximated arbitrarily well by rational numbers: for any given real number 

x there is a rational number x such that 

n 

jx-x j < e (5-5) 

n 1 

for any (arbitrarily small) positive number e . We say that the rational 
numbers are dense in the real numbers, or that 0 is a dense subset of R ‘ 
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In «n obvious general i zation we say that a set of elements f (n • 1, 

2. 3 ) dense in some space If any element f of the space can be 

approbated arbitrarily well by some f , In the sense that 

n 


for any positive c . 

For example, the set of polynomials is dense in the function space C 
since any continuous function can be arbitrarily well approximated uniform- 
ly by polynomials, that is, in the sense of the metric (5-2). This is the 
Zneore~, of Veieratva.ee , well known from approximation theory (cf. Davis, 

1975, p.108). 

The density theorem most important in physical geodesy is Runge's theo- 
res, to be discussed in secs. 7 and 8. 

At this point we are able to render the notion of abstract spaces some- 
what more precise. In keeping with the general character of this introduc- 
tory treatment we shall not give a full axiomatic characterization of such 
space (which can e.g. be found i n (Tscherni ng , 1978a)) but point out some 
essential features. 

A linear space, or linear vector space, consists of elements f, g, h, 

... such that sums, differences, multiples, and generally linear combina- 
tions of these elements, 

f + 9 » f ~ 9 > “f » + “ 2 S + a 3 h * • (5-8) 

are also elements of the space 1 ; a , a a 2 , etc. , here and in the sequel , 
denote arbitrary real numbers. Addition, subtraction, and multiplication 
by a real number “does not lead out of the space". 

It is clear that this property is satisfied by vectors, but also, e.g., 
t>y harmonic functions: the linear combination of harmonic functions is also 
harmonic, in view of the linearity of Laplace's equation. 

A named space is a linear space for the elements f of which there is 
defined a norm possessing the following properties: 


If th« elements of the space are ordinary vectors or functions, then addition and 
^ f 'plication by a number a are understood In the usual way; for abstract elements, 
e *e operations can be introduced ax loraatl cal ly ; cf. (Tschernlng, 1978a, p.159). 
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II fll * 0 

II 0 f II • I a I * llfll 
llfgll * llfll ♦ llgll 

II f II « 0 if and only if 


(positivity) , 
(homogenei ty ) , 
(triangle 1 nequa 1 1 ty ) , 
f = 0 . 


(5*9) 


These conditions are easily seen to be satisfied by the usual vector norm 
(4-2), but they can also be verified by Hilbert space norms such as ( 4 .-> Q 
and by the norm (5-2) in the space C . 

An inner-product space is a linear space if an inner product is defines: 
which possesses the following properties 


(f.g) is a real number, 

(f.g) = (g.f) 

( f ! +f 2 *9) = ( f ! .g) + (f 2 ,g) 

(af.g) = a(f,g) 

(f.f) £ 0 and zero if and only if 


( symmetry ) , 

( d i s t r i b u t i v i ty ) , 
(homogenei ty ) , 
f = 0 . 


(5-10) 


An inner-product space is always a normed space if the norm is defined by 
(5-1) but the opposite does not hold: the space C is a normed space but 
an inner product related to the norm is not defined on it. 

There are complete and incomplete normed spaces, as we have seen above. 

A complete normed space is called a Banach space , a complete inner-product 
space is a Euclidean space if its dimension is finite and a Hilbert space 
if its dimension is infinite. Finite dimension means that all elements of 
the space can be represented as linear combinations of n -base elements", 
for instance, of the elements e. in (4-31); for Hilbert space the number 
of base elements is infinite; cf. (4-35). 1 

The reader who meets these concepts and definitions for the first time 
may ask for what use they serve. The definitions are introduced in such a 
way as to extend simple and well-known properties (of numbers, vectors, 
etc.) to more general cases (such as functions), for instance, the proper- 
ty of completeness. It also turns out that simple relations holding in or- 
dinary three-dimensional space can be generalized in a natural way to ab- 
stract spaces, for instance to function spaces. This helps to give an in- 


called HMhl?l n °* 0 ^ y ' * n0t un lf° r m: sometimes all complete Inner-product spaces are 
n?od!rr « Space ?* SOmet,mes *11 *re called Euclidean spaces. Incomplete inner- 

product spaces are also given the name of pre-Hilbert spaces . 
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tuitive "geometric" flavor to abstract situations and provides a convenient 
vocabulary. The exhibition of a common structure In apparently quite dif- 
ferent contexts £e.g,, the orthogonality of vectors and the orthogonality 
of functions) greatly contributes to our understanding by unifying, order- 
ing, and simplifying it. 

Linear functionate in a normed apace. A linear functional L(f) asso- 
ciates to an element f a real number 1 : 

L ( f ) *■ 1 , (5-11) 

and the linearity condition holds: 

Hfljf+Ojg) * o^Lff) + a 2 L ( 9 ) . (5-12) 

A linear functional is bounded provided there exists a constant C such 
that 


i L { f ) I sC |jfj| (5-X3) 

for all elements of the space. The smallest number C for which (5-13) 
holds is called the norm of the functional L and denoted by |1 L|| . 

The definition of the norm of a functional by (5-13) corresponds to the 
norm definition for a linear operator by (4-61). For an inner-product space, 
the functional 

L ( f ) * (h.f) (5-14) 

according to (4-53) satisfies the defining condition (5-12), and the norm 
definition (4-59) can be shown to follow from (5-13). 

Functionals on the space C . Any bounded linear functional in the space 
of functions continuous on the interval [a,b] has the form 


b 

L ( f } = / f ( t ) dv £ t > 
& 


(5-15) 


Or briefly, 


L(f) 


b 

/ f d v 


a 


(5-16) 


46 


General Background 


stt.ltj.. lnt.gr.1, V(t) being » so-called function of bounfl. 

Id 1 variation!' This is th. „U..‘ ^ 

a ' 1d We°snal 1 "need L^analogue of this theorem for functions f(x) contt, . 
uous on a compact (i.e.. dosed and bounded) set ^ in three-dimension,, 

a. a ^ U. 4 H f 4 A 


space R 3 » x s [x^ 
the maximum of | fi 


x* ] 

on K 


* ^2 1 A 3 


denoting a point in 
We have 


R 3 ; 


the norm 


1(f) - JJ/f(x)dv(x) 

X 


{5-17) 


cf. (Kantorovich and Akilov, 1964, ch, VI, § 4). 

Without going into mathematical details, we give a physical interpreta- 
tion, which is readily understood and important in potential theory. Con- 
sider first a functional 

L + (f) = ///f (x)du (x) ( 5 ‘ 18 ) 

K 

in which dy(x) represents a mass element in the physical sense, which is 

always positive. The masses can be distributed continuously over K or 

over part of K , but they can also be concentrated at points, on curves, 
and on surfaces, as illustrated in Fig, 5.2. For example, the mass element 
du = du(x) symbolically represented In this figure contains the point 
mass m situated at the point x , as well as part of a continuous dis- 
tribution and of a surface layer on S . If P denotes a point outside K 
and 1 is the distance of P from dy , then 

\}(P) = G/ / j4p (5-19) 

K 

is nothing else than the gravitational potential generated at P by * he 
masses situated within K . It is clearly a linear functional of type 
(5-18), with 


f(x} * f . 

S being the gravitational constant. 

Let dy t (x) and dy 2 (x) denote two of such positive mass distribution 5 
within & . Their difference 
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FIGURE 5*2. A mass distribution in the compact set K , consisting of 
masses continuously distributed in the two shaded regions* 
as well as concentrated at the points m 2 * m 3> on the 

line s and on the closed surface S . 


dv(x) = du x {x) - dv 2 (x) (5-20) 

may be positive or negative. It has the physical character of a charge (in 
the sense of an electric charge); in mathematical terms, v(x) is a 
(signed) measure . It may be shown that dv(x) in (5-17) always has the 
form (5-20): any bounded linear functional L ( f ) on the space C can be 
represented as an integral of f with respect to a certain charge distri- 
buted in K . 

Similarly, (5-15) may be interpreted as an integral of f with respect 
to charges distributed on the segment [a,b] . 

Nonlinear operators. A fundamental notion in modern mathematics is the 
concept of a mapping. Think of a geographical map. To each point of a cer- 
tain part of the earth's surface it associates a point in the plane. But 
also a continuous function f(t) defined on the interval (a,b] may be 
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,„ h n/ilnt t In the Interval f a lt 
considered es such . * „ \ point of the spec. \ „ 

u associates a real -bor f< „> • g „ t(1 , into 

real numbers a * * " * a ' 

He may express this by writing 


f : U.b) - R . 


( 5 - 21 ) 


. f l u /nther examples. Take the gra vi tatfonii 

Let us illustrate this concept by other examy 

potential 


* V{Xj»X2»^j) ► 


( 5 - 22 ) 


which is (1-1) with x .... x 2 =y. x 3 =t. It is defined in the whole space 
R 3 . To each point [-Xj.Xj.XjJ there corresponds a real number, w lc is 
the value of the function V at this point, this real number is an e e 
m ent of R . We may thus consider the potential V a mapping of « into 

R f symbolically 


R* 


( 5 - 23 ) 


The gravitational vector grad V is a mapping 


grad V : ■* R 3 


( 5 - 24 ) 


because it associates to each spatial point ^ x i * X 2 ' x 3 ^ b e ^ b r e e C0(r, P° 

nents of grad V , say ta t .» 2 »« 3 3 * ma y a1so be considered as a 

n 3 

point m « 

A spatial curve r connecting two points A and B in space may be 
regarded as a mapping 


r : [a ,b] R" 


( 5 - 25 ) 


In fact, take the parameter representation 

X 1 " * X 2 = * x 3 a X 3 1 ^ 1 * 


and let to points A and B correspond the parameter values t ■ a 


and 


t • b , respectively. Then to each parameter value in the interval [ a > b 
there corresponds a point [Xj.x 2 ,x J of the curve, which is precisely 
the meaning of (5-25), 
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Similarly with surface*. For instance, the unit sphere a Is a mapping 
of the rectangle [ 0 * o * » , 0 * x ' 2i> ] ( a and x are here considered as 
rectangular coordinates) Into R 3 , given by 

x t * sinecosx , x 3 - sinesinx , * 3 • cosa . 

Consider now an arbitrary set X of elements x ; we write 

x € X (5-26) 

to denote that x is an element of X , For Instance, 

lV x 2 .x 3 j 6 r3 » f(t) e C . 

Consider another set Y of elements y , such that y € Y . Let there 
be given a rule which associates to each x e X one element y e Y , 
symbol i cal 1 y 

y = F ( x ) or y * Fx . (5-27) 

Such a rule is called a mapping of the set X into the set Y ; one writes 

F : X + Y . (5-28) 

Such a mapping F is also called an operator or a function (in a general- 
ized sense). 

The set X , on which F is defined, is called the domain of F ; the 
set of all those elements of Y which are images Fx , is the range of F 
The domain of F , by definition, is the whole set X , but the range is, 
in general, only a subset of Y (the curve r in (5-25) does not fill 
the whole space R 3 ! ). 

This concept is very general and useful. Clearly, (5-21), (5-23), and 
(5*25) are special cases of such a mapping, but also the preceding and the 
present section abound in examples. The linear transformation (4-3) is a 
*apping R n •* R n , the linear integral operator (4-9) is a mapping 


*9 • (4-3 7) is a mapping 1 2 * tj (to an infinite vector (fj.fj,...) € 1 2 
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there is associated • function f t ), and * linear funr. t Ion*) ltHf| 
(4-65) or (5-15) It • mapping 

l; 1 3 ♦ R or C * R , 


Generally, a functional is a mapping 
X + R t 

since it associates to an element x € X a real number * R , A function* 
may be considered as a special case of an operator, for the case true 
V ■ R . 

It may be pointed out that X need not be a whole normod tp4te. for 
Instance, In (5-25), X is the interval (a,b| , which Is a subset of a 
Another example is the differentiation operator 0 • d/dt in the space c 
The domain of D is not the whole space C , but only a subsot consisting 
of the differentiable functions € C . 

An operator (mapping, function) of type (5-2B) is linear ff 

n«iy y 2 ) * OjFfXj) ♦ a 2 F(x 2 ) 

for all elements x 1 € X and € R » 

Important operators are nonlinear. For Instance, the norm is a nonltnor 
functional: (5-2) is a nonlinear function C ♦ R , and similarly for (5-1). 
Curves and surfaces are, In general, nonlinear mappings. 

With nonlinear functions defined In normed spaces (i.t., nonlinear op- 
erators), a differential and Integral calculus can be developed which is 
an elegant generalization of di fferentiation and Integration in R n ; <f- 
(Dieudonni. 1960) and (Loomis and Sternberg, 1968), 

The concepts of linear and nonlinear operators and functionals will be 
frequently used in the sequel. 


6. convergence of spherical harmonics i 

The convergence problem for spherical harmonics it already an adv#n<« d 
topic. It Is far from elementary and, to the author's knowledge, has not 
yet been fully solved from a theoretical point of view. A solution r*l«* 
vant for practical purposes Is given by an application of Runge's theor«» 
to be discussed in sec. 7. The present development closely follows (Ho r i t * • 
1978e ) . 
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A sufficient condition for convergence Is easily found. We writ# (l-l) 
in the form 


V • V(P) . Gff/v , 
t ' 


(6-t) 


where 


dN * odv 


Is the mass element and the integral is extended over the earth's body t . 
Using the notations of Fig. 6.1 and formula {3-32), we obtain on substi- 
tution into the integral above and termwise integration: 


V 


Qt 

I ■ 

n-o 


f n (® *M 


■0+ i 


(6-2) 



FIGURE 6,1. Convergence outaide the sphere o 
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f (9,1) • 


(5-J) 


i /1-22) Thus, (6*2) 1s the ‘PherUal. 
•••""•' •• “• ■••• -■ 

permissible as long convergence can be assured 

p.143). This is the case If r < r . >™s 

wherever 


r > , where 


is the maximum value which r can attain, 


that is for all points outside the sphere o } of radius r . In other 
words ^th^spheri cal - harmonl c series for the exterhal potent, a! onverge, 

at a.i Points outside . sphere o, f 

the smallest sphere (around the point taken 9 

tains the body t completely in its interior. . 

. »1 is standard. For the convergence of the spherical-harmonic 

aeries n is thus sufficient that the poiht P , at which V ,s considered, 
lies outside the sphere a l 


Is this condition also necessary? In other 

~ “ p lies 


wordsCdo we havedi vergence at all points inside and on o, ? If 

. - awA t _ _ 1 , . / £ * U ft 1 fl f C Ilf 

inside o 


rfe [IflVC UIK5.3V.lv. . * . \ Ai 

then the series (3-32) partly (for points with r > r ) dv 


-incirfp a * men trie act ■ ^ ^ ' r- 

and it would he tempting to conclude from this that (6-2) diverges 
inside o . However, such a conclusion is not correct because it ,s known 
that formal operations with divergent series may very well lead to conver- 
gent results; this was already remarked by Helmert (1884, p.70). 

A convergent eeriee. In fact, there are simple examples of spherical- 
harmonic series for which the region of convergence extends well within 
the sphere a . Such series were given by Helmert (1884, p.125). Leva oi 
(1973), and others. We shall show that also the spheri cal -harmoni c expan- 
sion for the external potential of the level ellipsoid converges at the 
surface of the ellipsoid and even well below. 

This series is given by (3-14) and (3-15); we write it in the form 


n«Q 


r (-£ 2 ) n , C-Av -a. 

v ■ 3SM _ LrHtTTT^TF ' "iT 7 * 


P 2c (cose) 


(6-4) 




E being again the linear excentricity (Fig. 6,2). 
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again we have used (3-33). The quotient critertum shows at once that th 
series (6-5), and a forteriori the series (6-4), Is convergent f 0r „ < * 
that Is, for r > E , Hence the series (6-4} converges down to the sph ere * 
o Q which contains the two focal points (Fig. 6.2). If the sphere 0 
lies Inside the ellipsoid, which is certainly the case If the el 1 1psof<t a | 
flattening is as small as the flattening of the earth, then the series con 
verges at the entire surface S e of the ellipsoid. 

It even converges In the Interior of the ellipsoid in the region between 
the surfaces S E and a Q (shaded in Fig. 6.2). It would, however, be 
wrong to assume that it represents the interior gravitational potential in 
this region. This is impossible because a spherical harmonic series always 
represents a harmonic function t that is, a solution of Laplace's equation 
aV * 0 , whereas the interior potential satisfies Poisson's equation (1-10). 
If the ellipsoid has a continuous distribution of density p that is pos- 
itive in the whole interior of S , then Laplace's equation is incompati- 
ble with Poisson's equation, so that the series (6-4) represents a function 
V different from the interior potential V . The harmonic function repre- 
sented by (6-4) in the interior of S„ is the so-called analytical contin - 
uation of the external potential into the interior of the body. 

A closed expression corresponding to the series (6-4) is provided by 
eq.(2-59) of (Heiskanen and Moritz, 1967, p.66), which expresses the exte- 
rior potential together with its analytical continuation into the interior 
of the ellipsoid. It is easily seen that the function given by this formula 
is singular at the focal points F L and and on the whole "focal disc" 

represented in Fig. 6.2 by the segment joining F and F 2 ; everywhere 
else it is regular. The sphere c Q is the smallest sphere that contains 
all singularities in its interior or on its surface, or the smallest sphere 
outside of which the harmonic function is everywhere regular. 

Analytical continuation and convergence. In this example, the conver- 
gence behavior is determined by the behavior of the analytical continuation 
V of the external potential, in particular with respect to the singulari' 
ties of V . It is readily seen that this fact is not restricted to the 
ellipsoid but is completely general. 

In fact, consider (Fig. 6.3} the largest sphere o 2 around the orig ,n 
0 that lies completely within the earth's surface S (more precisely* 
that does not include points of the space outside S ). Assume that the 
external potential V can be regularly continued down to the surfa ce 3 ? 
so that V together with V constitutes a harmonic function regul ar 
erywhere outside and on o 2 . Then, it follows from a standard theorem ^ 
potential theory (solution of the exterior Dirichlet problem for the sP 
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in terms of spherical harmonics, cf. Smlrnow, 1964b, § 136) that this har- 
monic function can be expanded Into a spherical -harmonic series that con- 
verges everywhere outside and on o 2 . 



FIGURE 6.3. Analytical continuation and convergence. 


Thus, in order to investigate the convergence of the spheri cal -harmoni c 
series for the external gravitational potential at the earth's surface, we 
must analytically continue it downward to the sphere o 2 . If this analyt- 
ical continuation is regular everywhere outside and on o 2 , then the se- 
ries converges everywhere outside and on a 2 . A forteriori, it then con- 
verges everywhere outside and on the earth's surface S and represents 
there the external gravitational potential. 

Is there a sphere of convergence ? This reasoning can be extended even 
further. Denote by o Q the smallest sphere about 0 outside of which the 
external potential together with its analytical continuation is regular 
(fig. 6.4). The existence of such a sphere is clear; it will be called lim- 
it sphere. If the external potential cannot be analytically continued into 
th e interior of the earth, then o Q coincides with ; otherwise it lies 
t n s i de . An example for a limit sphere o Q is the sphere containing 

focal points in the case of the level ellipsoid (Fig. 6.2). 
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there 1* convergence everywhere inside this circle end divergence every* 
where outside, or vice verse. 

It is thus tempting to assume that a similar situation holds in the 
turee'dimens i ona 1 case; the limit sphere o Q is a sphere of convergence , 
separating the regions of convergence (outside o Q ) and of divergence (in- 
side o Q ). This was tacitly assumed as a matter of fact in (Moritz, 1961). 

Unfortuna te 1 y , this is not true, at least not completely, as an elegant 
counterexample given by Krarup ( 1969, p. 47-49} shows. In fact, there are, 
in three dimensions, other "surfaces of convergence" besides spheres. For 
instance, consider, in three dimensions, a harmonic function of two vari- 
ables x, y only; 

V = f { x ,y ) . (6-8) 

As a harmonic function in two variables, it can be expanded into a Fourier 
series (cf. Kellogg, 1929, p.353) 

do 

f(x,y) ■ £ p n (a cos n x + b sin n X) (6-9) 

n=0 

( p = /x 2 +y 2 , x = arctan ^ ) , 

which is the plane equivalent of an expansion into spherical harmonics. 

For such an expansion, there exists a circle of convergence: convergence 
inside, divergence (almost everywhere) outside; see below. The unit of 
length will be chosen such that the circle of convergence is the unit 
circle 

x 2 ♦ y 2 = 1 . (6-10) 

let u$ now consider this function of x and y a function V in 
space ; it will clearly be harmonic also as a spatial function. Vie intro ^ 
duce spherical coordinates r* x in the usual way by (3*1)* Then 

* r n sin“e - ^JT^T >- np „„( cos9 > . {6-11] 

where P fcosel Is the sectorial Legendre function; in fact, from (3-7) 
*e get for m = n and t = cose {there is now v - o J. 


f> nn (co$e) = 2* n sin n e 


( 6 - 12 ) 


k 
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Substituting (6-11) 


into (6-9). we obtain 


v - l r n p (cosfl){A cos n A + B fl sinnx) 
^ rt ft 




n *0 


wheff 


,n n ! 


A n ’ 1 W! '» 


a a 


B„ ■ *V5TT b n • “'“l 

,l of this expansion is a cylinder, because 


The "surface of convergence 

*6-10} in space, is the equation of a cylinder. 

(6 10). spa transformation 

An inversion t n the umt sphere 


x*. „ = iL , 2 

- X • ■> o' 


,2 ’ 


rr 


* 1 , 


(6*15) 


where 


r 2 » x 2 +y 2 +2 2 * r ' 


2 S x 1 2 +y ' 2 *2 1 2 . 


(6-16) 


It transforms a 
tion 


function U(x.y.z) harmonic in a domain D into a func- 


V ( x ’ , y ‘ » z 1 ) ■ rr U ("T2 



(6-17) 


which is harmonic in the domain O' into which D is carried by the in- 
version (6-15). This transformation of harmonic functions is called a Ke t- 

vin t runs f ormut ion (Kellogg, 1929, p.232). 

By a Kelvin transformation, the function (6-13) is transformed into the 

expression 


V - 1 


» P (cose) 


nn 


n=Q r 


n+ 1 


(A cos n x + B sin n x) , 


with the same coefficients A and B . The cylinder (6-10) is tran 

n n 

ed into the torus obtained by rotating the circle 


(6-16) 

sforr 


(x l) 2 + z 2 - 1 


* 


(6 


-19) 


y a 0 


Thus the purely sectorial ' — - >- ' 

ce cylinder and a convergence torus, respectively. There are thus spe- 
1 spherical-harmonic series that have convergence surfaces other than 
e res . 

We still have to show that in two dimensions there is always a circle 
convergence: convergence inside, divergence (almost everywhere) outsid 
have used this fact in operating with the convergence circle (6-10). 

To the harmonic function (6-9) let us associate the complex function 


F(t) ■ 1 

n=0 


( 6-20 
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► 


with 


2 * x+iy , c * a -lb , x » pcosx , y * psin* . . 

* n n n 

TheR it is easy to show (cf, Kellogg, 1929, p.353) that the function 
f(x,y) as defined by {6-9) Is nothing else than the real part of F{ z j 
It is a basic fact of complex power series that they always have a cony er . 
gence circle: convergence everywhere inside, divergence everywhere outsic t 
Let the convergence circle of (6-20) be the unit circle (this can be 
achieved by choosing the unit of length accordi ngly) , Then 

1 im sup ' t/ UJ = 1 (6-22) 

(cf. Knopp, 1964, pp.155, 415). 

The proof for harmonic functions in the plane is based on the Cantor- 
Lebeague Theorem (Natanson, 1969, p,334) which, applied to (6-9), states 
that if this series is to converge on a set of nonzero measure, there must 
be 


p n a -*■ 0 , p n b -*-0 as n -► - . (6-23) 

n n ' 

Assume that the series converges for p > 1 on a set of nonzero mea- 
sure. Then there must be: 



+ b 2 -»■ 0 

n 


(6-24) 


by (6-23). On the other hand, from (6-22) we have if p > 1 : 

1 im sup VTc \ > — 

' n 1 p 

or 

lim sup Yp n f c n f > 1 , (6-25) 

which means that p n jc n j > 1 infinitely often, in contradiction to ^ 
This contradiction shows that the Fourier series (6-9) cannot converge 
side the unit circle except on a set of measure zero, in other words, ^ 
p > 1 it is divergent almost everywhere. 
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That the series (6-9) is everywhere convergent Inside the unit circle Is 
immediately seen by writing It as 


6(*.y ) * l p n |e |cos(nx + a ) (6-26) 

n«o n n 

and noting that cos(nx+$^) s 1 , Therefore, this series Is majorized by 

l tc n | P n (6-27) 

n-0 

which has the same radius of convergence as (6-20), namely 1 • 

Note that, whereas in the case of power series (6-20) there is diver- 
gence everywhere outside the convergence circle, in the case of Fourier 
series (6-9) we can assert divergence only almost everywhere outside the 
convergence circle; there may be convergence on a set of measure zero even 
outside the circle of convergence. For instance, if in (6-9) all a n - 0 , 
then the series converges everywhere on the x-axis to the value f(x,y) * 0 

because sin nX = 0 for x = 0 ; this is obviously true even if p > 1 . 

We thus have convergence on an infinite straight line, which constitutes a 
set of measure zero in the plane (for the concept of measure, cf. (Kolmo- 
gorov and Fomin, 1970, sec. 25)). 

let us now return to spherical harmonics in space. We have seen that 
there may be surfaces of convergence other than a sphere, such as a cylin- 
der or a torus. However, it has been conjectured (Krarup, 1969, p.49) that 

these cases are exceptional and that, as a rule, the surface of convergence 

is a sphere. In particular, for zonal harmonics (Legendre polynomials), 
there should be a convergence sphere. 

The case of a series of zonal harmonics has been investigated by Ecker 
(1970a, b), who has tried to find a theorem of Cantor-Lebesgue type. He has 
adduced arguments which, although not mathematically rigorous, make the 
existence of a convergence sphere for zonal harmonics highly probable. 

Ecker (1970b) has also studied convergence surfaces of form r = Csin 1 g 
06 which sphere (1*0) , torus (1=1) .and cyl inder ( 1 = -1 ) are 
s Pecial cases. 

We finally give an example of a zonal harmonic series for which there 
is a sphere of convergence (Baeschlin, 1948, p. 420) and which we shall need 
lfl ter on. Consider a mass point A situated on the z-axi$ at a distance 
r ’ from the origin 0 (Fig. 6.6). By (3-32) the potential due to this 
Point (of mass m ) is 
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FIGURE 6.6. The potential of a point mass at A 
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{ 6 - 28 ] 


which represents a 
harmonics. Putting 


spherical harmonic expansion consisting only of zonal 


Ll 

r 


= z 


( 6-29 


we see that, apart from a factor. 


this series equals 


l z' 

n~0 


P (cose) = 


'/l-2zcos'e+z^ 


(6-30 


Considering, for a moment, z as a cnmn i a 

*“ * «-«n..ne. clrcl, |*| , 0 s ° * th * Ser,eS < 6 - 3 °> 
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tion of 



7. Convergence of Spherical Harmoniae II 63 


for which the denominator is zero, Both singularities Zj and z 2 lie on 
the unit circle 

1*1 * 1 * (6-32) 

which is, therefore, the convergence circle for the complex power series 
(6*30) . 

By a well-known relation between complex and real power series, 1 is 
also the radius of convergence if z is real. Therefore, by (6-29), the 
series (6-28) is convergent if r > r' and divergent if r < r* , what- 
ever the value of e is. Hence, the sphere r' * r through A is a true 
convergence sphere separating the region of convergence and divergence. 

We thus see that the problem of convergence of the spheri ca 1 - harmon i c 
expansion of the external gravitational potential at the earth's surface 
remains open, for two reasons: 

1. The behavior of the analytical continuation of the external potential 
into the earth's interior is not known. 

2. We do not know the precise form of the convergence surface for the 
s pher i ca 1 - harmoni c series of the earth's potential. 

In the next section we shall take up the convergence problem from a com- 
pletely different angle. 


7, CONVERGENCE OF SPHERICAL HARMONICS II 

In this section we shall arrive at the surprising conclusion that the 
convergence problem for spherical harmonics is physically and practically 
almost meaningless. 

In sec. 6 we have seen that, in the case of the equi po tenti al ellipsoid, 
the corresponding spherical harmonic expansion does converge at the 
ellipsoid (and still further down). Since the earth is very nearly an el- 
lipsoid, it would be tempting to conclude "by analogy 1 * that the actual 
sphe r i ca 1 -ha rmoni c series also converges, at least down to the earth's sur- 
face. 

Such a conclusion would be completely unwarranted, however. The reason 
is that analytical continuation is an extremely unstable property. A small 
9rain of sand is sufficient to completely change the situation. 

T his can be taken literally (Fig. 7.1). Assume the earth to be an exact 
level ellipsoid, for which the series converges throughout its surface E . 
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FIGURE 7.1. 
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Runge's theorem will be discussed in the following section. Applied to 
our present problem, it says that the function a 4 , regular and Harmonic 
outside and on a sphere q ^ completely inside the earth, are dense within 
the set of functions $ t regular and harmonic outside the earth's surface 
S ; cf. Fig. 6.3. More precisely, every function + can be approximated 
by a function « such that the relation 

U - *1 < e . (7-1) 

for arbitrarily small positive e , holds everywhere outside and on a 
closed surface $ i which surrounds the earth's surface S and is arbi- 
trarily close to it. If S is sufficiently smooth, S 1 may even be iden- 
tified with S (theorem of Kel dy sh-Lavrentiev ) . 

In our case, 4> is the earth’s external gravitational potential, which 
is harmonic and regular outside the earth's surface S ; inside S , it 
may have singularities. Nevertheless, we can always without committing an 
appreciable error (we may take e much smaller than any possible empirical 
uncertainty), approximate the external potential $ by a harmonic function 
* that is regular down to some given sphere completely inside the earth. 

For , the spheri cal -harmonic expansion will be convergent at the earth's 
surface (p.55)* even if the corresponding expansion of the original poten- 
tial $ does not converge at this Surface. Thus , by an arbitrarily small 
change of the external potential it is possible to change divergence into 
convergence , 

Together with the fact, shown above, that convergence can be as easily 
changed into divergence, this shows that convergence (or divergence) at the 
earth's surface is indeed such an instable property as to be completely 
meaningless from a physical point of view. 

in fact, even apart from uncertainties of empirical determination, the 
physical definition of the potential can never be completely sharp, in view 
of the atomic structure of matter and the corresponding quantum-mechanical 
uncertainties. 

^ simple example will help to clarify the situation. Let us pose the 
Question whether a certain distance defined in nature, say the distance 
between two trigonometric stations, represents a rational or an irrational 
number. Clearly, the question is meaningless; distance is physically defin- 
fl ble only within a certain, very small, uncertainty (again because of the 
at omic structure of matter), and within this range of uncertainty there 
1e infinitely many rational and infinitely many irrational numbers, all 
of tt,ern perfectly respectable and equally suited candidates for the office 
of numerically representing the distance under consideration. 
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Thus it is always possible to regard an empirical quantity a < > 

a ra tin 

number; even apart from the limited measuring accuracy, which furth® gni1 
the choice of a rational number expressed by a finite decimal expre Si 
completely natural » 

The mathematical reason behind this is, of course, the fact, th** 
irrational number can be approximated with arbitrary accuracy by a rati 
number (and vice versa); the rational numbers are dense within the set of 1 ' 
real numbers (p.42). 

The question of convergence or divergence, at the earth's surface, of 
the spherical -harmonl c expansion of the external potential is completely 
analogous to the question whether a certain observable quantity has a ra- 
tional or irrational numerical value. In fact, let us for brevity introduce 
the name "convergent potential” for an external potential whose spherical- 
harmonic expansion is convergent on and outside the earth's surface. Then 
the theorem by Runge-Krarup states that the set of "convergent potentials" 
is dense within the set of all possible external potentials, just as the 
rationale are dense within the set of real numbers. 

Thus our question of convergence or divergence is as meaningless as the 

question of rationality or irrationality of a physically defined numerical 
value. 

As a practical consequence we recognize that it is always possible to 
consider the earth's external potential as a "convergent potential", in 

e same way as it is always possible to consider the result of a certain 
measurement as a rational number* 

tentilf”! anr ° Xi " ati ° n by harmonic. Although the external po- 

nies W h • h Cann ° ’ 5enera ’’ by «*panded into a spherical harmonic se- 
nes which converges at the earth's Sur f arP ,, , 
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Cflfllb ,„lng the two inequalities we get 

1 1 - * n l * U “ * l + I* - + n l < c * 

* h ich was to be Shown. 
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In the convergence study of sec. 7 , in the solution of Molodenvy 
nroblem (sec. 45), and, in particular, throughout least-squares co 
(cf P 98), we wish to approximate the earth's external gravitationa ^ 

; a a harmonic function that is regular down to saa . " 

Tn to a sphere that lies complete!. Inside the earth. The possibility 
such an approximation is guaranteed by Sung. 'a r3 ^ Mat 

let K be a compact set and r and n open se ’ 
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- . • x/ the ^ctfon * *- — “ h ;;:j o . . ...» 

ily small, then there exists a function • 


( 8 - 1 ) 


1 $ * *1 


< e 


uniformly on K H q are illustrated by Fig. 8.1. The set K Js 

The regions K, r, an sets r and Q are open; r 

compact (i.e., closed and boun ^ ^ open set r together with its 

is the closure of r : it conS1S t0 a sphere" means that it is a closed 
boundary. “A surface is homeomorp sphere (such as the el- 

surface which can be continuously Kcr 5 J ysth.t K is 

lipsoid or the earth's surface . ^ ^ ^ and similarly with T C ft . These 

completely contained in the open s s(jrfaces f ro m touching or intersecting 
two conditions prevent the bounding^^ interior of the outermost surface 
each other. Note that a is the w ■ ^ middU surface in Fig. 8.1, 

and that r is the whole 1nt ' r !° r ° 1c in a region r . then we mean 
When we say that a function 1 Thys Runge*s theorem says that a 

Wat it also is regular in this regie ^ region r (it may have sin- 
Action regular and harmonic only can be arbitrarily well ap- 

gularities already on the boundary ° * ^ _ n # large r region ft • 

pr °ximated by a function regular an fl situated as in Fig. • * 

As it stands, and with the sets * aeodetic relevance. However, Ru g 
theorem does not seem to have much 9 «d^ ^ arg t(>e of 

tile orem holds also when the regions 



8, Runge’a Theorem 69 


their respective boundary surfaces (Fig. 8.2). In this geodetieally rele- 
vant case we may identify r with the exterior of the physical earth's 
surface* n with the exterior of some sphere that is completely Inside 
the earth (also called Bjerhammar sphere), and K with the exterior of 
some surface, completely enclosing the earth (more strictly, K is the 
exterior plus the bounding surface since K Is a closed set; it is no 
longer compact since it Is unbounded}. 

Denoting the boundaries of K, r, and 0 by aK, ar, and aa , respec- 
tively, then ar is the earth's surface, an is the surface of the Bjer- 
hammar sphere, and 3 K is a surface completely surrounding the earth's 
surface and arbitrarily close to It. 

He then have the geodetic version of Runge's theorem, which we shall 
call the Runge-Krarup-theorem (Krarup, 1969, p.54; Krarup, 1975): 

Any harmonic function $ t regular outside the earth's surface, may be 
uniformly approximated by harmonic functions ^ regular outside an arbi- 
trarily given sphere inside the earth, in the sense that for any given 
t > 0 , the relation 

U - ll>l < e 

holds everywhere outside and on any closed surface completely surrounding 
the earth's surface. 

The number e may be arbitrarily small, and the surrounding surface 
a K may be arbitrarily close to the earth's surface ar ; the two surfaces 
may, e.g. , nowhere differ by more than 0.1 mm . This is clearly sufficient 
for any practical application, but if the earth's surface is sufficiently 
regular (e.g., continuously differentiable), the surface 3K may even be 
taken to coincide with 3T . We then get the Keldysh-Lavrentiev theorem 
(Bjerhammar, 1975): 

Any function $ , harmonic outside the earth’s surface and continuous 
outside and on it, may be uniformly approximated by harmonic functions $ 
regular outside an arbitrarily given sphere inside the earth , in the sense 
that for any given e > 0 , the relation 


I ♦ w ♦ | < E 

holds everywhere outside and on the earth's surface. 

Note that if the condition [ * - * | < e is satisfied on the boundary, 

11 is automatically satisfied in the whole exterior, because a harmonic 
f Uf tcti on attains its maximum and minimum values only at the boundary (max- 
1ISU5n Principle, cf. (Kellogg, 1929), p.223 . 
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general Background 


Since 


t can t>* chosen «r 

«! > c 2 ? f 3 + ° 


we may consider a sequence 
bitrarily* " B J 


(&-?> 


h c . In this way , we obtain a Sequence 
,nd find * function or ea k ^^ 1ar in the whole space outside 

of harmonic function. ♦ *j. ** ^ « f0 r »iy to the given function , 

the given sphere ao and conve y s 

on and outside a* (or ar , respe ^* * * h unifor m norm (5-2), We 
uniform convergence on K corresponds to tne 

U a , r rt f functions continuous on the closed set 

may thus work with the space C of functions 

K i the nor. is defined by (5-2), the maximum being taken ove 

Using this terminology, we may regard Runge's theorem in its various 

forms as a «... theorem. In the keldysh-Uvrentiev version we may thus 

say; The harmonic functions * admitting a regular continuation down loth, 

Bjerhammar sphere, are dense in the subspace of C formed by the functions 

harmonic outside the earth's surface and continuous outside and on it; the 

space C itself is formed by the functions continuous on and outside the 

earth’s surface (and behaving suitably at infinity). 

Proof of Bunge's theorem. This proof is conceptually rather demanding; 

it may be omitted by readers not interested in mathematical details. Our 


present proof is modeled after the proof of Runge's theorem for functions 
of a complex variable in (Hormander, 1966 » pp.6-8) and is essentially a de- 
tailed version of the proof in (Sjerhammar , 1975). We shall first prove the 

"interior" version, given at the very beginning of the section, for the 
situation illustrated in Fig. 8.1, 

The basic tool is the Bahn-Banach theorem fundamental in functional 
analysis; we shall use it in the version of Theorem 4 in chapter IV, § 2 
of (Kantorovich and Akilov, 1964); 

uet X be a normed space and E an arbitrary subset of X . An element 

f Q e X belongs to the linear closure of the set £ if and only if 


L f f o> 


(8-3) 


Thus, y 


for all functionals vanishing on E 

be ren res * nt prf Cl0S # re . V ° f . E COnsists of an elements of X which can 
is the linear s^b ^ 1nfinite l1near combinations of E 

est nnear :: b ;; a :r:: s r: d h by the ei ™ ° f e <•. 

Geometrically, this th " ^ C ° nUlnS a11 elements of E . 
f or a definite functional T* ^ 1Rterpreted as fo ^ows. Eq. (8-3). 
through the origin in the soar* T™! * ( ° r h yP* r Plane) passing 

p x * do see this, take the special case ° f 


the 


smal 1 ' 
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1r , which the linear functional is given by (4-52).) Each functional 
( 3 - 3 ) vanishing on E defines such a plane, and the subspace Y Is then 
formed by the Intersection of all these planes. If x Q Is to belong to 
the subspace Y , then evidently (8-3) must be satisfied. 

This geometrical consideration does not replace a proof, which the 
reader may find in the book just quoted, but will provide an intuitive 
understanding of this basic theorem. 

In the present case, X is the space C of continuous functions on 
K , the subset E is the set of functions H{o) harmonic in n (It is a 
subset of C because each function from H(fl) is clearly continuous on 
K , thus belongs to C ), and f Q is a function harmonic in the smaller 
region F , In the terminology of the formulation of the Runge theorem 
this means that 

i 5 f & i € H (ft) = E . (8-4) 

We have to prove that $ can be approximated arbitrarily well by elements 
* £ H(n) , which means that $ = f Q belongs to the linear closure of E 
( * does not belong to H(Q) since it is harmonic only in r and not, 
in general , in the whole domain n !). 

By (5-17), the condition (8-3) can be written 

L ( f Q } s JJJ$(x)dv(x) * 0 (8-5) 

K 

v (x) denoting a signed measure. Geometrically we may say that the measure 
V U) Is orthogonal to the function *(x) ; this concept of orthogonality 
is a generalization of orthogonality of two vectors h and x in R n 
w hich means that the inner product (4-53) vanishes. 

What we, therefore, have to prove for Runge' s theorem is that every 
Measure y orthogonal to H(Q) is also orthogonal to every function $ 
harmonic in r . This means that from 

||Ji|idv - 0 for every * £ H(q) (8-6) 

x 


must follow that also 


■ 0 . 
K 


(8-7) 
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Assume that (8-6) holds and consider a point y outside n 
Then, denoting the distance between y and a point x € K by 
the function 


(fig. 

ix *y| 



*(*) 


I^TT 


for fixed y and variable x is harmonic in fl , f.e., belongs to u/ 
from (8-6) it follows that (: 


V(y) 


^TT^f 


(8-9) 


zero, as a function of y , everywhere outside Q 

The physical interpretation of the function V(v) \ s m 

Since the region «- K (the part of v ® nishes identically outside n . 

there exists a unique analytical conf ^ fferent K ) 1$ connected, 

c into o-K , which must be identically zer ^ ^ 0utside of 

zero outside u . > ero since V (y ) i s identically 

Hence 




v v l u c 


lns,d * K ■ V(y) * 0 since V is h 

'* the p ° te "tial of a mass distribute armcln ’ c there. The function »( 
S “ Ch ^^tfibutlons are well known- ' ^""atlng a aero outer potently 
"oous concentric spherical shells’of " ><ample 1s ^rnished by two homage 

!* and the “ther negative Sai " e total tharge, one being po 

Consider now the function a h 
prove (8-7) an ^ n * harmonic in r ^ 

an aux iliary function h r*i ’ ° r , which we w ’ sh t0 

such that 

h i v \ - t 


Mx) 5 1 on k 

K be! S ° ° tJtS ' ide . 

1 ng a Com Paet set eonta • 

c °ntai ned in r h 

f— r— but containing k jn tts 

means that y , ... , 

y "es neither | n n „„ 

or at its boundary. 


( 8 - 
i nte 
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tn the region K ^ - K the function h(x) Is interpolated so smoothly that 
h(x) is infinitely differentiable in the whole space R J . Such functions 
{called infinitely differentiable functions of compact support) exist and 
play a great role in modern mathematics! cf. (Wladimirow, 1972, pp. 68-70), 
Then the product of these two functions, 

U{x) * h(x)$(x) , (8-12) 

may be extended naturally into the whole space R 3 and has then the fol- 
lowing properties resulting from (8-11) and from the harmonicity of ♦ : 

U(x) * ${x) , all = = 0 on K , 

(8-13) 

U(x) = 0 outside r ; 

3 

U(x) is infinitely differentiable in the whole space R 

According to (Kellogg, 1929, p.219), any function twice continuously 
differentiable in T can be represented in the form 

4.u(x) = -tuf dr ♦ /Jfi j dS - If U JL 4) dS . (8-U) 


Here 1 is the distance between the point x and the volume element dr 
or the surface element dS , respectively; 3/3n denotes the derivative 
with respect to the outer normal to the surface ar . This boundary sur- 
face must be sufficiently regular, which can always be assumed (if neces- 
sary, this condition can be fulfilled by a slight deformation of 3F “in- 
ward"). The physical interpretation of (8-14) is clearly a representation 
of u ( x ) as the sum of three potentials: of a volume distribution, a sur- 
face layer, and a double layer. 

in the present case (8-13), the surface layer and the double layer are 
zero because U(x) is zero, together with all derivatives, at the surface 
sr , and there remains the volume distribution: 


U(x) = - JJJx dr * 


(8- IS) 


Ut us now denote. by z the point at which dr is situated, so that 
1 * Ix-zj , Then (8-15) takes the form 
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.(*) --Kin f^H dr(J) • 


(8*U) 


Let us now 


consider (8-7). Using (8-13) «d (8-18) we ii.ve 

■ /IW.1M.) * - AM f{f$H dr(0d “ (Xl • 

K K 

me order of the two integrations can be inserted (Fubini's theorem) 

///.(x)uv(x) .-£/// [mf^H iUCz)dr(z> • 

r * 


The integral between the square brackets equals V(z) , by (8 9), so 

JJ/$(x)<Mx) = " /// V(z)AU(z)dr(z) 

k r 

= - J-fJ/VAUdr - -XlU VAUdr . 

4 * k r-K 


The first integral is zero because aU - 0 on K , by (8-13), and the sec 
ond integral is zero because V = 0 outside K by (8-10). 

Thus (8-7) is, indeed, a consequence of ( 8 - 6 ), which completes the P r0 ° ' 

of Runge’ s theorem. 

The Keldysh-Lavrenti ev theorem follows from the Runge theorem using e 
rest 5.18 in (Landkof, 1972, p. 341) , which states that, for very general com 
pact regions K , the linear manifold H r of functions, harmonic in some 
neighborhood of K , is dense in the space ^ of functions continuous 
K fi.e. including the boundary) and harmonic in the interior of K * 
norm is always the uniform norm over K . Since Runge's theorem says 


is dense in H. 


Hence, 

e H(ii) 


H(o) is dense in il K , it follows that H(si) i, u=n-»c K 

every function e H r can be uniformly approximated by functions 
which is the Kel dysh-Lavrentiev theorem. ^ 75 ) 

A direct proof of the latter theorem is again found in (Bjerhammar, ^ 
So far we have restricted ourselves to interior regions. The corr 
ing theorems for the geodetically relevant case of exterior regions 
simply by a Kelvin transformation (Kellogg, 1929, p.232), ^ 

Elementary proofs of Range's theorem may be found in J.l. Walsh, 

Amer. Hath. Soc . , 35 ( 1929 ) , pp. 499-544 , and in Ph. Frank and R. von ^ ^ 

Die Differential- und Integra Igleichungen der Meehan ik und Physik, v0 
(1930; reprint by Dover Publ., flew York, 1961), p. 760. 


PART B 


LEAST-SQUARES COLLOCATION: ELEMENTARY APPROACH 


Least-squares collocation is a method for determining the anomalous 
gravitational field by a combination of geodetic measurements of different 
kinds. In this Part B we shall present the subject in an elementary way , 
starting from least-squares prediction familiar from gravity interpolation 
and emphasizing relations to least-squares adjustment . Although we shall 
approach the topic from a statistical point of view, the analytical struc- 
ture, which our method shares with collocation methods in approximation 
theory and which is essential for physical geodesy, is also stressed 
(sec. 12) . 

Our treatment will be inductive, progressing from the simplest situation 
to more complex cases by successive generalizations . After an elementary 
presentation of the prediction problem we consider the "pure" case of col- 
location without random errors and systematic effects (sec. 11). Random er- 
rors are introduced in sec. 14, and sec . 16 treats a general model which 
is a synthesis between least-squares prediction, collocation in the sense 
of approximation theory, and least-squares adjustment. Various applications 
to problems of physical geodesy are discussed. 

Least-squares collocation, in the same way as certain adjustment prob- 
lems, may lead to very large systems of linear equations. Therefore, step- 
vise techniques can become important ; they are presented in sections 19 
and 20. 

A fundamental role is played by the covariance function of the anomalous 
gravitational potential. Its definition and basic properties are given in 
0ec - 10; a more detailed discussion from a mathematical and numerical point 
°f view will be found in sections 22 and 23 . 

the treatment in Part B is elementary in the sense that functional anal- 
y8ie is almost completely bypassed and only linear algebra is used; it is 
thug oriented towards application . 
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l forming 
* * * * q 


9, UEAST-SOUARES PREDICTION 

’ <ssu « .... sets Of random , usntu.es: the set of , 

ng the q-vector 

'2 - 'J T 

and the set of "signals" s |a s 2 . forming the m-vector 


V I 


(9-1J 


S I S 2 *** S m 


(9*?j 


the superscript T denotes transposition, as usual, so that 1 and 
r column vectors, and commas between vector components are omit ed. 

„ „ assumed that each of these quantities has an expected value equal 

to zero: 


£ { 1 } * 0 , Efs} - 0 , 


(9-3) 


the expectation Ef-1 being the average or mean value in the sen ” ° f 
probability theory; cf. (Liebelt, 1967, p.85). Quantities having mean 

zero, such as (9-3), are called centered. 

We also consider the covariance matrices 


C 1J = cov (1,1) , 


C = cov (s,1 ) , 
si 


C * cov (s,s) 
ss 


(9-4) 

(9-5) 

(9-6) 


r and C are the autocovari ance matrices of the vectors 1 

11 SS , , and s * 

respect! vely , and C gi is the cross-covariance matrix between i 
The elements of the q x q matrix C :i are the average products 


MVjl . 


i » j - 1, 2, • < * i q , 


(9 - n 


the elements of the m x q matrix C , are 

si 


k*l,2, 


(9 


-8} 


Ms,!,} , 
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4n d the elements of the m x m matrix C bb are 

MVfcl * k ' h * 1. 2 • ( 9 *9) 

This is true because our random quantities are centered; cf. (ibid,, p.95). 
in vector notation we may thus write; 

C lL - £{ll T ) , (9-10) 

C sl = £{*!*} . < 9 ' ll > 

C ss - £{ss T } . (9*12) 


It is supposed that these covariance matrices , and all other matrices occur 
ring in this book, have full rank ; an m x n matrix A Is said to have 
full rank if rank (A) = ra or n whichever is smaller. 

The measurement vector 1 is assumed to be known, the signal vector s 
is unknown. What is the best estimate for s on the basis of the data 1 ? 
The connection between s and 1 is given, not through a functional re 
lation, but only in terms of the covariance matrices (9-10) to (9-12). 

A linear estimate for the vector s has the form 


§ « HI , 


(9-13) 


where H is some mxq matrix; that i s , each component of the vector s 
is approximated by a linear combination of the data 1 , 

The error vector e is given by 


e = 5 - s 


(9-i4) 


i t$ covariance matri x 


ee 


COv(e,e) = E{ ^ e T > * E{ (S-s)($-s) } 


(9-15) 


H called error covariance matrix. The diagonal terms 0 

the error o’ of the estimated signals S, , winch are the 

ponents of the vector § ; 


■i - M*Jl ■ Md*-*,/! • 


(9-16) 


„ colloaation : ^roaoh 


..Mmate of s In terms or . ** ««•»», as ysua) 

Forming the average of (9-Uf we 9 e 


£{ £) . H£(! ) • Q * sJ * 


(9*1?) 


thH i, the natural condition for unbiasedness in the present case. Thus 

(9-13) can be considered as unbiased for any matrix H . 

Let us no. try to determine H so that the error variances (9-16) are 
minimum. First .e find the error covariance matrix (9-15) for an arbitrary 

matrix H . 

By (9*13) and (9-14) we get 


T = (HT-sJ(H1-s) t * {H1-s){lV-s T ) 
= HTlV * s1 t H t - HI s T + ss T . 


€£ 


(9-18) 


The average of this expression then gives the error covariance matrix 
(9-15). We obtain 

£{ee T } = HE{]] T }H T - E{ s 1 T ) H T - HE{1$ T } + E{ ss T } 
or, by (9-10), (9-11), (9-12), and (9-15), 


C - HC, ,H t - C , H T - HC, + C 

€£ 11 Si Is BS * 


(9-19) 


in analogy to (9-11) putting 


c i. ■ c . T i ■ e I’ sT > • 


(9-29) 


Eq,(9-19) is equivalent to 


: ce ■ C 8 . ' ♦ («-C sl C->)C ll( H-C sl C->) T . 


( 9 - 21 ) 


using 1 * read11y verif1ed b y Performing the multiplications and rearranging 


C ii C U " 1 < un1 t matrix) . 
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The inverse exists since we have supposed an covariance matrices to 

h8V * full rank. 

The matrix {9*21) is the sum of two matrices; 


C ss C bi C ii C i$ 


(9-22) 


and 


6 ■ <H " C sl C U )C ll( H ' C ,i C u) T ' ( 9 ' 23) 

The matrix A does not depend on H ; it is thus the same for all possible 
linear estimates (9-13). 

The matrix 8 can be made zero by putting 


H 


C ,C" 1 
si 11 


(9-24) 


if this equation is not satis fied t then the diagonal terms of B will al- 
ways be positive. In fact, denote the k-th row of the matrix H - C , C ~ 1 

Sl 11 

by y , which is a row vector of m components. Then the k-th diagonal 
term of the matrix (9-23) is given by 

yC 11 Y T ■ (9-25) 

Now it is well known that all regular covariance matrices are positive 
definite. By definition, a r x r matrix M is positive definite if 

xMx T £ 0 (9-26) 

for an arbitrary row vector x of r components, the equality sign hold- 
ing only if x ~ 0 . Therefore, the quantity (9-25) must be nonnegative: 

yC u y T a 0 ; (9-27) 


Quality sign holds only if y - 0 , that is, if (9-24) holds. 
^ us > in view of 

C 

Et 


* A + B , 
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. which form th« error v.rl.nces to be «1„, 
the dl.gon. t ' h ; dla50n ., terms of A . unless . - 0 . 

are always ,Af 9 er Given for B * 

The minimum varience est ma e (9-13) gives 

expressed by The substitution Into (9 13) g 


0 , so that 


which thus provides the best {unbiased minimum variance) linear estimate „ 

the signal vector s in terms of the data vector 1 

Eg, ( 9 - 28 ) will be called the formula of Uaet-aquaree prediction since 
it is a precise analogue of the Kolmogorov-Wiener prediction formula well 
known from the theory of stochastic processes, cf. (Grafarend, 1975). 

For the optimal estimation (9-28) we have 8 = 0 , SO that (9-21) reduce* 


£ 

S 5 


c 

s s 


c C _1 C 

si li Is 


(9-29) 


if we write 


to denote the error covariance matrix for the prediction of the signal s 
( E gs should not be confused with the expectation E !). 

Gravity prediction. Least-squares interpolation and extrapolation of 
gravity anomalies (Heiskanen and Moritz, 1967, sec. 7-6) may be considered 
as an application of the present prediction method. In fact, let 

1 ■ [A9, »9, ... 0S q ] T (,.31 

be the known (errorless) gravity anomalies at n 

a „d let q observatl °" Points p i • 


s “ *g p 


(9-32) 


be the gravity anomaly at an interpolation point 
Then (9-28) becomes 


P 


(there is m 


1 )- 
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C P1 C P2 C pq 


C U C 12 *** C I q 

* ! 

A9, 

C 21 C 22 **• C 2q 


ag 2 

i i * 

* * * 


; 

* • t 


* i 

c , c , c 

q 1 q2 qq 


A9 q 


{9-33) 


which is eq.(7-63) of the book just quoted. Similarly, eqs.(?-64) and 
(7-65), loo, ait. , are special cases of (9-29). 

All covariances C mi and are obtained from the same covariance 

function C { d ) 

of the points under consideration: 


C and C 

Pi i) 

which is assumed to depend only on the horizontal distance 


'pi 


c < d Pi> • 




C(d 13 ) . 


where s pi 
between P 


Is the distance between P 
and P 


and P . 


and 


(9-34) 


is the distance 


i ’ 'll 

ntcii » . - . I 

In the sequel, however, we shall apply the least-squares prediction 
method not only to homogeneous data such as gravity anomalies, but to the 
estimation of different quantities of the anomalous gravitational field- 
such as the disturbing potential, geoidal heights, or spherical -harmonic 
coefficients-from heterogeneous data-such as gravity anomalies, deflec- 
tions of the vertical, or satellite data-, arriving at least-squares col- 

location {sec. 11). 


10, THE COVARIANCE FUNCTION 

.. variance function of the gravity anomalies 
«s we have just seen, the » Also in the genera, iza- 

't essential for least squar considered in the next section. 

I;" t0 , “ St - S ‘" ,areS “"““‘covariances from one basic covariance function 
^unnecessary to derive all funot ion of the disturbing 


— to der T„ 

t for which we shall take 

P0t ” ,tial T . disturbing potential T at two points P 

Let T ( p ) an d T(Q) be the disturbing p 

Q in space; then K(P,Q) is de ^ ned 

(10-1) 


and 




K(P,Q) « M{T(P)T(Q)} . 

, nY . This defi«i tion * s analogous 
Hi.) is a suitable averaging operator. 
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to formulas such as (9-7), the mean M{*1 taking the place of the e X p ecti 
t i on l {•) . 

We define the mean M as an average over the whole sphere and ove r #11 
azimuths, precisely as in (Heiskanen and Moritz, 1967, p.258). Thus wg 
start with the case that both points P and Q lie on the surface of s 
sphere r * R representing a mean terrestrial sphere which corresponds t 0 
the reference ellipsoid as a spherical approximation (p.15). Since the op. 
erator M is homogeneous (average over the whole sphere) and isotropic 
(average over all azimuths), the function K(P,Q) will then be a function 
only of the spherical distance $ between P and Q : 

K(P.Q) 8 K(C) 8 H(T(P)T(Q}} = 

( 10 - 2 } 

. 2* n 2v v 1 

= — i- jjj T(e ,A)T(e ' ,x 1 )sinededxda 

8 it >=0 8^0 a«0 

This equation is identical to (7-24), loo . oit. , 4g being replaced by T. 
Here r, 9 , A are spherical coordinates (p.18), the points P(9,\) and 
Q(e',A*) lie on the sphere r * R , and ct denotes the azimuth {Fig. 10.1). 
The coordinates (9 1 *x ‘ ) are understood to be related to (s,a) by 

cost * co s sees 0 1 + sinesine' cos{ \ l - a) (10-3) 

with t = const. , but to be arbitrary otherwise. 



FIGURE 10.1. The baeio epherioal triangle. 
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the integration over ( o » x ) expresses homogeneity, and the Integration 
over the azimuth a denotes Isotropy. More about this definition of the 
average M will be found in sec. 36. 
j n agreement with (9-3) we require 


M{T> * 0 . 


(10-4) 


NOW 


* 2w TT 2f 

M{ T } = -=- J / I T {e ,x )sineded\da 

Sit 2 \ = o 9=0 a = 0 
. 2it it 2 « 

= — ~ J J T (e ,x }si nededx J da 
8u X=0 6=0 o 

. 2 w TT 

= -J- j j T (e , X ) si nededx . 
4 *x =0 6=0 


(10-5) 


This integral is zero if T(e,x) does not contain a zero-degree harmonic. 
Which can be achieved by choosing the mass of the reference ellipsoid to 
be equal to the mass of the earth (Heiskanen and Moritz, 1967. p.99). 
narly, the first degree harmonic term T,(e,k) can be made zero by an 

annroori ate choice of the coordinate origin (ibwi., p.100). 

Henceforth we shall thus assume that T(e.z) contains no spherical har 

and nne- then (10-4) will be satisfied. Thus the 
monies of degrees zero and one, then tiu / 

spheri cal -harmoni c expansion of T has the 


« nr — 

T(e.x) * l l 

n= 2 m=0 




( 10-6 


using fully normalized “ , [[ ' of ’ the function (10-2) can be written 

the spherical harmonic-expansion 


K<*> ■ I k n P n (“ s ») ' 


(10-7) 


n=2 


, i rt - "conventional") Legendre polynomials. 

wh ere p (cosh) are the (usual or __ 

The k can be expressed in terms of a -m an nm 


nm 


l (a + * m ) 

L 9 run nm 
m =0 


( 10-8 
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..... „ note th.t k„ refer, to conventional harmonic,, 

(ibid,, p.Z- J* _ .. normalized harmonics. 


r «»! 


; not* tniu i 

. r , rc coefficients of fully normalized harmonics. 

, teflon of the function (10-7) into the ,p.c. out, id, the 

r . it f o 1 low, uniquely If »e require th.t the 'unction <>•«) 

• a tHrtp this sphere, both as a function of P and as a function. 
m0 «ic outside this sphe e, definition (10-1) of 

n This requirement is evident in view or 

v M _ . T/ni dnn T is assumed tn 


furt cti 0n of 

K fP,0i 

v * J J *. n f T/Pl and T(Q) , since T is assumed to t> e hl 

as an average product of T{P) ana HVf • Mr. 

monic outside r « R (p.15). 

No. .e know (p.ZO) that the n-th degree spheric.l^h.rmonic out, Idea 
sphere depends on the radius vector r through r • us k(p,gj 

outer space must have the form 


lit 


K(P.Q) - f • 


r and r' denoting the radius vectors of P and Q , respectively. On 
the sphere, for r ~ r' ■ R , this reduces to {10-7), This determines the 

constants. The result is 


K ( P, Q ) = P n ( c 0 s ’J' ) * (1 °' 9) 

which expresses the spatial covariance function of the anomalous potential. 

More about covariance functions will be found in secs. 22, 23, 24, and 
34, as well as in (Meissl, 1971a). 


11 , LEAST-SQUARES COLLOCATION 

Consider now least-squares prediction, as discussed in sec, 9, for the 
case that the signal s to be estimated is the anomalous potential T(P) 
at some point P and that the measurements forming the vector 1 are ar- 
bitrary quantities of the anomalous gravitational field, for instance, 9 r3V 
ity anomalies Ag or deflections of the vertical 5 , n . This important 
problem was first posed in full generality and solved by Krarup (196^) 

Any one of these latter quantities may be represented as a linear 
tional of the potential T , for instance, in spherical approximation 


Ag * 



(ll'D 


21. L*aat~5quai>«« Collocation 85 


C 


- J. il 

' \r as * 


n 


i rr 

v r s 1 n e 3 A * 


(11-2) 


r, e, A being spherical coordinates {sec. 3). Eq.(ll-l) Is (2-33), and eqs. 
(11-2) are (2-30) in spherical coordinates. We have written r instead of 
a since these equations do not necessarily refer to sea level r « R (cf. 

also sec. 42). and y is normal gravity, in keeping with (2-31). 

Generally we have 


or 

1 = BT 

where the "vector" B comprises the functionals L. : 


(U-3) 


(11-4) 


(11-5) 


Thus the problem is to find T if q linear functionals l . T are giv- 
en by measurement. The determination of a function by fitting an analytical 
approximation to a certain number of given linear functionals is called 
collocation and is frequently used in numerical mathematics; cf. (Collatz, 
1966 , p . 29 } . Therefore, the present method for determining the gravitational 
field by least-squares prediction is called Ie<x8t-$quare3 collocation. 

The application of (9-28) to the present problem gives at once 



( 11 - 6 ) 


’ s analogous to the interpolation formula (9-33), but the covariances 
are different. 
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Before computing these covariances, let 
T and 1 i are centered. The equivalent of 
for the present case is 

us verify that our , u#Btlt( 
the second equation 0 f fa ** 

M{ T } = 0 , 

( 1 1- 7 j 

which is (10-4) and means that T does not contain a zero-degree sph frt , 

'» 4 

harmonic. The first equation of {9*3} becomes 

*{\\ « o 

(U-8) 

Using { 11-3) we may write 


M{1.} = M{L.T{ = L.M{T} , 

(11-9) 

which is zero by (11-7), so that (11-8) is satisfied. Here we have assumed 
--as we shall always assume in the seque1--that the averaging operator M 
and the linear functionals L commute, so that the order of these two 

operations can be interchanged. This will be justified later (sec. 36). 

Covariance propagation . In (11-6) we have 

C pl - cov(T(P),l.) = HfTfP)^) , 

(11-10) 

C ij ■ ‘“'-ivy ■ "iVji ■ 

(11-11) 


Me may write {11-3) in the form 


r - l?t((J) , ( n- 12 ) 

indicating that the functional L ± is applied to T as a function of the 
independent point variable Q . Then (11-10) becomes 

c pi = M{T(P)L®T(Q)} = L°M{T(P)T(Q) J , 

on using the commutativity of M and . Sy the definition (10-1) we 

thus obtain 

c pl . l^p.q) . 


(11-13) 
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Similarly we get 


c u ■ "Km'KJmq)} - L^L°M(T(P)T<oH , 

so that 

c i3 * lJlOk(P.O) . (11-MJ 

Equations (11-13) and (11-14) express the required covariances in terms 
of the basic covariance function K{P,Q) of T , as defined in the pre- 
ceding section. They show how the covariances “propagate" through linear 
operations L ; they may thus be called formulas of covariance propagation , 
In fact, these formulas are, so to speak, the continuous analogue of the 
usual matrix formulas for error propagation, or covariance propagation, in 
adjustment computations. Let s be a vector and let K be its covariance 
matri x 


K = cov(s,s) 


(11-15) 


Consider another vector 1 which is a linear function of s 


1 = Bs , 


(11-16) 


B being an appropriate matrix. Then, by the usual covariance propagation. 


cov($, 1 ) 


cov (1,1) 


K8 T , 


B KB' 


(11-17) 


1(11-18) 


which corresponds to (11-13) <U- 14 >- Later we shall exploit these 

analogies even more fully (secs. 21 and 25). 

Let us now return to (11-13) and (11-14). The exact meaning of these 
expressions is as follows. Eq. (11-13) states that the linear functional 
L, is applied to K(P.O) . considered as a function of Q only. P be- 
ing regarded as a constant parameter. In (11 14) w c fir sh *p P ( j. 

‘<M> , considered as a function of Q . The result. L.K P.Q . t 
depends only on P . It may be regarded as a function o , o w 

eperator L is finally applied; this gives C l} ■ 
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Example . Let us Illustrate this procedure by means of an example. u et 


1 ( “ LjT » y t ( P j ) 

1 2 * L 2 T. y h(P 2 ) 



dl-19) 

( 11 * 20 ) 


the linear functionals t 


P 2 being fixed points. By 


cov 


vCtPiJ.YnfPj) 


Now, with P * (r, 9 , x) 


and L 2 being given by (11-2), and 
(U-14), 

» cov(l lf l 2 ) = C 12 = L^l®K(P,Q) . 
and Q * ( r ' , e 1 , X') , 


p j and 


L®K(P,Q) 


1 3K{P,Q) 

r 1 s i n 9 1 3 x 1 


for Q = P 2 , and 


C 12 * L i 


1 


r^sinS 


a K ( P 
3 X 


#] - 


1 


a K(P,q) 


rr'sinQ' 3eax 


( 11 - 21 ) 


for P = Pj , Q = P 2 . By (10-9), the function K{P,Q) depends explicitly 
on r and r' and implicitly on s,x and e‘,x' through (10-3). There- 
fore, the di fferentiations in (11-21) can be performed without difficulty. 

Estimation of functionals . Instead of the potential T ( P ) , let us di- 
rectly estimate another signal, that is, another element s of the anoma- 
lous gravitational field, for instance a geoidal height or a spherical- 
harmonic coefficient of T . We write 


s « ST = S P T(P) , (11-22) 

since any element of the anomalous gravitational field can be expressed as 
a linear functional S of T . 

The application of S p to (11-6) gives 
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f * 


C a i C a 2 * ’ 


aq 


C U C 12 ••• C lq 

-1 

’i 

C 21 C 22 C 2q 


’ 2 

* * I 


« 

* * t 

* * t 


* 

• 

C , C ... c 

„ qi q2 qq 


1 

q 


(11-23) 


where 


C ai * S?C P1 * 


(11-24) 


the remainder C.^1 being unchanged. In fact, only the first row vector 
depends on the variable P , on which the functional S = S acts. 

Let us now estimate m signals forming the vector 


(11-25) 


where 


•* - V * v (P) • 


( 11 - 26 ) 


For each signal s k we get an equation (11-23). which can be combined into 
one matrix equation 


c . c: ! i , 

si 11 


(11-27) 


where 


'si 


S P C 

Pi 


$ P C 


S P C 

m 


- s ? c 


Pq 


2 ^ P1 2 P2 


s*c B „ ... b,c 


2 Pq 


s p c 

PI m F2 


S^C 

. « • 


ns pq„ 


( 11 - 28 ) 
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Any element of this matrix is given by 


S K C P 1 • S^MP.Q) . 

in view of (11-13), but this is precisely 

C0V( W 


( 11 - 


29) 


(U-30) 


as computed by the covariance propagation law (11-14) from ( 11 - 12 ) and 
(11 26). This means that we can directly apply the prediction formula 

matri^ ^ ^ eStimation of the vector s , after computing the covariance 
matrices C gl and C u by covariance propagation from K(P,Q) . The re- 

SU t is the same as by first computing T from (11-6) and then 

’ (11-31) 

The collocation formulas (11-6) for the function T and (11-27) for di- 

rectly computing any functionals s nf t 

In nthpr to functionals s of T are completely consistent, 

in other terms, we may apply the basic i OJC t 
(9-281 fnr tho * PP y b east-squares prediction formula 

8 ) f or he computation of any element of the anomalous gravitational 
f-eld from data which are arbitrary other elements of this field w 
compute all covariances by covariance nmnsnaf , ’ we 

i the results so oUZZ ™ ™ ““ 

thus seen to carry the analytical structure „ covariances are 

field: they must be rigorously derived from one c " C " I ' a ° US S'' 3 *'' 31 ' 0 ' 13 ' 
by formulas such as (11-13) and (11-14). “variance function K(P,Q) 

Conversely, ( 11 - 6 ) may be considered as a special 
formula (11-23) for a linear functional, if we take T ' 6 ^ ^ eStimatior 
tion functional" S to be th e "evalua- 


ST = T ( P ) , 

associating to the function T its value at the point P 
Accuracy. The accuracy of the least-squares collar,*- ’ 
is given by the error covariance matrix E (9 291 - 10n f ° rmul 

C .i are the same matrices as in (11-27) and 9) * 1nw ^ch C 


(11-32) 


a (11-27) 


11 


and 


'1. 


8 1 


(11-33) 


12 . 


iHoarianc. P, ep.rti.., colU'aUon 


91 


The » * m matr1 * c Bg i * computed 
function' (11*22); eq. (11-14) shows 
|T . t h row and k-th column the element 


hy covariance propagation for th# 
immediately that has in th* 


< c . s >„k ■ ^C.O) . 


b t k 


1 . 2 , 


(11-34) 


The diagonal elements 
error variance 


(E ) 
ss 'kk 


Of the error covariance matrix give th* 


°k = M fk} = M { ( V s k> 2 } (11-35) 

of the estimated signal § ; cf. (9-16) with £ replaced by H . 

The precise meaning of this average M should be clearly kept in mind. 
As we have seen in^sec.10, M is a homogeneous and isotropic average over 
the sphere, and is a mean square estimation error in the sense of this 

average. This definition appears to be the natural one for characterizing 
accuracies on a global scale. 


12, INVARIANCE PROPERTIES; ANALYTICAL COLLOCATION 

The least-squares collocation solution (11-27) possesses a series of 
important structural properties, related to the fact that all estimated 
quantities refer to the same gravitational field. 

Reproduction of data. If the estimate potential T is to be consistent 
with the data, then the function T must reproduce the given functionals 
K . that is, there must be 


1 . 
i 


L.T = L.T 

i i 


1. . 


( 12 - 1 ) 


T!lis is easily proved directly. If the vector s to be estimated by 
( 11 *27) coincides with the q-vector 1 itself, then C sL = , and 

( 1 1 ~2 7 ) gives 


1 


c u c n 1 * 1 


{ 12 - 2 ) 


wil ich 


proves ( 12 - 1 ). 
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Invariant* with respect to linear transformations. In the preceding s 
tlon we have already seen that least-squares collocation Is invariant 
rOffliJt to any linear transformation of the estimated signal: one obtains 
the same result by first estimating the potential T by (11-6) and th en 
computing a linear functional 5^ ■ S^T , or by directly estimating % 
by (11-27), provided the covariances are properly derived. 

The method is also invariant with respect to linear transformations $*■ 
the data. Instead of the q data 1 t forming the vector 1 , let u$ Intr©. 
duce other q data forming the vector 1’ • which are related to 

by the transformation 


r = ai , i » a“* r , 


(12-3) 


A being a regular (invertible) q x q matrix. Then 


C , , = m|s1 ,T } = M{s l T A T } = M { s 1 T } A 1 , 


,T, ,T 


'sl 


or 


C 


si’ 


C , A 

s 1 


(12-4) 


and similarly 


c r i* AC n A • 


Applying (11-27) to 1’ we have 


5 * c »r c i*i' 1 ’ ' 


By (12-3), (12-4), and (12-5) this becomes 


s • c s1 a t (ac 11 a i )' 1 ai • c Bl A T {A T r 1 c;>- 1 Ai 


11 


(12-5) 


(12-6) 


so that 


s = 


r r 1 1 a 

Sl ' 1 *!'!' 1 


C C~ 1 1 

si ll 


(12-7) 


which was to be shown. 


IS, Invariant)* Proparti** : Analytiaal Collocation 


Analogous invariance properties are well known from 1 eas t-squa res ad- 
justment; cf. {Tienstra, 1956, p.154). 

Analytical collocation . What happens If the function K{P,Q) > from 
which the covariances C pi and in {11-6} are derived, is not the 

covariance function of T , but an arbitrary analytical function of form 
(10-9). with nonnegative coefficients satisfying only the condition 

that the infinite series' converges for r,r* i R ? Such a function k(P,Q) 
is symmetric in P and Q and harmonic as a function of both P and 
outside and on the sphere of radius R ; it Is called a kernel junatio 
In this case, the complete analytical structure of the anomalous 9 rav_ 
national field is preserved: we get a completely consistent gravitationa 
field in the sense that the given data are exactly reproduced, and 

the various estimated quantities s^ refer to the same field, in view o 
the invariance with respect to linear transformations of the signal. 

In other terms, the given q data 1 L do not completely determine t e 
potential T . There are Infinitely many functions T(P) compatible wit 
the given data, and the use of different kernel functions K(P.Q) in 
(11-6) corresponds to different possible gravitational fields, all of which 

are internally consistent. 

On putting 


so that b 


is a q-vector, we see that {11-6} has the form 


T(P) = ? *>i c pi ‘ 

1*1 

By {11-13}, 


(12-9) 


C pl . l«K(P,Q) . 


( 12 - 10 ) 


which are functions ♦ ± (P) of P • Therefore we may write (12-9) as 


T(P} . 



( 12 - 11 ) 


It must be a true infinite series containing infinitely many nonvanishing coefficients 
k n ; otherwise the covariance matrix C n derived from it may not be invertible. 


1 
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. r’omtntarv Arf'* ,0,tt * h 

Colt option: 


f a “ba*a function*" ♦ ( (^) ■ 

as * linear combination o simple analytical expression, 

If the kernel function MP.qj 

the base functions 


*■*•1 


(P) . l«K(P.Q> 


02-11) 


wi 


u be Pimple analytical functions, so that (12-9) mey be consider 

as n a ly.ical approximation to the function T(P) by means of a ll.«„ 
l^natiol of 0 base functions. This «p.«« .f 

leal approximation method is described in detail in ( • )■ 

Analytical collocation methods, using a general kerne unc ion, ave 
been considered, e.g. . by Krarup (1978). lelgemann (1978), and Tscherning 

Of course, only if K(P,Q) is the covariance function will the estimates 
(11-6) or (11-27) have the property of minimum variance. The error variances 
and covariances, forming the error covariance matrix C ce - E ss , for the 
case of a general kernel function can be obtained from (9-21). Let us de- 
note the "true” covariance function by K(P,Q) , and the analytical kernel 


function used in the collocation procedure by K(P,Q) . The matrices T 

* t 


and 


Z are derived from K{P,Q) in the same way as C 


s 1 


and C 


11 


^5 1 

are 


derived from K(P,Q) . Then the analytical collocation gives 


C IT 1 
Sir'll 1 


(12-13) 


so that, in (9-21), we must put 


H ■ C sl C ll • 


(12-14) 


obtaining 


£ 

s s 


ss 


c c~ l c + cc r 1 

si ii is 1 si n 




c sl c ;y 


(12-15) 


For K(P,Q) - K(P,Q) this coincides with the optimum estimate (9-29). 

This analytical aspect of least-squares collocation is of basic theoret- 
ical and practical significance. It shows that a general kernel function 
can be used to obtain a consistent gra vi tat iona 1 field which is compat lt>1e 
1 1 h the 9 1ven measurements , The covariance function K(P,Q) cannot he 
exactly determined empirically since for this purpose we need the function 
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T(e,0 entering in (10-2}. That is, we should know the anomalous potential 
everywhere on the sphere r * R , which obviously is not the case, the em- 
pirical covariance function used will be an analytical expression fitted to 
the given data (sec. 23} and will thus have the character of a general ker- 
nel function. 


|3, APPLICATION to bjerhammar's problem 


As an illustration, let us apply collocation to the following problem. 

Ut the gravity anomalies Ag it ag 2 , &g n at n points on the earth 

surface, at elevations h 2 , ..., h R , be known from observation, to 

determine a gravity field consistent with these observations. 

This formulation of the main problem of gravimetric geodesy, due to(Bjer 
hammar, 1964), is in a way more realistic than the usual formulation in 
terms of a boundary-value problem, since we observe at discrete points only. 
In fact, Bjerhammar 1 s problem has contributed, in several ways, to a clari 
fication of the conceptual foundations of physical geodesy. 

In the present solution we shall use an analytical continuation of the 
gravity anomaly Ag down to sea level. For the usual case, in which the 
measured gravity anomalies are assumed to be known at every point of the 
earth's surface, this method has been described in (Heiskanen and Moritz, 
1967, section 8-10); then, however, the problem may fail to have a rigorous 
solution because of possible singularities in downward continuation (ibid., 
p.32l). This difficulty does not arise in the present case of discrete ob- 


servations, as we shall see. 

We shall use our customary spherical approximation, which amounts to 

tolerating a relative error of the order of the flattening f - 0.3 % in 

entities of the anomalous gravity field. This permits us to formally re- 

. ... rni j hv/ a cohere. Then the free-air anomalies down 

place the reference ellipsoid by a spnere. >"«* 

ward continued to sea level, denoted by ag , can be considered as a func- 

tion a g*( 6 ,i) on the surface of a terrestrial sphere (of radius R), e 

A being the spherical coordinates introduced in section 4. 

Thus the problem is to compute this function ag <e,») on the sp ere 

measured at the earth‘s surface 


from 

that 


gravity anomalies Ag 1} Ag 2 » 9 q 

is, above the sphere. IT we put 


s = 


49p 


(13-1) 


at 


some point P(R,e,x) and 
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we may apply the basic formula (11-23); there remains the computation of 
the covariances. 

Since the external potential together with^Us analytical continuation 
forms a single harmonic function {sec. 6), ag p and must be vai Uej 
of the same spatial analytic function Ag(r,e,x): 


Ag* « Ag(R,e,X) , 

(13-3) 

a« 1 - Ag(r 1 ,9 i ,x l ) with r i = R + h. . 

03-4} 


Therefore, all occurring covariances, which are covariances between Ag p 
and ag i or between i and Ag.. , will be values of the same function 
C(P,Q) , the spatial covariance function of the gravity anomaly. 

For a point P(r,e,x) outside or on the sphere r « R we have the 
spherical -harmonic expansion 


T(P) 


go 


I 

n= 2 


n+ 1 

^ n ^ ^ ) > 


(13-5) 


T (e,x) being a Laplace surface harmonic of degree n , The corresponding 
expansion for the spatial gravity anomaly is 


AS(P> = 7 l t"’ 1 } 


n<= 2 


r R' 

, r J 


n + l 


T n (e,\) 


(13-6) 


(Heiskanen and Moritz, 1967, pp. 88-89). Therefore, the linear operation 
transform! ng T into Ag consists of multiplication of the n-th degree 
harmonic by (n-l)/r . 

The covariance function of T is 


K(P,Q) 



n+ 1 

P n (COS*) 


{ 13 - 7 ) 


The corresponding expansion for the covariance function C(P*Q) of ^ 
is obtained by multiplication of the n-th degree harmonic by 
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ml ml „ in.-*) 


r r 


rr 


In agreement with the covariance propagation formula (11-14)* Thus 


“ ■> q 2 n + 2 

C{P.Q) - l (n-l)h P (cost) . 

n* 2 n (r r‘) n 2 n 


(13-8) 


or 


C(P.Q) 


I c , 


U e 2 


n 2 \ n+ 2 

■^T P n (COSt) 
rr i n 


(13-9) 


where 


n- 1 . , 

~r\ k n ■ 


Therefore we must put in { 11-23)3 


C gi = cov { Ag* , A g ± ) 
C i . = cov(Ag i , Agj ) 



(cos^ pt ) , 

p „( co, *ii> * 


(13-10) 


(13-11) 

(13-12) 


since r = R . 

Since tile function K(P.Q) is assumed to be regular outside and on the 
sphere r . R the same holds for C(P,0) and, therefore, for the com- 
puted downward continuation ag*(e.») • Th “s collocation ensures, in fact, 
a smooth regular downward continuation of ag (provided we have only a 
finite number of given ag, ). As the point P can be an arbitrary point 
on the sphere r-R (fig. 13 . 1 ). the collocation solution automatically 
combines downward continuation and interpolation in a natural way. so as to 


Qtj tain a smooth solution. 

£e , ,, *k„ Q cc ran even be defined in a precise way, in 

*s we shall see, smoothness can even 

ttr "* of a norm which is minimized (sec.25). 

TO. f.ct that a smooth analytical downward continuat, n . o . 

"»i, t wU „ th „ methotl , is of great importance since downward continue 

tion is, „ ral , difficult and unstable operation. The same principle 

for instance. » applied for the do contihu.tion of aerl.l grav- 

il * measurements (Moritz, 1970 , sec. 6). 
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FIGURE 13.1. Downward continuation of hg . 


Invariance . By computing Ag* at every point of the sphere r - R , we 
get a function Ag*(e,k) . To this function we may then apply the Stokes- 
Pizzetti formula 


T = //fig # S(r,^ )da {13-13) 

0 

to obtain T at any point on the earth's surface or in outer space { He i s - 
kanen and Moritz, 1967, p.319). 

We may, however, also compute T at a point P(r,e,A) directly from 
(11-6), with C i3 as before and C p . given by 


PL 


cov[T(P) ,Ag i ) 


y l 

t* r 
n&2 i 


2 \n+i 


—I 

rrj 


p _(cosii») 


(13-14) 


which follows from {13-7) by multiplying each term by (n-l)/ r < and then 
substituting r* = r L ; this is a direct consequence of ( 11 - 13 ) This is 
even simpler than going through &q* and {13-13}, but the result il\dlnt- 
Ual, in view of the invariance of least-squares collocation with respect^ 
to linear transformations; T being a linear functional of Ag * 

Svgnificanee of Runge'e theorem. The present approach presuppose* th* 
possibility of analytical continuation of the external potential 
to sea level as represented by the sphere r * R . This is possible t ^ 
good an approximation as we like, in view of Runge's theorem {sec m ** 
Justifies the assumption that T f s a regular harmonic function 0 n * I 
s e the sphere r * R ; this assumption will be used throughout, " ° Ut 
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COLLOCATION with random errors 

„ th. V forming the q-vector , », flliM 

Treasuring errors n £ , then instead of {11-3} we haw# 


’i ■ L J * n i ■ 


tead of (11-3) we have 

1 * 1. 2 q . 


(14-1) 


Writing 


L i T * 


(14-2) 


we get 


• \ * "i 


(14-3) 


In this way we have decomposed the observation 1 into a “signal" t 
and the "noise 11 n ± . The "signal part" of 1. represents the gravitation- 
al field element l^T of which K is the measurement, and the "noise" 
is a synonym for the random measuring errors. The terminology, signal and 
noise, comes from communication engineering in which statistical prediction 
techniques are widely used. 

In symbolic notation these equations are written: 


1 - BT + n , 


(14-4) 


BT = t , 


(14-5) 


t + n 


(14-6) 


Serializing (11-4). 

The noise n is a genuine random (stochastic) quantity. It possesses a 
probability distribution with a mathematical expectation denoted by E . 
ln con trast to this, the statistical treatment of s has a more formal 
ch aracter. The operator M denotes a homogeneous and isotropic average 
° Ver the sphere, defined by (10-2), rather than an expectation in a proba- 
^’stic sense: M describes the average global behavior of the anomalous 

^vitational field, 

As have seen, 


100 


f tion . Elementary Approach 

Collocation. &<■ 


HI tl 


(14. 


thAt u all elements of the gravitational t UU% 
for all signal* t . ’ s0 that the anomalous potential T 

r 

M{ t) * HIBT1 « 8H( T} = 0 * 

u „ rt f r nurse for the signals (H-22) to be estl- 
For the same reason we have, of course, to 

mated; 


Ml e I 


0„ the ether hand, the signals are not stochastic quantities 1h the sa„. 
sense as the noise n : repeated ohservat ions, of the same quantity give 
different n hut s remains the same. Thus, the expectation E does not 
affect the signals, whence 


E{ $} = S , Ett) * t . 


(14-9) 


However, for the noise we have 

Efn} * 0 (14-10) 

since random measuring errors have zero expectation by definition. 

The operation of the spherical average M on the noise has not yet been 
defined. The simplest and most suitable definition is that M leaves n 
unchanged: 


M{n} = n . ( 14 - 11 ) 

This definition is analogous to (14-9); a detailed justification will be 
found in sec. 36. 

Now we define the total average IT as 


c * ' (14-12) 

that is, we average both over the probabilistic distribution of n and 
over the sphere. With this definition we have 


ft si * EM { s } «= o 


(14-13) 


14 ‘ Cplt °°atton uith 


Pa*tdor>i Error* 1 0 1 


b y (14*8), and 1 ikewise 

Tm - o . 


(14-U) 


0 yt also 


rin} » mn) -= E{ n) • 0 , 


in view of (14-11) and < 14-10) . Hence 


(14-15) 


till - Elt) + I {n} * 0 f 


(14-16) 


Oy (14-6), so that all our quantities are centered 
Let us now consider the covariances 

for the signal covariance matrices u COrrespondl "9 to the new average T 

Vl 1 s W6 ha v e 


ss 


■ E(SS 1 ■ EH1 SS T ) = £{*(„*), . 
since E does not effect signals. Siciiarly. 

C tt = ^ {ttT > = M{tt T } . 

For the covariance matrix r 

lnx C nn of th e ooise we find 


(14-17) 


(14-18) 


C nn = r ^ 0 T ) = EH{nn T } * £ {f,n T } 
The mixed covariances are zero; 


(14-19) 


C tn * E(tn T ) = EM{ tn T } = M{t}E{n T > = o 


(14.; 


'in'order^I ! h5 i a, T Se T ’ ^ ‘ ign “ l ani the n0U ‘ ar ‘ unoo n ,i a , 
C . PP ' y the bas,c l’ r6,,,cti » n (9-28) we need c 

* si 


C U 1 *<H T > = rt (t+n)(t T +n r }> 


= *(«*> f t(tn T ) f f(nt T } * £<nn T > 


* C tt + C ♦ c + c 

tn nt -- ’ 


nn 




. - 


( 14-21 ) 


10* e*tut*t<** ! fl motor, Arv°“° > ' 


By 


(14-20) we also have 


c - c* n * 0 , 

nt tn 


( 14 - 2 ?) 


and hence 


t e C + C 
w u tt nn 


(14-23) 


Thus C is simply the sum of the covariance matrices of signal and noise. 
Tnu$ is simpij tnc matrix is an average 

This is rather remarkable since the signa cov ££ „ n T j 

mtt T ) , and the noise covariance matrix is an expec a 
For the cross-covariance matrix C 0l we find 


C , * Tfsl T ) = r(s(t T + n T )} 

S 1 


■ I{st T ) + risn T } ■ C st + C gn . 


(14-24} 


Since signal and noise are uncorrel ated , we have 


<: • 0 , 
s n 


(14-25) 


and 

€ = T{st T } * £H(st T } * M( st T l , 

St 

both s and t being signals (elements of the anomalous gravitational 

field). 

Thus 


C , * C ^ 

Si St 


(14-26) 


is a pure signal covariance matrix. 

In view of (14-23) and (14-26), the prediction formula (9-28) becomes 


5 « C /C + C )‘ l l . 

■t' tt nn' 


(14-27) 


This is the fundamental formula for least-squares collocation with 


notes. 
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TK« covarf.nc.s ,r, to b. derived from the be.U 

t1on K{ P * 0 ) • Corresponding to 


covariance 


func- 


t 


i 


L i T 


s • S I 
k k 


(14-28) 


(thts , ere equations (14-2) ,„ d (Xl-26)) we find for the elements of C 
ind C #t : 


( c ot) 1} ■ L I L ®K(i’.q) , 

(C st>ki • . 


(14-29) 

(14-30) 


The comparison with (11-14) and (11-29) shows that. In the absence of mea 
suring errors, we have 


C tt * C 11 * C st = C si if n 3 0 , (14-31) 

as it must be. 

let us thus compare the collocation formulas with-random errors, (14-27), 
and without errors, (11-27), which may be written in the present notation 
as 


5 - e. t e«i • U4-32) 

We see that the only difference is the presence of C in (14-27). This 

nn 

is the covariance matrix of the observational errors, defined by (14-19). 
(As a matter of fact, noise covariance matrices C nn are the usual vari- 
ance-covariance matrices in adjustment computations.) 

Let us now apply (14-27) to the estimation of the potential T . Then 

S = T ( P) , (14-33) 


and 


C « 
st 




* her e the c 

Pi 



(14-34) 


are given by (11-13). Thus (14-27) becomes 
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c ) , ,0 n 

C 12 + D U 

C. +0. 

lq lq 

1 

-i 



T(P) ■ [ C P1 C p2 •’* C Pq] 

c„*»„ 

1 

• 

C 22 + D 22 *** 
* 

c 2 q*°eg 

* 

* 


•i 

* 

i 

- 09-35) 


• 

C l +0 „t 

ql gi 

• 

C q2 + °q2 “* 

c +0 

qq qqJ 

I 

1 

ii 



,„ich is the genera Heat ion of (11-6) to the case of random errors. The 
1, difference is the presence of noise covariances: we ha.e put 

C ■ 0 * (0 ] . (H-36) 

nn i J 


The other covariances, C pi and , are the same in (14-35) and (11-6), 

The fact, mentioned above, that the matrix 1S a pure signal co- 

variance matrix, is of great importance. To see this, put 

b . (C tt ♦ C M )*‘l < 14 - 37 ) 

and write {14-35) in the form 

T(P) ■ f DC . (14-38) 

i-1 

Exactly as in the errorless case (12-9), T is expressed as a linear com- 
bination of pure signal covariance functions, which are to be considered as 
analytical base functions {12-12}: 

3( p ) • ? D ♦ (P) . ,14-39) 

The transition from T to other quantities s of the anomalous gravi- 
tational fteld.-such as geoidal heights, deflections of the vertical, or 

gravity anomalies-is effected by linear functional operations ( 11 - 86 ). 

Thus (14-39) gives 


5 * “ S J * J b i S k *t (P > * (14-40) 

he functional S k acts analytically on the base functions Since, 


14, Cel iaa tton vith Pendo* trrora 10S 


fey 


(11-13). 


Vl< P) 


* s c 

k^pl 


S^L®K{P,Q) , 


f 1**41 ( 


th ^s Is nothing else than covariance propagation, which is again seen to 
carry the precise mathematical structure of the gravitational field- 

The coefficients b^ . given by the vector {H-37}, remain the sa«e for 
all si9 na ^S ( T or ); they depend on the noise covariance matrix C ft , 

and are determined in such a way that the effect of measuring errors n is 
minimized. 

Thus the noise affects only the determination of the coefficients 0^ 
byt not the base functions a^ : there is no danger that statistics spoils 
the analytical field structure. 

The error covariance matrix E BS for the estimate (14-27) is obtained 
from (9-29) : 


ss 


= C 


ss 


- C (C + 

st' tt 


c r ! c 

no ‘ ts 


(14-42) 


the matrix C ss is given by (11-34). 

Filtering and prediction. Let us apply (14-27) to the signals t • which 
are the signal parts of the observations 1 as expressed by (14-6). With 
s * t we get 


This equation gives the optimal estimate for the signal part of the observ- 
ations 1 themselves; the noise n has been filtered out in the best pos- 
sible way. Thus (14-43) may be said to describe the filtering of the ob- 
servations 1 . There is no prediction in this case since, besides the ob- 
servation signals t . no new signals are computed. 

Let us now solve (14-43) for 1 : 


1 = (C 


tt 



(14-44) 


and substitute into (14-27), whence 
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IMs equation predicts ne» slpreU s t"» *> * s 1 * of th * Altered obser,. 

at ions { 14-43 ) . 

U is quit* remarkable that this equation has the form {14-32) of erroi ,. 

with 1 replaced by t . Thus we have split up least 

squares collocation with random errors Into two consecutive steps: 

1, Filtering of the data by ( 14-43) 

2, Application of the errorless collocation formula {14-45) 
to the f 1 1 tered data. 


Briefly we may say that we have split up collocation with noise into 
filtering and pure prediction. This interpretation shows again that collo- 
cation with noise has the same analytical structure {expressed by step 2) 
as errorless collocation. 

The decomposition of (14-27} into (14-43) and (14-45) has theoretical 
rather than practical importance since its numerical execution would in- 
volve the inversion of two different covariance matrices C tt + C nn anc * 

C , whereas in the direct solution (14-27) the inversion of the first 
matrix suffices for all signals s . 


15 . APPLICATION TO GEOID DETERMINATION 

To illustrate the general formulas, let us consider an example which, 
though being somewhat simplified, shows the essential features of the meth- 
od and also has practical significance. 

We take the determination of the geoidal height N from gravity anoma- 
lies ag and deflections of the vertical components £ and n . We assume 
the usual simplified situation underlying Stokes’ formula: all quantities 
refer to sea level, there are no masses outside the geoid, and the reference 
ellipsoid is formally treated as a sphere (spherical approximation; cf. 
sec. 2). The components C and n have been determined by the astrogeodetic 
method and refer to a geocentric ellipsoid, so that there are no first-de- 
gree spherical harmonics. Furthermore, we take f observation points and 
assume that ag, C, n are given at each of these points, so that there are 
q « 3f observations . 

In the basic formula (14-27), 


5 


C St < C tt * 


C nn>’ l » 


(16-1) 


we thus have 
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S ■ H(P) , 

the geoidat height at some point P , and 
dg f 



(15*2) 


(15-3) 


tet us assume that all Ag have beeR observed with the same standard 
error , all t with the same standard error , and all n with the 

same standard error ; all measurements are supposed to be uncorrelated* 
Then the covariance matrix C of the noise is the diagonal matrix 

Dn 3 




C 


nn 


0 


0 



(15-4) 


Tt, e signal covariance matrices are 


C 


St 



P Ng 

Pf 



r N5 r Nn r Nn 1 

Pf Pi * * Sf 


(15-5) 
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4 
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c ng 
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c nn 
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^f£ 

£1 

f f 

f 1 
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U$-6> 


if N is to be computed at m points, then C gt consists of m rows of 
form (15-5). 

The quantities N, Ag , £, n are related to the anomalous potential T 
by 


N - — T , 


Ag * 


3T _ 2 T 
a r r ’ 


£ = JL il 

* Y e »* 3 6 * 


n = 


i aT 


r„rstne a A 

O 


(15-7) 

(15-8} 

(15-9) 


The first equation is Bruns' formula (2-31), with normal gravity y re- 
placed by a constant mean value y Q ; (15-8) and (15-9) are (11-1) and 
(11-2) respectively . Therefore, covariance propagation (11-14) gives 


COVlK(P). 49(0)1 • ^ (- jp- - JT K] 

covIH(P),(<Q)1 * ffr . 


c ov[N(P) >n (Q) j = 
covf Ag{P) »Ag{Q) ) 


1 3K 

■f 2 r ' s i ne ' a A ' * 

D 


(_ i_ . 

2]| 

- 11 


- 2 k 

i ar 

rj 1 

ar 1 

1 

r* K J 

3 2 K , 

2 

il + 

2 

iL. + 

3 r a r ’ 

r ‘ 

ar 

r 

3r ’ 
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covUg(P).UQH 


m 

[- i_ 

- 2 1 

I SR 1 


{ ar 

r 1 

’r T 3P • y 

o 

m 

-fJL 

» 2 k 

. 1 3K 1 1 


l r ’ 

ar ao • 

rr * ao * | y o 

m 

(- L. 

* l\ 

L 1 SK 


{ ar 

r) 

[ r'sinO’ dA' 


1_ 

a 

2 K , 2 


rr 1 


covU(P),UQ)l * , 


covU(P)»n(Q)] 
cov [f? (P) »n(Q) 1 


_ i 3 2 K 1 

rr ’ sine ' 3edA ’ T 7 * 

‘ O 

_ l a 2 k l 

rr ’ si nesi ne • axax 1 T 7 * 

T O 


(15-10) 


Here 


K - K { P , Q) = K( r ,r ' ,*) (15-11) 

is the covariance function for the anomalous potential T . It is a func- 
tion of the coordinates (r,e,X) of P and (r* p e‘tX') of Q in the 
following manner: it depends on the radial coordinates r and r' direct 
1^, but the dependence on the angular coordinates (8»x) an d (0 *x ) is 
indirect through tji given by 

cos* = cosecose* + $inesine'cos(X ' -X) , (15-12) 

as the expression (10-3) shows. Therefore* 


3K = li< H 
S 8 3*38* 


3 K aj< 9 Jl_ , 
3 9 1 3 ^ 3 9 1 


aK 15 ii 

ax 3P 3x * 


3 K „ 15 ii. 

ax’ 3* 3 x' 


» , / a a , 3 ^/ 3 X ' are obtained by differ- 

where the partial denvat^es * ‘ used in deri ving Vening «ei- 

entiating (15-12) according to the P 

for, " ula < cf ' HeUMKM ; a tr1ces' (1S-S) and (15-6) 

Now the elements of the signal M . 

tan be expressed in terms of the covariances 
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■ covl N( P} ,&9( J * 

- covl N{ P) , t { F > 1 } 1 » 

« covl N(P) *n{^ 1 ) 1 » 

■ cov[ A g ( P ) * Ag { P ^ ) 1 * 

• covl & g ( P L > * t ( P j ) 1 * 

* covlig(P i ) ,n{Pj ) 1 * 

- covl ^ (P 1 ) (P^ ) ) » 

» covUtPiKMP.,)] . 

s covl n (? 1 ) »n (Pj ) ] i 

there is obviously 

r 5g . C ?K c ng . c gn c n5 = c 5n {15-14} 

L ij " L jt * ij ji iJ 3i 

The expressions (15-13) signify that the spherical coordinates of the points 
P or Q in (15-10} are to be replaced by the coordinates ( R , e ± , X i ) of 
P or (R,e.,x J ) of P. as indicated; we have r , * r. * R since the 
points are considered to be situated at sea level, characterized, in the 
spherical approximation, by r » R . In the first three covariance expres- 
sions (15-13), P denotes the point at which N is to be computed; also 
for this point we have r = R 

Now we have determined all quantities necessary for evaluating the pre- 
diction formula (15-1) and the corresponding error covariance matrix 
(14-42). It is also easy to introduce appropriate modifications for other 
data configurations, for instance, for the case in which the astrogeodetic 
stations differ from the gravity points. 

Numerical aspects of least-squares collocation will be discussed in 
sec. 18. The numerous literature on the problem considered in the present 
section includes (Moritz, 1970), (Grafarend, 1971), (Gentry and Nash, 1972), 
(Heitz and Tscherning, 1972), (Grafarend and Offermans , 1975), (TscherninS* 
1975b), and (Lachapel 1 e, 1975). 


(15-13) 
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r gn 
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r nn 
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16, LEAST - SQUARES COLLOCATION WITH PARAMETERS 


An ultimate generalization of the 

. . . . , the ,1near collocation models (11*4) and 

( 14 .4> is achieved y Introducing functional (non-random) parameters form- 

a p vec or (as usual, ail vectors are column vectors unless the 

Thu t t l A - A \ J _ 


, P-vector x ( as all , ect ors lre »1 U „„ yect or 

contrary is stated). Thus (14-4) is jener.lUed as follows: 


1 * AX + BT 


+ n 


(16-1) 


where A is a given q x p matrix expressing the effect of the parameters 
X on the observations 1^; it is sometimes called "sensitivity matrix". 

The expression AX is usually obtained by linearizing an originally non- 
linear function of the p parameters, it represents the "systematic" or 
"parametric" part of 1 . The q-vector 


t - BT (16-2) 

gives the "signal part" of 1 , where B again comprises the q function- 
als (11-5). As before, the q-vector n denotes the measuring errors (the 
"noise"). We assume that q > p and that A has full rank. 

By means of the abbreviation (16-2) we may write the observation equa- 
tion (16-1) as 

1 * AX + t + n . (16-3) 


In sec. 18 we shall see that all geodetic observations, after linearization, 
can be expressed in this form, so that the linear representation (16-3) is, 

in fact, quite general. 

4s in sec. 14. the quantities t and r. are centered, satisfying (14-14) 
and (14-15). 

Far A = 0 eq (16-3) reduces to (14-6), which is the vectorial observ- 
ation equation’for least-squares collocation (prediction) without parameters; 
for B * 0 or t * 0 we get 


1 * AX + n 


(16-4) 


»6ich is the linear for. of the observation h ir U6- 1 ) i 3 ^ 

Adjustment by parameters. We may thUS ^ $tinent 4B „ prediction, 
a model which is a synthesis between (16-3) contains a 

>» -trast to least-squares ^ust.enU t^-OeM ^ ^ t „. 

second term which is (formally) treate 
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signal vtctor t as given by (16*2). Let us estimate a no t her centered 
signal vector s of m component s i It has the same meaning as In the 
preceding sections. Both vectors s and t comprise elements of the 
anomalous gravitational field, which are linear functionals of the poten- 
tial I ; these vectors are related by their signal covariances forming 
the matrices 


cov{$,$) * M|ss } , 

06-5) 

cov(s,t) * M{st T ) , 

06-6) 

COV(t.t) - M( tt T j . 

06-7) 


They must be derived rigorously from one basic covariance function K(P,Q) 
in order to preserve the analytical field structure, as explained in sec, 14. 
We also assume the covariance matrix of the measuring errors, 


C * £ f n n T } , (16-8} 

n n ' 1 

to be given; for an explanation of the symbols M and £ cf. sec. 14. 

from ordinary 1 eas t- squares adjustment we know that the estimates satis- 
fy two different but equivalent minimum conditions, both of which have been 
given already by Gauss: least squares and minimum variance. The minimum 
variance condition has been used to derive the basic prediction formula 
(9*28). Here we shall try to use an appropriate least-squares condition. 

The well-known least-squares condition for the adjustment model (16-4) is 

n T C' 1 n = minimum . (16-9) 

nn 

Let us find a suitable generalization for the present model (16-3). 

All quantities treated as random may be combined into the m + q vector 


v 



m 



(16-10) 


This vector will also contain the signals t if we stipulate that m * 9 
and that the first q components of the vector s are identical to the 
components of the vector t. Thus s has the form 


iff* Crt I 1 * 

aatxon wit>i Parammttr* HI 


S * 


0 ** 11 ) 


- *- ■-« 

usul „, « h.,e " > 0 . but th. following .IgoMth. wort, «„n for 
u being absent. * * 

The covariance matrix of the vector u ... . . 

e vector y has the form, trt view of < 1 6 - 10 i. 

0 f a partitioned matrix 


VV 


C 8a 0 1 


nn 


(16*12) 


the off-diagonal terms are zero since signal and noise are uncorrelated 

(p - 101 ) - 

The inverse of (16-12) is 


C 


-1 

VV 



(16-13) 


by well-known relations for partitioned matrices (according to our constant 
assumption, all ma tri ces have fu 11 rank!). 

An appropriate generalization of (16-9) is 


v T C -1 v = minimum , 

VV 

which by (16-10) and (16-13) becomes 


(16-14) 


s T C“ 1 s + n T C l r\ ~ minimum . (16-15} 

ss nn 

This is the minimum principle for least-squares collocation which we 
shall use for deriving optimal estimates for X and s ; in the next sec- 
tion we shall prove that these estimates also satisfy the second Gaussian 
condition, minimum variance. 

The minimum problem (16-15) is to be solved with the side condition 
( 16 '3), which can easily be reformulated in terms of s as 


1 - AX + Us + n . 


(16-16) 
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Here U is a q * ■ «trl* partitioned into 
U • [I 0) , 

„„ , the , » « «lr«. *"< « 

view of ( 16 -U) it i* clear that 


(16-17) 

zero matrix. | n 


IMS minimum problem Is sol«ed using the method of Lagrange multipliers, 
uhtch form a , -vector k . Ue are thus to find the unconditional minimum of 

the function 


*(s ,n,X) « | s T C‘*S + 7 f,T( 'ni n ' k T (A x+ Us+n-l ) * 

For this purpose we form the differential 

d* * s T C' 1 ds + n T C‘ 1 dn - k T { AdX+Uds+drt) , 

S9 mi 

- { s T C" 1 - k T U ) d s + (n T C~ l -k T )dn - k T AdX » 
which must be zero for arbitrary ds» dn, and dX . This implies 
s T C" 1 - k T U « 0 , 

S S 

n T C~ 1 - k T = 0 , 
nn * 

k T A ~ 0 . 

The first equation gives 
s T = k T UC 

s & 


(16-19) 


(16-20) 


( 16 - 21 ) 

(16-22) 

(16-23) 


or 


s 


- C 



( 16 - 24 ) 


since C 
the same 


T 

at 

34 

way 


c 

88 


because of symmetry. From the 


second equation we get i* 1 
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" “ C nn k 


He 


w Hte (16-16) in the form 
Us + n « 1 - AX 


(16-25) 


<nd substitute (16-24) and (16-25), obt.inin. 


< UC us U * CU - 1 - « . 


(16-26) 


NOW, in view of (16-11), 


SS 


c « c t„ 

C «t C uu 


(16-27) 


:$o that by (16-17) 


UC 8S U * c tt 


(16-28) 


let us use the abbreviation 


t « C„„ ♦ C ; 

tt nn 


(16-29) 


this is nothing else than the total covariance matrix of 1 , denoted by 
C n { 14-23) ; it is the sum of the covariance matrices of the signal t 
and the noise n in ( 16-3) . 

Hence (16-26) becomes 


* 1 - AX . 


so that 


>< = T~ 1 ( 1 - AX) . 

Ttns is Substituted into (16-23), written as 


(16-30) 
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with the result 


A T r _1 AX * ATM 


i>~ 1 


or 


X • {A T r J A)‘ J A T r 1 l 


06-31) 


Combining (16-24) and (16-30) we obtain 


s = C uT” 1 *! - AX) . 


S3 


(16*32) 


By (16-17) and (16-27) we have 


C U 

s s 


c i f :' 

- - | F I 


t t c 

ut uu 




[ c 


ut 


c . * 

St 


(16-33) 


Since 


= M{st T } • Mj. t f - 


J M { tt T } 
M{ut T } 


tt 


ut 


(16-34) 


Thus (16-32) becomes 


s * c st r‘(i - ax) . 


(16-35) 


Since (16-31) and (16-35) give estimates for X and s , we write these 
equations with our usual notation for estimates: 


X . (A T r 1 A)" 1 A T C' 1 l , 


s - c st r'|i -ax) , 


(16-36) 

(16-37) 


where F is the total covariance matrix (16-29). 
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Thes« equations solve our problem: first the estimated values of the 
p ir aR'ete r ‘S X are computed from (16-36), then the estimated (predicted 
and/or filtered) values of the signal s are obtained from (16-37). 

Equation (16-36) Is completely analogous to the equation determining 
the parameters In least-squares adjustment, with the Important difference 
that 1h adjustment by parameters we have the noise covariance matrix C 
instead of C , whereas In collocation the signal covariance matrix C 
f „ters as well. 

Equation (16-37) Is analogous to the prediction equation (9-28) and re- 
duces to (14-2/) if there are no systematic parameters. 

Thus we see again that the present model of least-squares collocation 
with parameters combines least-squares adjustment and least-squares pre- 
diction into a unified scheme. 

Relation to least-squares adjustment. Formally the present mathematical 
model can be reduced to a least-squares adjustment by condition equations 
with parameters. In fact, using (16-10), we can write (16-16) in the form 

1 = AX + Vv , (16-38) 


where 


V = IU 13 , (16-39) 

I being the q x q unit matrix. The problem of solving (16-38) under the 
minimum condition (16-14), written as 


v T Pv 


ml ni mum 


(16-40) 


with P * C _1 , is clearly formally identical to the problem of adjustment 
of condi ti ot^equations with parameters, also called general case of least- 

squares adjustment" (Wolf, 1968, p.133). 

Still it differs from an adjustment problem in the strict sense (pro- 
vided »’> q ). In adjustment computations, the conditions connect all ob- 

all relevant random quantities: all residuals 
servations and, therefore, *■> 

. , ,t D i , - minimum contains only those residuals which also 
v . The principle v Pv - ™ in, “ 
rt , • in the condition equations. 

occur explicitly in me . . 

In the oresent problem, however, the quantities that are most important 

p + n u. nredicted, do not enter at all into the ob- 

here namelv the signals to oe c 

nere, namely cne a seems to be contradicted by (16-38), but 

servation equations (16-3). . 

H , 1Bnir . n t Consider (16-11), in which t com- 

the contradiction is only apparent. 
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prises the sign*? parts of the observations } , and u consists of th* 
Signals to be predicted. If the vector v is partitioned into 



l n J 

combining (16-10) and (16-11), then the cor respond i ng partitioning 0 f v 


V = [I 0 I] . { 16-42) 

by (16-17) and (16-39). Thus in (16-38) we have 

Vv = t + n ; (16-43) 

the vector u does not enter into the observation equation, although it 
occurs in the minimum principle (16-40)! 

Our problem thus contains additional random variables u which are re- 
lated to the observations only through the joint covariances, which is 
characteristic for prediction (sec. 9}. Formally this makes no difference 
in (16-38); it only means that the matrix V contains some all-zero col- 
umns, but conceptually it is quite significant: we have a combined problem 
of adjustment and prediction. 

This is true at least if m > q that is, as long as we wish to predict 
other signals besides the "signal parts" of the observations. As we shall 
see in sec. 18, this is the case relevant to the determination of the grav- 
ity field. In the limiting case m = q we have s » t , only the signal 
parts of the observation are computed by removing systematic effects AX 
and the noise n as much as possible. This is the case of "pure filtering"; 
this limiting case, indeed, formally reduces to an adjustment by condition 
equations with parameters. 

A genuine and complete reduction of the general model of least-squares 
collocation to an adjustment problem is only possible in i nf i ni te-dimen- 
sional Hilbert space, as we shall see in sec. 29. 

Properties of the solution. The solution expressed by (16-36) and 
(16-37) has the following properties: 

(a) The result is independent of the number m of signal 
quantities s to be estimated. 


CollooatUn P aw . t.,. 

(M Doth observed S „d mirn.t.d 

(c) Th "«!: rr' d "’ *" reqUir "' «*■''««« — *-»-■ 

' U ° d '! »•« -spec, to trees- 

... !° '' ms of the dete or of the results. 

utlon Is optimal In the sense that It gives the 

most accurate results obtainable on the basis of the 
given data. 
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^ the vector u °f predicted signal may consist of one com- 
ponent, or i may consist of a thousand components. The result for the same 
signal quantity will always be the same, for the following reason. E q . 

(16-36) depends on the observations only; the predicted signals u do not 
enter at all. In (16-37), the term f^l-AX) likewise depends only on the 
observations; each component of the vector s is obtained Individually 
since only the k-th row of the matrix C 8t affects the k-th component of 

Thus it suffices to include, in the vector s and in the minimum condi- 
tion (16-16), only as many signals u as we wish to compute. This proce- 
dure looks somewhat arbitrary. In fact, (16-15) Is only a “shortened ver- 
sion" of a more complete minimum principle in Hilbert space, as we shall 
see in sec. 30. The present elementary treatment of collocation is intended 
to use elementary matrix calculus as much as possible, avoiding Hilbert 
space (which only enters indirectly through covariance propagation). 

As for (b), the (physical or mathematical) nature of the quantities s 
and n is irrelevant. All we have to require is that they are centered 
(having average zero) and that all covariance matrices are known. 

Property (b) follows from the corresponding invariance properties of 
least-squares adjustment, for (16-36), and least-squares prediction, for 
(16-37); cf. sec. 12. 

Proof that (16-15) is satisfied. We have derived the present solution 
from the minimum principle (16-15) by putting the differential d? , given 
by (16-20), equal to zero. This, however, is only a necessary but not suf- 
ficient condition for a minimum. Let u$, therefore, prove that we have in- 
de «d a minimum of (16-15) . 

Consider the 1 ea st- square s estimates X and s , as given by (16-36) 

and ( 16 - 37 ), There is also a 1 east- squares estimate h for the noise, 
9iven by 


11 * 



- AX) ; 


(16-44) 


thls ’s a direct consequence of (16-25) and (16-30). Consider the vector 
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S' 




A*T. 




9 - 



( U 


'4$) 


clearly X and 9 satisfy (16-38) : 


Besides the least-squares estimates X and 9 consider arbitrary other 
estimates Y and v which also satisfy this condition: 


AX + Vv = 1 . 


Put 


(16-47) 


X = X + Xj , 
v * 9 + w 1 . 

By subtracting (16-46) and (16-47) we see that 

+ Vv i = 0 • 

We then have, with P = c -1 • 

VV 

7*97 , (5 T +v) ? )P(9*v t ) . 0 T P5 * , 5 T p v ^ + „Tp _ 

Let us prove that 

v |PV * 0 = v T Pv x , 

faCt> the eSt,m “^ U6-36) and (16-44) Bay be COBb1 „ ed as 

* • C „^‘c - *i) . 

since by ( 16 - 12 ) and (16-39) 


(16-48) 


(16-49) 


(16-50) 


(16-51) 


( 16 - 52 ) 
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by (16-33). By (16-52) we get 

V I P9 * v I C v^ * v^ T r l {l - AX) . 
From (16-49) there follows 


T U T 

V 


T T 

' x i A * 


whence, together with (16-36), 


v'j'p? = 


■X^A t C _1 {1 - AX) 


■x*A T r l (i 

■X^AT 1 ! 


which proves (16-51). 

Hence (16-50) reduces to 


v T Pv = v T Pv + v ^ Pv i 


A(A T C‘ i A)‘ :L A T C" 1 l) 


A T C" 1 A(A T C" 1 A)“ 1 A T C" 1 1) * 0 , 


(16-63) 


(16-54) 


(16-55) 


from the positive definiteness of C yv it follows that also P ^ nn is 
positive-definite; hence, by (9-26), 


v|Pv 1 & 0 


Thus 


vPv t. v T P? , 

w ^ich shows that the least- squares solution gives indeed a minimum of 

T 


v T Pv 
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17, ACCURACY 

In this section we shall first derive expressions for the standard erfQ 
and error covariances of the quantities X and s obtained by an arbitrj r 
linear unbiased estimation, then we shall specialize these expressions fo r 
least-squares collocation, and finally we shall show that collocation glv es 
indeed optimum estimates in the sense that in this case the standard errors 
are the smallest that are possible for any linear estimation method. 

Linear estimates. Consider any linear estimates for X and s , that is 
expressions of the form 


2 * U + a , (17-1) 

x a Gl + b , (17-2) 

where L is a m x q matrix, G is a p x q matrix, a is a m-vector, 
and b is a p-vector. The quantities L, 6, a, b are assumed to be inde- 
pendent of 1 , so that (17-1) and (17-2) represent the estimated values of 
s and X as linear functions of the measurements 1 . This is the meaning 
of the term "linear estimate". 

These estimates must reasonably satisfy the same relations as the origi- 
nal true" values. In the sequel we shall always denote true values by an 
overbar . 

Thus (16-3) may be written for true values as 


1 = AX + z , 


( 17 - 3 ) 


if we put 


z = t + n ; 


(17-4) 


for their estimates we have the analogous relations 


1 = AX + 2 , 


(17-5) 


2 = t + h . 


(17-6) 


Let us now postulate that the 
That is, in terms of the average 


estimates (17-1) and (17-2) be unbiased. 
^ introduced in sec. 14 we must have 


tm * o * 
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* 

t(Xl - X , 


(W-7) 

(U-8) 


^ ual condition forMLlsLnessT^ VeCt ° r * ™* Utt * r equ * ti ' > " 
, n +k u "«>l«sedness for Parameter estimation, whereas 

(17-7) represents the natural aeneral i »*t in t 

{ t . genera 1 zation for the estimation of a cen- 

tered random quantity, already used in sec. 9 

Substitute {17-3} into (17-1) to obtain' 


s = LAX + Lz + a » 

and form the average T . The result is 
1(1} = LAX + Lt(z) + a , 

since X and a are nonrandom quantities. By ( 17 -7 > , {14-14}, and < 14-15.) 
this reduces to 

0 = LAX + a , (17-9) 

For the estimation formula (17-1) to be meaningful, the vector a must be 
given beforehand and cannot depend on the true value X , which is forever 
unknown. Eq. (17-9) will be satisfied for arbitrary X if and only if 

LA = 0 , a = 0 . (17-10) 

Let us now investigate (17-2) in a similar way. Substitute (17-3) into 
(17-2), obtaining 

X - GAX + Gz + b , 

and form the average E , using (17-8). The result is 
X • GAX + b 


or 


(I - GA ) X - b = 0 , 

* here I denotes the unit matrix. Reasoning as before, we obtain the con- 
ditions 
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6A - I , b ■ 0 , (17-Uj 

which are likewise necessary and sufficient. 

The unbiased linear estimates are thus 

5 • LI with LA =* 0 , 

X « 61 with GA » I . 

Let us now put 

L = H ( I - AG) , (1M4) 

for which the condition LA 5 0 is automa tica 1 1y satisfied: 

LA = H{ I - AG)A - H(A - AGA) « H(A - A) « 0 t 

since GA = I by (17-11); it may be shown that all matrices L satisfying 
LA = 0 can be represented in the form (17-14) (take* e.g., H - L ). 

Then (17-12) becomes 

s=Ll*H(I- AG) 1 » H ( 1 - AGi ) = H(1 - AX) 


0>-l2} 

( 17 - 13 } 


by (17-13). 

In this way we finally obtain the general expression for unbiased linear 
estimates; 


X * G 1 * (17-»J 

l = H(J - AX) , (17-16) 


where the m x q matrix H is arbitrary and the p x q matrix G satis- 
fies the condition 


G A * I 


(17-17) 


Errors of estimation. The individual error of the estimates is defi' ne ^ 
as the difference: estimated value minus true value. Thus the individual 
error of X is 


c » X • X * G) - X » GAX + Gz - X • Gz 

A 
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,y (17-3) •■><! (17-17). „„d the (odlvldu.l , rror >f , (j 
«, ■ ! - 5 ■ 11 - s . U* * L2 - s . u . , 

£ € tati5 e (17-10), S ultima r \ z i n g vre have 


c x « 6Z , 


(17-18) 


c s = Lz - s . 


(17-19) 


j.et us now pass on to the corresponding standard errors and error co- 
variances. We compute ( T denotes the transpose as usual) 

e x £ x = GzzTqT (17-20) 

* 1 U - s)(z T L t - s T ) 

= ss T - lzs T - sz T L T + Lzz t L t . (17-21) 

Let us now form the average E of these two equations. The matrices 

E * x ’ r K‘xl l 17 ' 22 ) 

E,. -r( s ^) (17-23) 

are the error covariance matrices of the vectors X and s (the "E" in 

E and E comes from Error covariance matrix, whereas in Tt - > it 
xx ss 

comes from Expectation!). We further have 

t{ss T } = C ss = M{ss T | (17-24) 

fay (14-17), and 

*{» T 1 = C tt + °nn = ^ 
fay (16-29), since 

Z = t + n = 1 - AX (17-26) 


15 the "random part" of 1 . Similarly, 


V - 
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( 17 . 


27 ) 


rf*s T } - * c t* 

...... ..<« •" — ! ° th4t £ ” ■ 0 • 4,50 

is usual. , 


c = c . 

St ts 


(17-28} 


With these notations, the averages 


Y of (17-20) and (17-21) are 


E * GC^G » 
xx 


E - C * L C *CL T +LCL 
ss is ts st 


(17-29) 

(17-30) 


These expressions give the error covariance matrices for any linear un- 
biased estimation of X and s . The diagonal terms represent the error 
variances (the squares of the standard errors) of the estimated quantities; 
the off-diagonal terms represent the error covariances. 

We may also consider the cross-covar i ance matrices 


- Efv.'l • 


e.x - *<«.■? ■ *1. 


By (17-18) and (17-19) we have 


e e T « - Gzs T + Giz 7 L T 

x $ 


and hence 


Xs 


■GC + GCL T = t T 

ts SX 


(17-31) 

(17-32) 


(17-33) 


least-squares collocation . Let us now specialize these general expres- 
sions to the case of least-squares collocation. Comparing (17-15) and 
(17-16) to (16-36) and (16-37) we see that here 


G - . 


(17-34) 
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7 


H 


C 



(17-35) 


t« condition (17-17) for unbLsod estlm.to 1 s clddrl, slt |,„, i 
B* means of (17-34), the expression (17-29) becomes 


E xx - GCG* , 

- (A T r l Aj- 1 A T r- l tr- l A(A' , r- l A )- 1 
! * (A T r l A)- l AV 1 A(A T r 1 A )~ 1 
= (A^rU )- 1 . 

By (17-14) with (17-34) and (17-35) we have 

L = - A(A T C- 1 d)- 1 A T r 1 ] . 

so that 

u t s * C s t c ''[‘ ' »!*^'»)' 1 * I r 1 ]c t , . 


(17-36) 


(17-37) 


(17-38) 


It is readily seen that 


C 




(17-39) 


By (17-37) we get 


lXl T = C Z~ l I 

st L 


= C 



A{A T r^ X A)' 1 A‘ r IT“ l j Z ]l - lT" 1 A(A T ^" 1 A)‘ l A T |t:' l C ts 

A(A T r 1 A)' 1 A T r 1 ] 2 c ts . 


8y direct computation one immediately verifies that the matrix expression 
between brackets is idempotent, that is. 


Thus 


1 - AtA^ArVc' 1 2 - I - A(A T r l A)" 1 A T C' 1 . 


(17-40) 
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>»* 






9 


La T • c #t r*|i - fl(A T r 1 A)‘ 1 A T r‘]c t- , 




so that all three expressions {17-30), (17-39) and {17-41) entering i nto 
(17-30) are equal. Therefore, (17-30) reduces to 


£ * C - LC 

s» ia ts 

Finally, (17-33) takes the form 


07-42) 


E X. S * GC tn + GCLT * 


* -(A T r“ 1 A)“ 1 A T r _ 1 C ta + (A T C“~ l A)~ 1 A T L T * 

* (A T r l A)- I A T [-r I c t3 + r'c ts - r l A(A T r 1 A)- 1 A T r t c ts J 
- - (A T iT“ 1 A) _ 1 A T r' 1 A{A T r' 1 A)“ 1 A T C~ 1 C 


-(a t C -1 a)" 1 a t C ~ x c 


ts 


Thus we have 


(17-43) 


£ xx “ 


E ss ■ c ,s - c st r i‘ - fl(* T r 1 A)- 1 A r r'Jc ts . 
■ -CA T r 1 A ) -*A T r-ic , 


here we have used (17-37) 
On writing (17-45) as 


(17-44) 

(17-45) 

(17-46) 


S B 


= C 


SB 


- C f 

St 


-1 


c + 

ts 


H «x/ V 


(17-47) 


where H is given by (17-35) we see that the term HAE *V represents 
the effect of inaccurate estimation of the parameters X*. If there are no 
parameters, this term is zero. 


Similarly, (17-46) may be written 
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simply 


X® 


• E xx* T " T 


(W-43> 


™ MUSti °"' I' 6 ' 3 ' 11 (16 ' 37 >- <”-44,. 07-47). 
t „e b,s,c computational formulas for , eaat-aqu.nas collocation. ,i„n, tn. 
estimates together with their accuracy. 

Least-square* collocation aa the moet accurate eattWton methai. Let 
us n0 w compare 1 east- squares collocation to an arbitrary linear unbiased 
estimation method. Let the latter be characterized by the matrices Z and 
H with 


SA * 1 


{ 17 - 49 ) 


by (17-17), whereas S and H denote the corresponding least-squares 
matrices (17-34) and (17-35) . In agreement with (17-14) we form the matrix 


1 = H(I - AS) , 

whereas L is to be given by (17-37); obviously 


Ia * o . 


{17-50) 


(17-51) 


Let us put 


G ■ G + g 


L * l + l 


(17-52) 

(17-53) 


Then 


gA * (£-G)A * GA - GA * I"* = ^ * 
tA » (I - L ) A * IA - LA * 0 * 


(17-54) 

(17-55) 


. for the arbitrary 

By ( 17 - 29 ) and ( 17 - 30 ), the error covariance 

estimate are given by 
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t . ot t - (G*g)f(^9 T ) 

U 

■ GfG T + 8 CG T + + 9^9 


r ■ c„ - re - c r T * rrr 

BE Sfi 


■ c„ - (U.)c t . - 


c - 1 C - c l t + i-Fl 

S8 ts 3 t 


£C 


ts st 


c * T + LC£ T + ^L T + £^ T 


or 


f = e + gCG T + GCg T + gCg * 
xx xx * 

r = E + (-£C + *CL T ) + {' c st £T + + L ^ 1 * 

s S S$ 


(17-56) 

(17-57) 


where E and E denote the error covariance matrices for least- 

XX 5 s 

squares col 1 oca t i on , 

Now, by (17-34) , 


GCg T = (A T C- 1 A)“ 1 A' r C“ 1 rg T 
= (A T C“ 1 A)" 1 A T g T = 0 


(17-58) 


because 


A T g T * 0 


as the transpose of (17-54). Similarly 


gCG' 


(17-59) 


as the transpose of (17-58). 
By (17-37) we have 


lc4 t = c #t c’ l Ji - A(A t C 1 A)“ 1 A t C" 1 


Cf 




\ 
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c .t' T ■ c . t r VVaj-w 

T 


• Ci 
st 


since 

A T l T = 0 

as the transpose of (17-55). Thus 

-C i T + iXt 7 * 0 , (17-60) 

? V 

and also for its transpose* 

-*C + ltL T = 0 . (17-61) 

ts 

Or taking these relations into account* the expressions (17-56) and 
(17-57) reduce to 

■ E xx * sC9 T . <”- &2 > 

E • £ * tCt T . (17-63) 

ss ss 

To these expressions we now apply the same reasoning as in sec. 9. The 
error variances (squares of standard errors) of the estimated quantities 
are the diagonal terms of the matrices E xx and . Let us consider the 

r~th component of X ; its error variance is given by 

m 2 = m 2 + y C\3 > (17-64) 

r r j: r 

where is t^e r-th row of the matrix g . Since U is positive de- 

finite, as all covariance matrices are, we have 

y/y* * 0 ; 


thus 



r 



(17-65) 
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so 


that 1 ea 1 1 - squares collocation, to which » r corresponds, gives 


1 n<3 


- - • - * in 

the smallest possible standard error of any component of the vector y 
If we apply the same reasoning, word by word, to any diagonal ten, 0 f 
the matrix t ^ , we find that 1 eas t-squa res collocation gives also the 
smallest possible standard error of any component of the vector j 
Thus we have proved that least-squares collocation Is optimal ip 
sense that It gives the most accurate results that are obtainable on the 
basis of the available data. 

This property is well known from least-squares adjustment and least- 
squares prediction (sec. 9); we could, of course, also have used It as a 
basis for deriving the solution expressed by (16-36) and (16-37), 


V<j 


IB. application to physical geodesy 

The mathematical technique presented in sections 16 and 17, least-squares 
collocation with parameters, can be applied in several fields. Throughout 
the present book we shall limit ourselves to applications to physical geod- 
esy; for other applications cf. {Moritz, 1973a, secs. 4 and 5} and (Mikhail, 
1976, chapter 14), and (Monti and Sanso, 1977). 

Some particular applications to problems of physical geodesy have al- 
ready been given as i 1 lustrati ons before, especially in sections 13 and IS- 
and generally, least-squares collocation, beginning with the simplest case’ 
disregarding measuring errors and systematic effects, was introduced in 
sec. 11 with a view to studying the gravitational field. The purpose of the 
present section is thus to supplement and generalize what has been said be- 
fore, and to show the relevance of the general least-squares model of sec- 
tion 16 for the determination of the figure of the earth and of its gravi- 
tational field. 

Meaning of the model. The basic mathematical model (16-3), 


1 * AX + t + n 


(18-1) 


may be visualized by means of Fig. 18.1. The term AX represents a s1ipl< 
regular and slowly varying curve; it is a (linear or linearized) function 
of a number of parameters X , for instance a polynomial whose coefficient 
orm the vector x . Another function s , the "signal", irregularly os- 
ng about zero, is superimposed, giving the function AX + s . The 
Problem ,s to determine this curve AX + s . shown on top (full line) by 
means of discrete observations 1 (small circles), which are further- 
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FIGURE 18.1. The basic model. 


more affected by observational errors n . Denoting the signal 
s at the observation points by t . we arrive at the observa- 
tion equation (18-1). The curve AX + s to be interpolated thus consists 
of a "systematic part" AX , representing the general trend of the pheno- 
menon, and a "random part" s , representing continuous irregular fluctua- 
tions, also of the physical phenomenon. In contrast to the signal s , the 
other random quantity n , the observational error, occurs only at the ob- 
servational points and is thus discrete 1 . 

If we consider the determination of the parameter x as adjustment, the 
removal of the noise as filtering, and the computation of s at points 
other than the measuring points as prediction, ue may say that the present 
model combines adjustment, filtering and prediction . 

The relevance of this model for geodetic problems is made evident by 
mentioning some conceivable applications from quite different fields of 
geodesy. 

1. Gravity measurements. Here 1 is the gravimeter reading, s repre- 
sents the gravity anomaly ig , n is the random measuring error, and X 


0Qr ..„. ^ «n*»ogous; nere we Shan 
of discrete observations. 


ime ,n certain cases, for instance in the continuous recording of sea gravity measure 
l)ne *! elso the measuring noise may be continuous; cf. (Mori tz , 1969a, sec. 5). The treat 
Quite analogous; here we shall limit ourselves to the practically much more im~ 

nt rata _ £ I ■ 


13 * 
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fprs of two different kinds; (») th« p« r „, 
represents systemat c pa | nS truruen ta 1 constants and oth*/'' M 

of the normal gravity formula and (b) ^ 


systematic effects on 


the measurement such as drift. 


Cts on inp fticp** 1 , 

, . a u ere 1 comprises optical or electronic^ 

? t*llite observations. Here 

2 . oi A v represents the normal orbit 

measurements to artificial satellites, * 

measurements to parameters), s represents g r( ,. 

/after linearization with respect to tne P« ' ,, . * * 

( , „ >h n and n comprises other random 

itational perturbations of the orbit, and ect 

in particular measuring errors, 

j photogramme try * Consider two Overlap 

3, Trans format tone in geodesy ana pnotvg 

ping local geodetic coordinate systems. If ore system s rans orme into 

the other, there may remain residual discrepancies or distortions which *r 4 

irregular but strongly correlated. Thus AX represents the transformation 

formula, s comprises the residual distortions, and n is the effect of 

measuring errors on position. This is a combined transformation and inter. 

polation problem, which is the two-dimensional analogue to the one-dimeo- 

sional problem shown in Fig. 18.1. Transformation problems of precisely the 

same nature are frequent in photo gramme try , 

4. Graduation errors of theodolite circles. Here 1 is the circle read- 
ing, AX represents the "regular" graduation error, s represents the 
"irregular" graduation error, and n is the reading error. 

Tn all these problems, the measurements that make up the vector 1 are 
all of the same kind; we essentially have problems of interpolation. This 
restriction to homogeneous measurements is not essential; the extension to 
heterogeneous measurements which are linear functionals of a certain basic 
signal function is s tra i ghtforward and we are thus led to collocation in 
the proper sense. 

The case of physical geodesy. This extension, where the "measuring sig- 
nal" t consists of linear functionals of the anomalous potential T , 


t - BT 


( 18-2} 


is basic for the determination of the gravitational field; cf. {14-2} of 
( 16-2) . 

The essential fact in the present case is that the model {18-1) repre- 
sents the general observation equation for physical geodesy. In fact, any 
geodetic measurement, without exception, may {after linearization) be split 
up into three components: 

1. a systematic part AX comprising effects of the ellipsoidal reference 
system, station coordinates and other geometric parameters, as well as S ^ s " 
tematic measuring errors, drift, etc.; 
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Z. , ranao* ftgiul p»rt t „ g the e ff, c , 0( 

ity fi e,tl 0,1 the measured quantity; and 


the anomalous grav- 


j. random measuring errors n 
this corresponds to (18-1). 

A general treatment of this problem till be found in sec. 27; here we 
shall content ourselves with elementary considerations showing the basic 
concept. We have claimed that every geodetic observation may be represented 
m the form (18 1), and we shall demonstrate this by analyzing various mea- 
surable quantities 1 i n this way. It is obviously sufficient to effect a 
decompos i ti on 


• _ T L • (18-3) 

disregarding the measuring error n , because n can always be added after- 
wards. 

Consider first the classical measurements of physical geodesy; magnitude 
and direction of the gravity vector, the first being gravity g , the sec- 
ond being the direction of the plumb line as defined by astronomical lati- 
tude, * , and astronomical longitude, A . Vie can write 


g = Y + Ag , (18-4) 

where y is normal gravity and Ag is the gravity anomaly. Normal gravi- 
ty depends on the four parameters (denoted by p^ p 2 , p 3 , p^} defining the 
reference system used: 


Y = Y ( P j >P 2 »P 3 *P 4 ) » (18-5) 

to get a linear expression, introduce approximate values p° , set 
P A = p° + dp ± and linearize; then X is the vector 

X = [4 Pl dp 2 <Sp 3 6p 4 ] T . (18-6) 

(in the Geodetic Reference System 1967 (IAG, 1970) we have p 1 * a , 
the semimajor axis, p 2 = GM , the product of gravitational constant and 
mass the earth, p 3 * J 2 , the zonal harmonic coefficient of degree Z, 
P 4 " i*» , the rotational velocity of the earth.) 

Thus in (18-4), Y represents AX , and Ag represents s . 

a similar way we may decompose the astronomical coordinates $ and 
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A * X + nsec* . 

„ x .re the crr.spomKn, seodetic »h.ch «. MN 

on the reference ellipsoid, such that 


♦ * *(Pj ,P 2 .P 3 ’P 4 ) ’ 


A = A(P l ,P 2 .P 3 *P 4 } * 


{18-3} 


. . „ , hfl e«*fi»ctions of the vertical express the 

analogous to (18-5)* a nd where the def 

effect of the anomalous gravity field. That is, 6 anrf x constitute the 
systematic part AX , and 6 and nsec* represent the signa part 

If we consider the parameters of the reference ellipsoid as known, then 
the vector (18-6} is zero, and we are able to regard ag, it n directly 

as observations; this case has been treated in sec. 15. 

As we have seen in sec. 10, the signal field should not contain spheri- 
cal harmonics of degrees 0 and 1 . This implies that the reference el- 
lipsoid is in an absolute (i.e., geocentric) position {Heiskanen and Moritz 

1967, pp. 99-100). 

Astrogeodetic deflections of the vertical correspond to a non-geocentri c 
reference ellipsoid; they must therefore be transformed by shifting the el- 
lipsoid into an absolute position {ibid., P-209), before applying them in 
combination procedures such as the one described in sec. 15. 

It is, however, also possible to determine the shift parameters simulta- 
neously by collocation: we write the astrogeodetic deflections £ a , n in 
the form {ibid., p.213): 


5 a * 6x 0 sin*cosA + fiy 0 sin*sinA - 6z o cos*} + £ , 
n a = |(£x 0 sinx - &y Q cos\) + n , 


(18-9) 


where 6x Q , 5y Q , <5Z Q are the components of the shift of the reference el- 
lipsoid and R is a mean radius of the earth. 

Obviously this again fits into the model (18-3): £ a and n a are ob ' 
servations representing 1 , the first terms on the right-hand side repre- 
sent AX with 


X * 


6z, 


1 


[ S *o % 


T 


(18-10) 
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j the geocentric deflections t and n form the signal $ . 

The present method thus makes It possible to obtain at the same time: 

(a) a combined gravlmetr tc-astrogeodettc geoid and 

(b) the shift of the astrogeodetlc reference ellipsoid to its absolute 
position. 

It may be regarded as a combination of the method described in sec.l5--wtth 
respect to (a)--and the determination of the shift parameters by combining 
astrogeodeti c and gravimetric data (Heiskanen and Moritz, 1967 , sec. 5-10)-- 
respect to (b); of course, a good shift determination (b) presupposes 
again a reasonable global gravity coverage. 

But also any other observational quantities, which at first sight seem 
to be purely geometric, fit into the general scheme (18-3), for Instance, 
measured azimuths, horizontal angles, and zenith distances. 

By eqs. (6-10) and (6-13) of ibid. , p.186 we have, after a slight change 
of notation, 

a = a' + ntan$ + (csina - ncosa)cotc , (18-11) 

where a denotes the measured ("astronomical") azimuth and o' denotes 
the ellipsoidal ("geodetic”) azimuth; c is the zenith distance, 

A measured horizontal angle may be considered as the difference between 
two azimuths: 


so that we have 

w = as' + e( si na 2 cotc 2 ~si no 1 cott + 

+ nf-coso^coUj+cosc^cotc ^) , (18-12) 

*here «' i$ the ellipsoidal horizontal angle, that is, the horizontal 
angle reduced to the reference ellipsoid, a 1 and are azimuth and 

*enith distance to target 1, and a 2 and t 2 are the same quantities for 
larget 2, 

Similarly we have for a measured zenith distance t; (Heiskanen and Mo- 
rit *> 1967, p. 190) : 

t = t' - £COSa - nsina , (18-13) 


where 


is the zenith distance reduced to the ellipsoid. 
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In these expressions* the ellipsoidal quantities a', u» f * 5 ' r e p re$e ^ 
the "systematic" part of the observations, pertaining to the reference el 
lipsoid. If we vary the ellipsoidal parameters p t by fipj , these quan- 
tities take Indeed the form AX with (18-6). The terms containing as fa c , 
tors the deflections of the vertical, 5 and n , represent the signal s 
that is, the effect of the anomalous gravity field on the quantities under 
considera t ion . 

This might be symbolized as 


a ■ a ' + s , 

01 

with the "signal part of a " given by 


{18-14} 


s^ * ntan$ + (tsina - nC0Sa)cotc ; (18-15) 

the quantities s^ and s , the signal parts of u and c , are to be 
understood accordingly. 

These signal parts are thus nothing else than the quantities represent- 
ing the reduction to the reference ellipsoid in the familiar sense (Heis- 
kanen and Moritz, 1967, secs. 5-4 and 5-5). 

It is evident that the expressions (18-11), (18-12), and (18-13) pre- 
suppose a geocentric reference ellipsoid; otherwise £ and n are to be 
replaced by £ a and n a as given by (18-9), which introduces additional 
parameters <5x o , 6y Q , fiz Q . 

Thus, in principle, all measurements of a, w and c give information, 
not only on the geometry through their ellipsoidal parts a’, w ‘, and c' , 

but also on the gravity field through their signal parts s , s , and s 

a to C 

Since is readily seen to be very small, the contribution of o> to the 

determination of the gravity field will in general be negligible, correspond- 
ing to the well-known fact that the reduction of u to the ellipsoid can 
usually be neglected {ibid., p,189). On the other hand, s is significant, 
which is in agreement with the possibility of using zenith-distances for 
determining deflections of the vertical {ibid., p. 176 ). 

Let us finally consider satellite observations. Take, for instance, pho- 
tographical observations of right ascension a and declination 6 , and 
laser measurements of distances p to the satellite. We have relations of 
tne form (cf, ibid., p.355): 


«(* p .y,.2pi tia 0 ,e 0 ,i 0 ,(l 0 ,u 0 .T 0 iJ iio ,K ii]j ) 


* 


a = 
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6 - «(x p ,y p .2 p itia ol e ot 1 o » C i o)Wof T o ;a rin) ,K nni ) , 


{ 18*U) 


0 « p ^ X P ,y P* 2 p* tia 0* e o , ' t 0 ,fl 0 ,W O ,T 0' J nn> ,K mti^ * 

Tfl e parameter vector X consists of corrections to the station coordinates 
, y ,z , to the time t , and to the orbital elements s Q , e Q , 1 0 • : v_,* 

P t ; the influence of the reference gravity field is also implicitly 

<V o 

contained and may be taken into account by suitable parameters. 

The signal parts are represented by the effect of J nm and * nm , the 
coefficients of the expansion (3-13) of the gravitational potential into 
spherical harmonics: 


l ir“ 6J nm + ir" 6K nmj * 

in , n v nm nm * 

l [ 3J_ 4 J + ] , 

L 3 J nm 3 K nmj 
ro t n 1 mu nm * 

l [-jjE-fiJ ^ + g|^« K nm ] * 

m , n ^ nm nm 


(18-17) 


where 


= J - J' 

nm nm 


K‘ * K 
nm nm 


are the differences between the actual coefficients J nm and K nm and 

their normal values J ’ and K‘ referring to the reference gravity 

nm nm 

field; we have J' =0 for m f 0 and V = 0 throughout because of 

nm 

the rotational symmetry of the reference field. 

On linearizing (18-16) and taking (18-17) into account we obtain ex- 
pressions of the form 


a = a ' + s i 

a 

5 = 5 ‘ + s i * 


(18-19) 


P » P ' + s , 
p 

‘ a 9ain agreeing with our usual model. 

^°PPler measurements, but also recently proposed observational schemes 
Such as satellite altimetry, satel 1 i te-to-satel 1 i te tracking, or gradio- 
^ try m ay be treated in precisely the same way. The same holds, e.g. for 
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the determination of zonal harmonics from variations of the orbital p# 
*eter$, as we shall see in sec. 21. 

Systematic errors are taken into account by including them in the ve c 
tor x ; and to provide for random errors, we add a term n to arrive 
again at the general model (18*1), 

«e are thus in a position to apply the basic equations for least-squar 
collocation. First, the parameters X are obtained from (16*36): 


X - (A T r‘ H)* 5 A T r ! l ; 

then the signal s will be given by (16-37) 


(18-20) 


5 - 


C st C-'(l-AX) 


(18-21) 

Let us recall the meaning of these equations. The vector 1 comprises 
a Observations of various types as we have just considered; the matrix 

„: S of tY° ,ar< T ° f ' ' ^ Si3 '' i ’ S p »* ■« *rb1tr.r, quan- 

y of the anomalous gravitational field, say a geoidal height at a cer- 

■ . h ' .* ect, °" ° f the vertical at 10 km elevation, or the spher- 

ical harmonic coefficient K 93 . Any field quantity may be obtained in 
is way by taking the proper covariances C wp h 

an signal covariances must be derived f om Ye basic ” , - n - 

appropriate linear operations. ‘ covariance function by 

As important limiting cases we have: 

Case 1: X = 0 , 

Case 2: s = 0 , 

The limiting case 1, that of no systematic * 
sucb parameters being known, has bee! the j t^f ° CCUrH " 5 
(18-21) reduces to ( 14 - 27 ); J Ct of sect1ons 9 to 15; here 


t - C J 

st 


- 1 


( 18-22) 

Here ! i s centered { t{U = 0 }• if y < 

AX from the original observations to * er ° kn ° Wn * We SubtraCt 

instance, the centered observation centered" observations 1 . for 

maly ag * g - Y COrr espond i ng to g is the gravity af 10 ' 
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The limiting case 2 corresponds to the absence of the anomalous gravity 
field. The earth Is then considered as an equlpotential ellipsoid. Since 
with s ■ 0 also the signal covariances C fct are zero, the matrix 

^ ‘ C tt + C nn * C tt + D (18-23) 

will consist only of the covariance matrix D of the measuring errors, so 
that in (18-20) £" 1$ to be replaced by 0 : 

X = (AV l A)- l AV l l . (18-24) 

This corresponds to the result of a pure geometrical adjustment in the 
usual sense, the earth being identified with an ellipsoid. 

In a way, our general method splits up the problem into two steps which 
are very similar to these limiting cases. The first step, the determination 
of the parameters by (18-20), corresponds to case 2, with the error covari- 
ance matrix 0 replaced by the general covariance matrix C , which in- 
corporates also the signal covariances. The replacement of 0 by Z is 
the only effect of the anomalous gravity field on the determination of the 
parameters X (which describes e.g** the geometry) , 

Then, using^the X so obtained, the observations 1 may be centered by 
subtracting AX to get 

1 ‘ = 1 “ Ax • (18-25) 

and then (18-21) gives the signal: 

S = C st^ 1] ' * (18-26) 

This amounts to the use of (18-22), with 1 replaced by l' 

Properties of the solution. In this way, the signal estimation, that is 
the estimation of the anomalous gravitational field, in 1 east- squares collo 
cation with parameters is reduced to the correspondi ng problem as treated 
in sections 9 to 15. It has, therefore, basic properties already discussed 
In these sections, which are related to the invariance and optimality pro- 
perties pointed out in sections 12 and 16. For instance, we obtain a rigor- 
ously consistent gravity field, even if we take a general kernel function 
K ( P »Q) in the place of the covariance function. This field is smooth so as 
to permit downward continuation and to eliminate spurious irregularities. 
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If the 3 re 


, tn.y are exactly reproduced (this is the 

' * re " r " of col locatiohl ) * end differeht choices of the 

original mathematical different possible gravitational fields 

function K(P,Q) ccrrespon o rfata ^ affected by random measur- 

compatible with the given data * matche s the data not exactly but in 

•M errors, then the computed Held ^ ^ ^ ^ |;< , , „ 

such a way that the e ec estimated quantities X and 5 is ex- 

Accuracy. The accuracy M7-44) (17-47), and (17-48). It 

pressed by the error covariance matr.ce ( > computed only on 

shou ,d be noted that these error ■ 

the oasis of the given signal and no.se « " * ; * adjustmer , t and 

real measurements. This fact is common to least q 

least-squares collocation. instance , for the planning of a 

In adjustment this fact is used, for instance, w d 

triangulation: several possible configurations are s u ie measure- 

with respect to their accuracy, even before performing any for 

ments. In collocation we can similarly use computed error c °^ 
instance, for the planning of gravity surveys (Tschermng, 
feasibility studies of methods under development, such as sate 
metry (Rapp, 1978), aerial gradiometry (Schwarz, 1977), satellite gra io- 
metry (Schwarz and Kryhski , 1977 ), and satel 1 i te-to-satel 1 i te tracking 
(Kryhski, 1979). Various configurations and types of data (e.g-» combina- 
tions of satellite and terrestrial data) can be studied in this way, 

Accuracy computations presuppose good estimates of the input covariances, 
in particular a good knowledge of the basic covariance function K(P,Q) . 
This is much more critical here than in the estimation of the quantities 
X and s themselves. A similar fact is known from least-squares adjust- 
ment: the adjusted quantities are rather insensitive with respect to the 
choice of a-priori weights, whereas a-posteriori accuracies strongly de- 
pend on them. However, even with an imperfectly known covariance function, 
meaningful comparative feasibility studies can be performed. In fact, even 
if the "absolute** standard errors are not correct, the relation between 
accuracies obtained may well give useful information of the relative merits 
of different measurements and configurations. 

Computational considerations. It is instructive to compare the evaluation 
of classical integral formulas such as Stokes' and Vening Meinesz' formulas 
(sec. 2) with least-squares collocation. In the integral formulas, linear 
operations are performed on the data ; this must be done numerically and 
usually involves interpolation procedures. In collocation, linear operations 
are performed on the kernel function, which can be done analytically ' n a 

rigorous fashion. Furthermore the operations in collocation are inverse to 

% 
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ifi the Integral formulas and usually simpler; for Instance* we have 

f flu 

d -fferentUtions instead of integrations. 

In the integral formulas, an inversion Is thus, so to speak, built in 


mlytlcally. In collocation* this must be done numerically and implies 
^verting the matrix Z in formulas such as (18-20) and (18-21). This is 
t he main practical problem in collocation since this matrix can be very 


large. 

Col location i s designed to handle simultaneously and combine arbitrary 
geodetic data of different kind. Integral formulas can handle only data of 
one type* usually gravity anomalies; for this purpose they remain appro- 
priate and useful. More about integral formulas and collocation will be 
found in (Neyman, 1974) and (Moritz, 1976a), 

As an idealization, we might assume that all geodetic data available at 
the present time are combined by (18-20) and (18-21) into a single solution 
for the earth's geometry and gravitational field. As a matter of fact, this 
cannot be realized in practice because it would involve the inversion of an 
excessively large matrix Z . 

In practice, the number of data to be combined is limited by the size of 
matrix that can be inverted by the computer. This implies a suitable repre- 
sentative selection of the data and some working "from the large to the 
small" in several steps; see the following section. 

Computational problems are comparable to those occuring in the adjust- 
ment of very large triangulation networks. As in usual adjustment, also in 
collocation the matrix inversion can frequently be avoided. In the para- 
meterless case we may replace (18-22) by 


5 = C k , (18-27) 

S t 

where the vector k is directly computed by solving the equation 


Z k - 1 . (18-28) 

In the presence of parameters we may proceed similarly (Wolf, 1979, p.299). 

Finally we point out that the need to invert large matrices (or solve 
1ar 9e systems of linear equations) is not restricted to collocation. In 
f4 ct, all possible choices of base functions ♦ 1 (P) in expressions such as 
dZ-U) lead to q x q matrices which may not even be symmetrical; cf, 

(Mori tz and Sunkel , 1978, p.28). 

Sorne bibtiogpaphiacil pencil ’fee. Least-squares collocation has started from 
The subject of interpolation of gravity anomalies by least- squares predic- 
t1on * W hi ch is treated, e.g., in Chapter 7 of (Heiskanen and Moritz, 1967), 


,44 on. <"*•*** 

to the «r...r 1 1 tera tore ere foond. The 

articles by KauU "y'hes heed adapted from the predicts, 

tneory of stochastic Processes. kerne) faction, has b J 

The connection between stochastic processes 

oointed out by Parzen {1961). 

p . . collocation as a theory of 

The fundamental publication on least-squares comoc 

determining the gravitational field from heterogeneous data is (Krarup 

1969), A comprehensive elementary presentation, which we are par y o ow 

ing in this book, is {Moritz, 1973a). A good picture of the present status 

is provided by the lecture notes by various authors collected in the volume 

(Moritz and SUnkel, 1978). Review articles are (Grafarend, 1976), (Moritz, 

1978a), (Mash and Jordan, 1978), and (Tscherning, 1978b). 


19 . STEPWISE COLLOCATION 

It is frequently convenient to split up the estimation by collocation 
into two steps, just as in ordinary least-squares adjustment. This may be 
done to reduce the size of matrices to be inverted; another application is 
the use of additional observations to improve the original estimates. 

We start with the basic equations of collocation, (16-36) and (16-37): 


X = (A T C‘~ i A)‘ 1 A T t‘" 1 l , 

§ * C st ? " 1{1 ‘ ' 


(19-1) 

(19-2) 


Again, 1 is the vector comprising all observations, s is the signal 

vector to be estimated, X is the vector of parameters to be estimated, 

C is the covariance matrix of the observation vector 1 , and C is 

s t 

the covariance matrix between the vectors 1 and s . The matrix A is 
the "sensi tivity matrix" characterizi ng the effect of the parameters X 
on the observed values 1 according to (16-3), 

1 « AX + t + n . (19-3) 

Now we split up the observations 1 into two parts, the first part 
making up the vector 1 ^ , and the second part forming the vector 1^ * 
Thus the observation vector 1 is partitioned as follows: 
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I 1 


(19-4) 


te that 1 j 1 2 are themselves vectors!). The matrices Z and 

are partitioned accordingly: 

c *t 


St 


c c 

11 12 

1 

( 19-5) 

c 

.2' 

C 2 2 



l C l 

C 2 

1 i 

(19-6) 


e.g.» C 12 denotes the covariance matrix between the vectors lj and 1 ? > 
and C T denotes the covariance matrix between the vectors s and ^ . In 
the same way we partition the sensitivity matrix; 


A 


FA, 1 



(19-7) 


so that the observation equations (19-3) fall into two parts; 


\ - A i X tt 1 +n i ! 

1 2 = A 2 X + t 2 ♦ * 2 . 

Using this partitioning we wish to split up the estimation by (19-1) and 
(19-2) into two steps. Let us first consider the estimation of the parame- 
ters X by (19-1). for this purpose we need the partitioned inverse matrix 

(T 1 . Writing 


11 

B 12 

21 

B 22 


« have the wel 1 - known relation (cf. FaWeeva, 1959 , § 14): 


22 


(C 


22 


C 2 , C U C 12 ) '’ 


I 


(19-8) 
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® 1 2 * “ C i 1 C 12 B 22 * 


B *l “ 


‘ B 2 2 C 2 ) C 1 l 


B - C" 1 

II 11 


C U 1C ! 2 0 2 1 


C U * C n C 12 B 22 C 21 C 1 i 


Using these relations we find 


A T r»A 


A t A t 
A ! A 2 


'I B n A , 


.TV- I, 


if" 

^ l 


J 

l"» 

B 22,, 

A, 

l 

A ! B 12 A 2 

+ A 2 B 2i A 

f fl I- A I C 

11 C 12^ B 22 


^ 8 22 A 2 
r- ~ 1 A 


With the abbreviations 


*2 - *2 ‘ C 2 , C u \ 


p = a T C _1 A 
*1 1 1 1 1 


this becomes 


A-r‘A - p, * *)b 22 * 2 . 


The inverse matrix is then given by 


UMj 


(19-10) 

(19-11) 


(19-12) 


(A^" 1 A) -1 = * (19-13) 

This is readily proved by multiplying the right-hand sides of (19-12) and 
(19-13); after some strai ghtforward algebra the unit matrix results as it 
should be. 

With the new abbreviation 


'22 


'22 


- C 21 C n C 12 * ^2 P l I *2 


(19-14) 


eq. (19-13) becomes 


Cotlov*a„ n 
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l 9 . 


( A*r‘Af . . P ;'^-. V;1 

Me further have 




A T r 


’’ ■ K 


1 


B, B 

11 “| 2 


8,. B 

2 1 22 


L 1 2 


N 6 !! 1 ! + A ; 8 12 5 2 + ^ ^B 22 l 2 , 

afl d substituting (19-9) and using (19-10) we obtain 

A T C" l l = A’fcTjl, + I 7 a (1 -r r ' 1 1 i 

1 U 1 2 D 22 ' 2 ^21^11 l ' * 

The substitution of (19-15) and (19-16) into (19-1) gives 

x = ( A T r~ ) - 1 A T r " 1 1 - 

■ WUl, - * 

The first term on the right-hand side is 


(19-16) 


(19-17) 


v - p- 1 A T C" 1 ] ~ (A T C~ 1 A r’AV 1 ! 

x i ■ P i A ru 1 1 l *i L nV H ru' i * 


(19-18) 


which is nothing else but the least-squares collocation estimate of the 
vector X on the basis of the partial observation vector 1 only, as 
the comparison with (19-1) shows. 

The last term on the right-hand side may be transformed as follows: 


(p^-p^jt^v; 1 ) 5 ^ ■ -c^v) 1 ^) b 22 

■ P ;‘*» 22 - V ;’*>22 - W 2 ^ B 22 ■ 


p-W** 1 
l 2 L 22 ’ 


(19-19) 
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here we have used < I 9 - 9 ) . 

,„ .... of (19-18) »od (19-19), «q. (I9-1M rdduco! to 

-C 21 C u', ' Vl> ■ ( 1 ,.„. 

This is the required equation for the parameter vector X , The fir u 
on the right-hand side represents the estimate (19-18} on the basis 0 f ^ 
first part, Ij , of the observations 1 ; the second term expresses th e 
improvement of the estimate by using, in addition, the second part, ^ 
of the observations . 

Now we shall effect a similar transformation for the signal estimate 
(19-2). Putting 


2 ■ I - AX , 


l ! 2 


V A . X 


VV 


(19-21) 


and using (19-5), (19-6), and (19-8) we find 


* [ C 1 C 2 


r e 
1 


i i 




B 21 S 22 




S f C l B U + C 2 B 21^1 + ^ C 1 S 12 + C 2 B 22^2 ’ 


whence, by (19-9) 


* = C 1 C U 2 1 + f C 2' C l C n 1C i2^ 8 22f 2 2- C 2l C M l2 l ) 


(19-22) 


By (19-21) we have 


* j, - V = l x - A l X 1 - Aj(X -Xj) 


f 19-23} 


- 


c 2 , c r.‘ ! i * 'j - V - c 2i c n'i * C 2, c nV 


. - 1 ■ 


-1 


2 " C 2 1 C 1 1 1 1 ' *2 X * 


J 2 - c 2i c u 1} i “ Vf ff 2« X - X l> * 


( 19 - 24 ) 
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W« 


(19-10). 
„ot* that 


S 


I 


c , c «l° 




( 19-?*.) 


t&* estimate of signal s on the basis of the partial observation 

S c tor l t on1y * as the COIt! P ari soh with (19-2) shows. By means of (19-21), 
(19-2^)* an< * (19-25), eq. (19-22) then becomes 

s * 5 t - C X C~ JAjCX -Xj) 4 

+ * C 2 ' C l C li C 12^ 6 22^2 ‘ C 2i C ll 1 | “ * 

' * C 2 " C l C U C 12^ B 22^2 lX ‘ X l* * 


The substitution of X -X^ by (19-20) gives, I denoting the unit matrix, 

s ■ s . * [«*> -*»*;;*,»>*«(' - 
^2^22^2 “ C 21^U 1 1 "^2 X 1^ 

■ S l + - C 2l C il 1 1 - S 2*l> • (19-26) 


where we have put 


* ■ l C 2- C l C U C 1 2> B 22< r 22-V;‘ , ' T 2) ’ C &\* SVK 


By (19-9) and (19-14) we find 


"22< r 22 ‘ 1 ' 


so that 


R = C - C C _1 € - C G -1 A P~ l 7fT 

2 11112 ill l l 2 


Her >ce (19-26) becomes 
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. (C, -c,c 


i , c 1 2 * c i c n A i p i' ,t i^ c i^ ' C 2. c ii' , i 


I. 


?} ) 


ruts fs the required equation for stepwise estimation of the signal 
0 ether with ( 19 - 25 ). It Is analogous to the correspond 1 ng equation f 0r ’ 
and has the same Interpretation. 


20 , ACCURACY IN STEPWISE COLLOCATION 
Using the ab&revriat ions 


*2 ' A 2 ‘ C 21 C 11 A I ' 


p , - . 


T 2 ’ >2 - C 21 C u'l ' V. ’ 


^22 * C 22 * C 21 C U C 12 + ^ 2 P 1 ^2 ’ 

r 2 ’ c 2 - c , c n c ,2 ‘ c . c n A i p l‘^ • 


and the equations (19-18) and (19-25) for the first step, 


X * P~*A T C~*1 
*1 K 1 A j c i i 1 1 ’ 


s i - ^n'l'rV.) 


we may put the final estimates (19-20) and (19-27) into the form 


* * *. * P .' , *2 TC 2'2>2 • 


s - i, + 

1 2 22 2 


(20-1} 
(20-2) 
( 20 - 3 ) 
( 20-4) 
(20-5) 

(20-6) 

(20-7) 

(20-8) 

,(20-9) 


Writing the last equation as 


t51 

w. ‘ ;* rlU "« Similarity to the ordin.r, . 

ithoat systematic parameters ( 9 - 28 ). oict ’ 0fl equation 


* ■ c .i c 'ii' ■ 


( 20 - 11 ) 


£a . ( 20 - 11 ) holds If the expectation t . given by (».»,. „f , , 5 „ r0; 

tin « 0 ; 


we 


thus first verify that also 


m_) » 0 . 
2 


This follows from (20-3); using (20-1) and (20-6) we have 


( 20 - 12 ) 


T 2 * '2 - c 2i c n', - < A 2 ■ C 2i c n A i) p i l ^ c u l i ‘ (20-13) 


•and since by (19-3) with {14-14} and (14-15) 


= AjX . 


Fi 1 2 j = A 2 x , 


(20-14) 


:x denoting the true value of the parameter vector, we find 

I( V ■ [ A 2 - C 21 C U A 1 ' ( A 2- C 2i C :l A l> P i lA I t U A l 


e [ A 2 ’ C 21 C li A l ” ^ A 2 _C 21 C U A l^ 


X = 0 , 


which proves (20-12) . 

Introduce now the "true centered observations" i 1 and z 2 by 


Z , ■ \ - V • 


Z 2 = ’2 ' A 2 X • 


(20-15) 


so that 


F{ 2 1 3 = 0 , Fc z 2 > ■ 0 

lrt v1 ew Of (20-14). Then (20-13) becomes by means of (20-15) 


152 Colloe&ticn: Elementary Approach 


T 2 • * »*« ' C 2 , C U , (' 1 * A 1 X ) ’ <*j‘ C J. C U*l> , 'i , *T C i!(» l .A 1 l( ) 


which, after obvious cancellations, reduces to 


T 2 * z 2 - A 1 ) c i,z 1 • 


By means of this expression we readily find 


v; * v; • (c 21 * ♦ 

* ( c 2 .*v;W> c nvT c ;l< (: . 2 *A 1 ' , ; , >fy . 


Formi ng the average f and taking into 

El VT> * c n • e«t- 


we obtain, after some reduction. 


account that 


(20-17) 


E< Vt> ■ c 22 - * 2 ,e;}e ia * VI 1 ** . <r 22 . 

in view of (20-4). This shows that T is inrSp( , H * h 

of T L 22 1S indeed the autocovariance matrix 

2 ' 

In a similar way it may be verified that rf i, tha 

between s - ^ and T : we have ° 2 S th * covarian ee matrix 


(S ^ )T I ■ - c.c;}, 


(I -*i p r‘»I c u , )i 1 


*°* in Bfpvit* 


Co l to fiat ion 1S3 


»* ( z °- l6> 

< s -*i )T I ' si I - . 


Forming the average and noting that r|s^}-c. . F|„?l.c, in, 

find that T ’ (S ' S i } V indeed reduces to (20-5), which was to be show*. 

Thus (20-10) is, in fact, of the form (20-11). What Is more, even (20-3) 
may be written in this form, namely 


- x * P~ * A T C™ *T 
1 1 2 C 22 2 


(20-18) 


where Pj represents C g ^ , in our case the covariance between X - 
and . The signal s is now X - (true value); its estimate is 
X - Xj . We have 


X 



.-l.T.-l 


* “ p I‘ A ‘i c n^i +A i x ) ‘ ■ 


as the other two terms cancel, which also shows that F{X-X } is zero. We 
further get 


Forming the average F we obtain after some reduction 


It{X “V T 2 } = P ^ A 


2 * 


w ^lch was to be shown. 

Interpreting both (20-8) and (20-9} as instances of the general predie- 
tton formula (20-11) enlarges our theoretical understanding of these for- 
n,ulas * b ^t it is also of considerable practical value since it enables us 
me diately to write down the corresponding covariances, 

error covar iahce matrix for the signal vector s estimated by 
is 9iven by (9-29) : 
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£ 

9 B 


S B 


c .i c u c n 


(20 


-19) 


Here C et| represents the "« priori covariance matrix , or "covaria nce ^ 
fore esUmati on" . and E represents the error covariance matrix, 0 . *' 
"covariance matrix after estimation' 1 . The last term In (20-19) thus r« n , 
sents the gain in accuracy due to the estimation using the observations j 
The signal vector s , of which C 9h Is the covariance matrix, can C(Jr ' 
tain elements of different type since, as we have repeatedly remarked, tn* 
present theory is valid for heterogeneous quantities. 

Let us now apply (20-19) to our present problem. The signals are now 
X “ Xj and s - , both of which have been found to be random quantities 

of expectation zero. Their "a priori" covariance matrices 

E<(s-f 1 )(s-S 1 ) T > - , (20-20) 

Et(X-X 1 )(X-X l ) T ) . E XXil . (20-2!) 

El (X-XjHs-f,) 1 ) . E xa ] (20-22) 


are obviously nothing else than the error covariances after the first step, 
using the observations 1^ only. The observations for the second step be- 
ing T 2 , the covariance matrix C X1 is now C 22 , as we have already seen, 
and the matrix is to be taken from (20-10) and (20-18). 

On performing these identifications, (20-19) gives 


e , 

S3 f 1 

- C C ~ 1 
t 2 S '22 L 2 * 

(20-23) 

E 

XX, 1 

- p" 1 T T C' _1 T p-1 
K 1 fl 2 L 22 A 2 P l * 

(20-24) 

^Xs , 1 

- p~ i i T r~ 1 r T 
1 2 L 22 L 2 * 

(20-25) 


the last equation results from the fact that an expression analogous to 
(20-19) also holds for mixed covariances of type (20-22). The error covari- 
ances after the first step are given by 


* C • C C 1 C T + C C~ 1 A P“ 1 a t c" ! r T 
as,! ss riri * i 1 1 i i A i c u c i * 


- 1 


'XX, 1 


- p 


-1 


( 20 - 26 ) 

( 20 - 2 ?) 
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‘X*. I 


P' , A T C' 1 C T 

p i VuS 


(20-28) 


phi* follows directly from (17-47 ), ( 17-44), end (17-4B). The notation* 
jo-1) to (20-5) have been used. 

As a matter of fact, the expressions (20-23), (20-24) and (20-25) coeld 
,lso be obtained by partitioning the original equations, In the same way as 
e)( pressions for X and 5 were obtained In the last section. This is 
straightforward for (20-24) — this expression is a direct consequence of 
(19-16)"» it is not too difficult for (20-25); but it is rather laborious 
for (20-23). 

Equations (20-8), (20-9), (20-23), (20-24), and (20-25) are the basic 
formula 5 for performing the collocation in two steps. Two applications im- 
mediately present themselves: 

1. If the size of the matrix Z to be inverted is too large, then a 
stepwise procedure might be feasable since C n and Z 22 are smaller 
matrices than C . 

2. Let signals and parameters have been estimated using observations 

1 . If new observations 1^ are available, the original estimates can be 

improved in this way. 

It is also possible to increase the number of observations by only one 
at a time, repeating this procedure in a successive manner; thus 1 2 con- 
sists of one observation only. This may be called sequential collocation. 

As a simple example, let there be 100 measurements 1 ± (i = 1. 2, .... 

100 ; here 1. are numbers, not vectors), and let the vector X consist 
of 10 parameters. As a first step, compute X and the desired signals from 
an original data set of, say, the first 15 observations (the minimum would 
be 10 observations). As a second step, use the sixteenth observation con- 
sidered as a one-component vector 1 2 » using the basic formulas for step- 
wise collocation. As the next step, consider the seventeenth observations 
as 1 2 and so on, up to the hundredth. 

It is remarkable in this method that, except for the computation of a 
first estimate using the original data set, no matrix inversion is needed 
*ny more. In fact, Z 22 now reduces to a single element, so that its in- 
verse is simply the reciprocal of that element, and P~ l is computed suc- 
cessively from (20-24) since E xx is P" 1 for the next step. 

This advantage is, however, made up by a great increase of matrix multi- 
plications, so that the total computational effort is, in general, not re- 
cced. in fact, stepwise collocation may be compared to matrix inversion by 
Petitioning, and sequential collocation then corresponds to matrix inver- 
Si ° n ^y bordering (Faddeeva, 1959, §14 and 15), 
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♦ /n.utsch. 1965, chapter 8) may obviously k 
Sequential of sequent 1al collocation, and Kalman f i ] ^ 

,1 differences te....n «..«« "<«•'<"» end coM.c.,,^1 

* # 1. In sequential collocation, the system parameters X do not cha ng , 
whereas In Kalman filtering they undergo a linear transformation pert Urb j 4 
by Internal noise. 

2. In sequential collocation, but not In Kalman filtering, we have *i 9 . 
nal parameters related to the observations only through their covarian^j 
This Is characteristic of collocation; see the correspond 1 ng remarks l n 
sec. 16. 

A general operational program for stepwise least-squares collocation 
has been given by Tscherning (1974). 


21. determination of spherical harmonics 

least-squares collocation may also be applied to the determination of 
spherical harmonics of the anomalous gravitational field from satellite ob- 
servations. This application is of particular practical importance and pro- 
vides an opportunity to look at collocation from a different angle. 

Consider, for example, an observed distance p to a satellite. Then the 
third equation of (18-17) may be written in the form 


I B s 

r=l r r 


( 21 - 1 ) 


Here 


**; V **• represent the spherical-harmonic coefficients 

(it is convenient to use fullv normal i u . nm 

• "...r ......... rof in:;: 51, arran9ed ,n 


SK D* termination of Soh.^ * 

T B P fl *riaat Harmonic* IS? 


rh« coef fU<entS B r are the corr *s pond 1 ng quafltiti .. 

|( th# case my be. For Instance, according to the # rd.nVjSt ' 

t* 


h*v« 


B, - tJ 2 - and B. » -4*-- 
3 4 97 ^ ' 


T ,r :'* but «... 

•• -'r: f , WMCh »b. expansion of surad 

tnto a series of spherical harmonics. Assuming q observations, 
wt thus get 


l l * B ll S l * B 12 S 2 * » 


12 2 13 3 


s , + 


t 2 ~ 0 2 1 S 1 + B 22 S 2 + B 23 S 3 + * 


*q ’ V*! + B q2 5 2 + B q3 S 3 + 


{21-3) 


where t ± represents the "signal part" of the i-th observation. 

In matrix notation we may write the linear system (21-3) in the form 


t = Bs , 


(21-4) 


'uhere t is the (column) vector 


t • it, t 2 


V 


(21-5) 


and s is the vector 


S - 1 s ! S 2 S 3 ••• 1 


(21-6) 


Note that s is an infinite vector, comprising infinitely many components, 
correspond i ng to the fact that there are infinitely many spherical harmonics, 
symbol B denotes a " q x ® matrix 1 : 
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3 1 

L , a 

1 1 J “ ■ 

2 \ 


L 2J *•* 


« 

1 


■* 



L , L- L , • . * 

ql q3 


(* 1 -? } 


If the observations include also systematic parameters , 
use the observation equations { 13-1) 

1 * AX + t + n 

and the solution (18-20) and (18-21).* 

X * (A T r 1 A)" I A T C" 1 l , 
s = C^r'fl - AX) . 


then w $ 




( 21 - 8 ) 


(21-9) 

( 21 - 10 ) 


In this way we can estimate arbitrary elements of the anomalous gravi- 
tational field, that is, an arbitrary signal vector $ . The present prob- 
lem is the determination of the spheri cal -ha rmoni c coefficients of the 
anomalous gravitational potential; hence our signal vector $ is the vec- 
tor (21-6). It is true that in practice we do not determine the whole in- 
finite vector (21-6) but only the terms up to a certain degree and order. 
However, since any signal is obtained i ndependentl y of the others (p.I67), 
there is no harm in first seeking the whole infinite vector s (in the 
general formula this is even simpler); later on we may numerically evaluate 
only those terms that interest us. 

Thus our vectors s and t are given by (21-6) and (21-5). let us now 
compute the covariances that are required in (21-9) and (21-10). By (16-29) 
we have 


C = C„. + C = C + D . (21-11) 

ttnnfct 1*4.**/ 

The noise covariance matrix D characterizes the statistical behavior of 
the measuring errors of the observations. It is a q x q matrix and is 
assumed to be given as usual. The signal covariance matrices must be com- 
puted by covariance propagation as shown below. 

The basic covariance matrix. Let us represent the anomalous potential 
T on the sphere r = R as a series of fully normalized harmonics (10-6)* 
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T(8,x) ' . 


(21*12) 


reaion r * R we then have 
Id tn« fC » 

" n fBl n+lr , 

T(r.e.x) . I l £ . ! 21 ‘ u > 

n“2 m-O l r J l nm n ® nm nB 1 


since this expression represents the (unique) function harmonic outside the 
sphere r - R and reducing to (21-12) at the surface of this sphere. 

Xhe spherical-harmonic coefficients are given by (3-29): 


a n„ ' 47 // T (e.*)T„(e.x)d= , 

o 

b ■ 4- //T{ e > x)S { e , a )do , 

nm 4 rr ' J 'nm' 

a 


(21-14) 


these expressions are linear functionals of the potential T . 

The covariances between these coefficients are thus found by covariance 
propagation; cf. p. 87. The application of (11-14) yields 


co v ( a 


,a ) 

qp 


1 

16 n 7 


tf J/K( p . Q) R n m { 6 ’*> * 

yT ft* 


* R ( e 1 , X 1 ) dodo 1 , 

qp 


(21-15) 


where P and Q are points on the sphere r = R with coordinates (9,x) 
and (e 1 , A ' ) , respectively. The integrals are defined by 


2tt TT 

//da = / / sinededA , 

a x=oe=o (21-16) 

2n n * 

l/do' = J / S i ne 1 de dx . 

a' A’ =0 0'=O 

The function K(P.Q) is given by (10-7), in which we express fjeoit) 
by (3-30). We further replace the indices n and in by s and r . Thus 
obtain 
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«p.«» ■ «*> ' }j‘ r ' {COii) 


8 = 2 r=0 


substitute this into (21-15) and interchange suction and Integra^, 


getting 


w s k 

cov(? XJ = I I 2lfr * 

nm qp s*2r=0 


• 47 //«„ m ( e ' x ) R sr < 9>i)d<r • + 

^//Le.x)S 5r (a,x)do ' 

C 


4 it y qp 


Because of the orthogonality relations (3-16) all integrals are zero except 
the first one if s - n , r - » and the second if s = q , r - p .which 
are then given by (3-27). Thus we get 


co v { a ,a ) = 

v nm tin ' 


2n + l ' 


(21-17) 


cov(a , a ) = 0 if n f q or m i p or both. 
' nm qp ' 


Similarly we find 


coV ( b n»* b nJ = 2nTT * 

cov(F nni ,b qp ) = 0 if n t q or m / p or both , (21-18) 

C0V ^nm* F qp ) = 0 alW3yS ‘ 

If the gravitational potential V is represented in the form (3-13) but 
with fully normalized instead of conventional harmonics, then 


T{ r , e » A ) « V - V 


Ellipsoid 


— I l )-] [s7 R (6,A) + 5K S (6 A) 
r n ~2 ie =0 1*7 l nm n!E ' nm 
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~ al Ha ^moni 0i 

c o«P> rlson w,th (21-12) shows that 

$ph — 


(Tff a ntn * 


J . . B 
nm qM 


{2 I-i?} and (21-18) we thus finally get 


COV( 50 nra ,a na ) « C 0 V( 6 K a ) , [_ 11 2 k n 

nm run ' [ghJ 2n+T 


( 21 - 20 ) 


( 21 - 21 ) 


ill other covariances between spherical s, 

* pneri ca 1 "harmonic cneff^. . 

Since the coefficients sj and ,-p eff ’Cients being iero. 


K • cov(s,s) * t(ss T > * Hiss' 


is an infinite diagonal matrix 1 . 


S > defined by 


( 21 - 22 ) 


k ?? 0 


0 k 44 


(21-23) 


furthermore, the k for all 2n + 1 coefficients of the same degree n 

are equal, as (21-21) shows. For the ordering (21-2) we get 


k ll k 22 


k - k 

66 ’ 77 " * # * 


. _ f R ) 2 1 k 

= k 55 ' GM ”5 k 2 * 


12,12 


R f .1 k 

GM; 7*3 ‘ 


k 13,t3 " k 14, 14 


= . . . = k 


21,21 


' R f.i k 

GM 9 4 


( 21 - 24 ) 
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l 


The reader should distinguish the k 1£ , the diagonal elements 
trlx (21*23), from the k n , the coafftcient* In the series (lo^ t,,# M. 
basic covariance function. f or tf| 

The covariance matrix K can thus be easily expressed f n 
coefficients * n of the covariance function K(P,Q) ; it wt] j ^ 0f tti, 
the basic covariance matrix. * Cal l*d 

Derived signal covariance matrices. From the basic matrix 


K • C 

(21-25) 

we may easily derive the other signal covariance matrices C and 

entering into (21-9), (21-10), and (21-11). In fact, t is relate ’ 

by (21-4): d to * 


t ■ Bs , 


which has the form (11-16), so that (11-17) and (11-18) immediately give 


C st = cov ( s *t) = KB T , 

C tt = cov(t.t) = 6KB T . 


(21-26) 

(21-27) 


It should, however, be noted that here K end B ere inf 1 ni te matrices 

* X * " atrix and 8 is a 1 * - matrix. With such infinite .a- 
trices we can operate exactly as with finite matrices, provided the sues, 

which are now infinite senes, converge. (The mathematically-minded reader 

may try himself to find a rigorous justification of this and other foreal 
ma n i pit 1 a t i ons ! ) . 


It is clear that C isa 


St 


By (21-11) and (21-27) we have 


9 matrix and C 


tt 


is a q x q matrix. 


Having thus found all covariances, we are now ready to evaluate the estim- 
ation equations (21-9) and (21-10) and also the corresponding error covari- 
ance matrices for the solution, as given in sec. 17. 

The parameterleee case. Of particular importance is the special case in 
which the parameters are considered known or have been determined before. 
Then the effect of the parameters is subtracted from the original observa- 
tion vector and the result is taken as our new observation vector 1 . so 
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that (21-8) reduces to 

l-t+n>8s+n. (21-29) 

The solution (21-10) becomes with (21-26) and (21-28) and with A - 0 i 


s = KB t ( BKB t + 0 ) " 1 1 . 


(21-30) 


There is an interesting relation to the theory of generalized matrix 
inverses. If we assume errorless observations ( n = 0 ) , then the system 
of observation equations (21-29) reduces to 


Bs = 1 » 


(21-31) 


or explicitly 


Bs+Bs+Bs + 
11 1 12 2 13 3 


B 21 S 1 + B 22 S 2 + B 23 S 3 + 


“ ^ * 


= ’ 2 * 


(21-32) 


B , s + B „s_ + B s + 

q 1 1 q2 2 q3 3 


and the problem is to solve this system for the vector s . Corresponding 
to (21-30), with n = 0 , we have the solution (for § we write simply 
s ) 


s = KB T (BKB T ) l l , (21-33) 

whi ch, in fact, satisfies (21-31): we have 

Bs = BKB T (BKB T } -1 1 = 1 ; (21-34) 

is a q x q matrix assumed to be regular. 

Il is clear that (21-33) gives a solution of the system (21-31) for 
^bitrary matrices K , especially for arbitrary positive-definite matrices 
> Provided the occurring infinite sums converge and the matrix BK8 T is 
re 9ular. x n f actj the systefn (21-31) is an underdetermined system of linear 
e 9uatio nSj W hich has infinitely many solution vectors s ; each choice of 
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, (nr .11 of th** reproducing exactly th 

»ees«r*«ients 1 fs formally written as 

If the solution of (21 > 


B'l • 


( 21 - 




, . ; (In the sense of *. Bjerhammar) 0 f th. 


B* ■ KB T (BKB T ) 


t,-i 


(21-36) 


re- 


according to (Bjerhammar, 1973, p.106) the inverse B may ee l( 
p in this -ay; the fact that B is now an infinite matrix mates 

formally no difference. 

The solution (21-33) satisfies the minimum conditTon 


e Y 


-IT 


m 4 . m i ■ m 


For finite matrices K this is well-known from the theory of generalised 
inverses [ibid., p.116); for the present case of an infinite matrix K mt 

must presuppose convergence as usual. 

On the other hand, the solution (21-30) satisfies the condition 

S K _1 s T + n D ” 1 n T = minimum , (21-38) 


according to (16-15). It does not satisfy (21-31) but (21-29), so that ran 
don? measuring errors are taken into account. 

Accuracy. The accuracy of the signal vector s is given by (17-45). 

For the parameterless case we put A = 0 , obtaining 


E 

SS 


c 

s s 


c ,c -1 c 

St ts 


( 21 - 39 ) 


Here 


C * K (21-40) 

SS 

by (21-22); the other covariance matrices are given by (21-26) and 
and C - C 1 * . 

An elegant i nterpretation of E sg has been given by Burkhard ana u 
son (1976, p.1514). Let us write (21-30) in the form 


S - LI 


*'• Of Bp^rUai Harmonic* 1«S 

<21-41 > 


wb*r« 


L * KB T (BKB T + D) M l 
g e substitute this into (21-29), 

1 = Bs + n , 

in which $ and n denote the "true 11 values. The result is 
5 = LBs + Ln , 

so that the "true error" of the estimate value s is given by 
s - s = (LB - I)s + Ln , 


(21-42) 


(21-43) 


(21-44) 


I denoting the unit matrix as usual. The first term on the right hand 
side, 


6 1 = (LB - I)s , (21-45) 

denotes the resolving error, due to the deviation of LB from the unit 
matrix: if the system (21-31) could be uniquely solved--if B were a reg- 
ular square matrix--then e 1 would be zero. The second term, 

e 2 = Ln * (21-46) 

expresses simply the effect of data errors propagating into the solution. 
The covariance matrices of e 1 and e 2 are 

E 1 = T l e i e Il ■ (LB- I ) K(LB- I ) T , (21-47) 

E 2 = I{e 2 ^) = LDL T . (21-48) 


Now 


E ss - r{(s-s)(s-s) T ) 


(21-49) 
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becomes simply 


“a« 


E , * E * 


(21 


SO) 


_ f m 44) e and e. being uncorrelated since s and n lf# 

!; stu^^ .. «.« < 21 - 50 , „ 

(21 ’ 39) '. . . , i of now B . instead of a q x - matrix, t> e a 

Qveraetermtnea systems* Let now 

. * „ I* *<, thus a finite "standing' matrix {more 

q X N matrix, with N < q . It is thus a *""«■* 

rows than columns), instead of a "lying" infinite matrix. The system (21-31, 
is then overdetermined and has, in general, no solution. However, the sys- 
tem (21-29) can still be solved since the vector n takes care of the nec- 
essary flexibility. Now s is an N-vector and K is an N x N matrix. 

The condition (21-38) gives a solution that is formally identical to 
(21-30). The new feature, peculiar to the overdetermined case q > N , is 
now that the following well-known matrix identity can be applied. 


KB t (BKB t + 


o, _l = (b t d“ 1 b + k VVd' 


(21-51) 


This is immediately verified: 


(B T D' 1 8 + K~ 1 ) KB T = B T D" 1 (BKB T + 0) , 

B T D _1 BKB T + 8 T = B T D" 1 BKB T + B T . 

Thus, for the overdetermi ned case, the solution (21-30) is equivalent to 


s = (B T 0 _1 B + K *) *B T D M . (21-52) 

dote that this formula requires the inversion of an N x N matrix, where- 
as (21-30) involves the inversion of a q x q matrix. 

A similar reduction for the full model 

1 = AX + Bs + n , 

when 8 is again a q x N matrix, has been given by Schwarz (1976a, 1978 a)r 
In the special case that K is a multiple of the N x N unit matrix 
I , 


K * A I , 


( 21 - 53 ) 
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(21-52) becomes 

s « (B T D‘ l 8 + r l I)’ 1 B T D'M 

and if we 1et 

X , 


(21-54) 


(21-65) 


we get 


S = ( b t d _ 1 B ) “ 1 b t d M , 

which is the well-known solution of the ov erdetermi ned system 
1 = Bs + n , 


(21-56) 


(21-57) 


by 1 ea s t- squ a r e s adjustment by parameters under the condition 


nV'n 


minimum 


(21-58) 


the s being considered as free functional parameters. 

Practical application. The mathematical model discussed in the present 
section, especially in the parameterless form, has been applied frequently 
for the determination of spherical harmonics (zonal and others) from sat- 
ellite observations; cf. (Moritz and Schwarz, 1973), (Schwarz, 1975,1978a), 
(Ba 1 mi no et al . , 1976), (Lerch et al . , 1977 ), or (Kostelecky and Klokocnik, 


1978). 

A property of the present solution is that any component of the infinite 
vector s is obtained by (21-30) independently of the other: the vector 
(BKB‘+o) -i l is the s'ame for all elements, the r-th element s r being 
found by multiplying the r-th row of KB r by this vector. Thus we may re- 
lict our computation, say, to the first 50 elements of s or to the 
£ . * 

lrs t 20 zonal harmonics only. 

often happens that the series occurring in (21-32) converge quite 

so that the terms B. s can be neglected for r > N . If the 

^bar measurements q > N, then we have the ov erdetermi ned case con- 

* idere d above, and (21-30) can be replaced by (21-52), which involves the 
inversion 

on of a smaller matrix. 
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These solutions , corresponding to the minimum principle ( 21 . 3 ^ 
the usual properties of least-squares collocation, such as mi ni WuB1 ’ v# ^ 
ance, but also favorable numerical properties, in particular stability’ 
comparison to solutions such as (21-33) satisfying (21-37) or ( 2 i-s^) j*" 
fying (21-58). These latter solutions may be regarded as extreme c 4s#s 
the general solutions (21-30) or (21-52). For a proper choice of k 4r(J 
0 , the general solutions satisfying (21-38) seem to strike a good balance 
between the extremes. 

It also turns out that (21-39) provides reasonable accuracy estimates 
and also a means to decide which spherical -harmonic coefficients can be 
meaningfully determined from the data. In fact, € ss represents the "a 
priori" covariance matrix of s , corresponding to the case that we take 
1=0 in lack of better information. On the other hand, E is the "a 

S3 

posteriori" covariance matrix, corresponding to the case that we take 5 
to be the least-squares collocation estimate. Then the term -C S" _1 c 

st ts 

expresses the gain in accuracy due to the observations used. 

In order to compare £ with C , we transform both matrices simul- 

SS ss 

taneously to a diagonal form, in such a way that C becomes the unit 

SB 

matrix I : 


UC U « I , 

S3 


UE ss U = * ■ 


( 21 - 59 ) 


This can always be achieved by a suitable choice of the matrix u (in 
mathematical terms, we have a general eigenvalue problem). The matrix A 
is a diagonal matrix, and we denote the diagonal elements by * , x 2> x^, 

. .. . It may be shown that X r & 1 . If 

X r « 1 , (21-60) 

then the r-th element u r of the transformed signal 

u = Us , ( 21-61 ) 


which is a linear combination of spherical harmonics, is well determined* 
For more details see (Schwarz, 1978a). 

A similar model (of overdetermi ned type) has been applied to the com- 
bination of satellite-determined harmonic coefficients with surface «r» vlty 
data (Rapp, 19? 3 , 1975 ). 


S S ' Loa <*i Struotun oF r n .. , 

" Cov <*r ianoa Funotion * 


»* m *" t,0n H'^hyslcal Inverse problem „ . 

vetirPt"* 1 ' 0 " of the , ""* r structure of the e.rth 1 ’" th th * 

Ft «. «-«■. kurfaca. These J'rZZ I" »"‘ 

»»• r structure in . unique manner, similarly the g eop!t1 d c e !,^ , "* *”* 
cannot fully and uniquely determine the S r.vit.tio„, lfl .!! /*’*"*’ 
Inverse problems can again be reduced to systems of 11 P y ‘’ C *' 

far. (21-3D. and solutions of form ™ * tB * 

Cf. (Burkhard and dacksoq, lg 76)i . J »" «"■ 

,iven by Backus (1970). p>ce ,ppr ° ,c '’ has been 


22 . LOCAL STRUCTURE OF COVARIANCE FUNCTIONS 

The covariance function K(P, Q ) of the anomalous potential T has been 
chosen as the basic covariance function, or kerne) function, from which all 
other signal covariances are derived by covariance propagation. This choice 
of K(P,Q) is justified by the fact that there are simple relations bet- 
ween T and derived signal quantities, such as ag, e . „ , etc., which en- 
tail simple relations between K(P,Q) and derived signal covariances, as 
we have seen, for instance, in sec. 15. 

On the other hand, from the point of view of empirical determination 
the covariance function C(P,Q) of the gravity anomaly A g has a more’ 
fundamental character because gravity anomalies form the main empirical 
material for the practical determination of the signal covariances. 

There is, however, no difficulty in working either with K(P,Q) or with 
c ( p >Q) , according to the purpose we have in mind. In fact, there is a 
one-to-one correspondence between the two functions, as we have seen in 
sec. 13. Let K(P,Q) and C(P,Q) have the spherical -harmonic expansions 


K (M) = l k n 


n- 2 


R 2 } n+1 


rr 1 


P ( c o s xp ) , 


n 


™ / D 2 \ n+2 

C ( P >Q) = l c n [fFT p n ( c o^) . 


n= 2 


( 22 - 1 ) 

( 22 - 2 ) 


the n 


coefficients are related simply by 


n ~ 1 1 2 i 


(22-3) 
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Planar approximation. In this section we shall examine mom 
the local and the global structure of covariance functions. First y b °th 

have a look at the local structure of the function K(P.Q) _ i n a S>,4 1| 

hood of a certain point of the sphere, the spherical surface mjy 9hb<> r , 
tely be replaced by its tangent plane, which is taken as the xy-pi j^ 0 * 1 "’ 4 ' 
(t *0) of a local cartesian coordinate system. Then, in this plane 
homogeneous and isotropic covariance function will be a function 
the distance 


only of 


p = /(x'-x ) 2 + (y ' -y ) 2 

between the points P = (x,y,0) and Q = (x’.y'.O) 


(22-4) 


MM) = K( p } 


(22-5) 


Homogeneity means invariance with respect to translation, and isotropy 
means invariance with respect to rotation; the first property is expressed 
by the fact that C depends only on coordinate differences x'-x and 

y -y , and the second property holds because the azimuth does not enter in 
(22-5). 

If we now extend the function (22-5) into outer space, that is to values 
z > 0 , then the covariance function will have the form 


MM) = K(p ,z,z 1 } , 


( 22 - 6 ) 


if P = (x,y,z) and £) * 
tance given by (22-4). 

It is not difficult to 
be through the sum z+z' . 
of P and of Q : 


( x *y >z ) , p being again the horizontal dis- 

see that the dependence on z and z* can only 
In fact, K must be harmonic as a function both 


3 2 K MjK 

2 + 2 + 2 
dx %z 



In view of (22-4) it is stra i ghtforward to verify that 


3 2 K = 3 2 K 
3x * 2 3x 2 


3 2 K 


ay 


, 2 


ay 2 


* 


(22-7) 


( 22 - 8 ) 
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is done in the same way in which eq. < 22- 16 > below i $ derived. There- 

thlS » folio** 5 from (22-7) that also 
fore 11 




(22-9) 


The general solution of this partial differential equation is well 
wr , to be (cf. Courant and Hilbert, 1962, p.6) 


K{ P , Q) * F(p, z+z') + f ( p , z-z') . 


{22-10) 


w ith arbitrary (twice differentiable) functions F and f , The planar 
approximation of (22-1) always leads to functions that depend on z+z' 
since, putting r = R + z , r‘ = R + z' , 


R ‘ 

rr 1 


( ? i ~ ^ f . z-r 1 

l 1 + r] l 1 + x] * 1 “ 


z + z ' 


( 22 - 11 ) 


This rules out functions of type f , so that K must have the form 

K(P»Q) = F(p,Z) , (22-12) 


where 


Z = z + z' , 


(22-13) 


which was to be shown. 

CraiUnt covariances. From the form (22-12) wo My derive important con 
sequences for the covariances of first order gradients ’ 

wh ere, e.g. , 


The covariances of these gradients are readily expressed in terms of K(P,Q) 
ky covariance propagation (sec. 11}* have 


c °v(t x .t;> 


3 2 K 


t 


3 x a x 
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? 2 K 


cov{T y * T y) * »y^y r * 
3 2 K 

cov{T *t^) " aTaT T 


where 


T - 
x 



* 



and similarly for the other gradients. 
The differentiation of (22-12) gives 


aK . i£ i£ . . if 

3 X 3p 3X 3 P P 


by (22-4), and further 


(22*14) 


(22-15) 


. 1 if. + A -Lfi itl(x'-x) 
3j< 2 P 3P P 3 p(p 3p J 


3 2 K 

3 X 3 X 1 


(22-16) 


In the same way we find 


3 2 K _ A if + A J-[A lA) (y* -y) 

2 ' p >p p 3p P 3 Pj y 
3y 


a 2 K 
aysy 1 


We further have by (22-13) 


(22-17) 


3 2 K 

3Z 2 


a 2 k 
aZ 2 


3 2 K 

'a z a z 1 


(22-18) 


Now 


Laplace's equation (22-7), first equation, gives immediately 


5 2 K _ 3 2 K + 3 2 K (22-19) 

3z3z‘ " 3 X 3 X 1 3y3y 1 


which provides an important relation between the covariance functions of 

the first-order gradients T , T , T . This relation is rather surprising 

x y z t, H a s 5 

since a similar relation between the first-order gradients tfie^ selves 
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pot 


ex 


ist. 

(T 


(Only 

+ r 


XX 


yy 


‘V add ( 22 - 16 ) 


for 

) •) 

and 


second-order 
{22-17) and 


gradients do we have something similar: 
substitute the sum into (22-19), obtain- 


ing 

a 2 K = . I if. .iff , 

3 Z 3 Z r P 3 P 3 p T 

the plane z * 0 we have with (22-5) 

_ii!^ - - I K 1 ( p ) - K M (p) . (22-20) 

Tz3Z 1 P 


mis relation expresses the covariance function of the vertical gradient 
T in terms of horizontal derivatives of the basic covariance function 

Z 

^Let us similarly compute the covariance functions of the horizontal gra- 


dients T x and T y . We put 


x -x 

cosa = — - — » 


s i net 


. ; 

p 


( 22 - 21 ) 


. „ thus the azimuth of the line PQ . Then (22-16) and (22-17) reduce 

for z = z l = 0 to 


. K i (n)cos z a ♦ K t (p)sint, , 

( 22 - 22 ) 

3 2 K . _ j( (p)sir} 2 a + It (p)COS a » 

Tyajr I s ' c 

where 

(22-23) 

K x (p) = -K"(p) 

r epresents the longitudinal oovarianoe , and 

(22-24) 

K t (p) * - i K ' ( P ) 

,s ^ transversal covarianesi cf. (Grafarend. 1976) and (MorUz. 1973a. 
p P-«4-66). 
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These expressions connect also the au tocovar i ance functions of g ra „ it 
anomalies and of vertical deflections, since Ag, U n are related to * 

T , T in a very simple way; cf . (15*8) and (15-9). This may be usef u j *’ 
when determining covariance functions from data of different type. 

All these relations hold in the planar approxi ma ti on , that is, in a i 5 fi 
area . 

Essential parameters of covariance functions. There arises the questi on 
whether covariance functions can be satisfactorily cha racter i zed by mearis 
of only a few parameters. This is possible as regards the local behavior 
of the covariance function of gravity anomalies: in this case there are 
three "essential” parameters, for which we may take the variance C 0 , the 
correlation length £ , and the curvature parameter x (or, alternatively, 
the gradient variance G 0 }. These parameters are defined as follows. 

Consider the covariance function C { tp ) at sea level, which is the func- 
tion (22-2) for r « r' = R . In the planar approximation this is a func- 
tion C ( p ) of the distance (22-4), which is related to the spherical dis- 
tance <j» by 

p - R* . (22-25) 

Clearly C(p) is completely analogous to K ( p ) as given by (22-5), the 
difference being that C ( p ) is the covariance function for ag and K(e) 
denotes the covariance function for T . Fig. 22.1 shows the graph of such 
a function C(p) . 

Now the variance C Q is the value of the covariance function C(p) f° r 

p = 0 - 


C 0 = C(0) 


( 22 - 26 ) 


The correlation length (in German: Hal bwertsbrei te) 5 is the value of 
argument for which C ( p } has decreased to half of its value at p - D : 


C(0 



< 22 - 2 ? > 


The curvature parameter x is a dimensionless quantity related to the cU 
vature * of the covariance curve at p = 0 by 

( 22 ' 28 ) 
o ’ 


X * <E Z /C 
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FIGURE 22.1. Local parameters of 
a covariance function. 


The well-known formula for the curvature of the curve C ( p > gives 


K = { I+C 1 2 ) 3/2 * 


( 22 - 29 ) 


dC 

d P ’ 


or p = 0 we have C'(G) = 0 since the tangent to the curve is horizon- 
a i at the origin, and we get 


« * -C"(0) . 


(22-30) 


minus sign is conventional; it corresponds to faking the negative 
*Ruare root in (22-29). 

T he function C(P,Q) is related to ag in the same way as K(P,Q) is 
re lated to T . Therefore. 



1 
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C t (p) • -c"(p) . C t (p) - - 7 C'(p) U2-31) 

represent the longitudinal and transversal covariance functions of hori zon . 
tal anomalous gravity gradients 3Ag/9x and a A g / 3 y , in analogy to (22- 23) 
and (22-24), and 

THF-- - ? c '(p) - c “(o> (22 ' 32) 

gives the covariance function of the vertical anomalous gravity gradient 
3ag/32 , in analogy to (22-20). 

It should be mentioned that, as a planar approximation, the function 
C ( P . Q } is harmonic together with K(P,Q) . In fact, for R ■+ » , eg. (11-1) 
reduces to 


Ag = 


II 

3z 


Hence to this approximation, 

M*9) = h [~ It) * “ sT ihT) * ° 

when Al = 0 , so that Ag is harmonic if T is (it is clear that the 
symbol A denotes the Laplace operator except in Ag ). The harmonicity 
of C(P,Q) follows from that of Ag , and therefore the relation (22-32) 
holds, which presupposes that C(P,Q) is harmonic. 

At the origin, for p = 0 , eq. (22-31) gives 

C 1 (0) = -C"(0) = G 0 

which defines the gradient variance G Q . By de 1‘Hopital's rule, al$° 

C (0) = -li«^i = - 1 i m - - {P-I = - C *' ( 0 ) = G . 

£■*■ O p +0 

Hence , by (22-22) , 
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so that G Q is the variance of any horizontal gradient. £q. (22*32) 
reduces for P - 0 to 


a 2 C 

3Z3Z 


p 


=o 


- -2C”(0) * 2G 0 , 


<22-34) 


•so that the variance of the vertical gradient is 2 G q . 
The comparison between (22-30) and (22-34) gives 


(22-35) 


so that (22-28) may be written as 


Thus the gradient variance G q and the curvature parameter x are related 
in a simple way and are essentially equivalent. 

The definition of the gradient variance G Q should be carefully noted. 
It is either the variance of any anomalous horizontal gravity gradient or, 
equivalently, half of the variance of the anomalous vertical gravity gradi- 
ent: 



cf. (22-33 ) and (22-34). 

Test computations with various functions C( P ) , all having the same 
C 0 , 5 and x . Show that the functional values C(p) for p S ? are 
Practically the same for all “reasonable'* analytical expressions for C(e) 
differences occur only for p > £ (Moritz, 1976b, p.31). Now the domain 
0 s P s 5 is the one most important for interpolation: interpolation is 
accurate enough only if station distances are well below £ . In this sense 
we may say that all functions C(p) having the same parameters C Q , £, x 
ar « practically equivalent for many applications. 

Positive definiteness . A s we have seen In sec. 9, all covariance matrices 
must be positive definite. A function K(P,Q) of type (10-9) is called 
Positive definite if all coefficients !< n are nonnegative (positive or 
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zero). It can then be shown that all regular signal covariance matrices 
C derived from such a function by covariance propagation are positive 
definite matrices, cf. sec. 24. 

Consider the function K restricted to the sphere, as given by (10-7). 

A spherical-harmonic expansion of a function defined on the sphere is also 
called a spectral representation, thus the coefficients k^ in (10-7) form 
the spectrum of the covariance function K(^) . 

Alternatively we may consider the covariance function C{P,Q) of the 
gravity anomaly (22-2), which for r * r' * R reduces to 


a S 

C W) s I c n P n (cosip) . 

n~ 2 


(22-38) 


All c n are nonnegative by (22-3), so that C(^) is also positive defi- 
nite as it shou Id be. 

In the planar approximation, where the basic sphere r * R is replaced 
by the xy -plane z = 0 , the corresponding spectral representation is given 
by 


C ( p ) = Jt ( n) J Q ( op ) ndn , (22-39) 

o 

where J o ( x } is the Bessel function of zero order, and C(n) is the spec- 
trum of the function C(p) . The inverse formula has the same structure: 


C(n) 3 /C (p ) 0 0 ( no )pdp , n £ 0 . (22-40) 

o 

The formulas (22-39) and (22-40) define a Hanhel transformation . It is re- 
lated to the well-known Fourier transformation: the two-dimensional Fourier 
transform for isotropic functions (which depend only on p but not on the 
azimuth o ) reduces to the Hankel transform (Papoulis, 1968, p.140). 

Positive definiteness of a function C(p) is again equivalent to the 
nonnegativity of the spectrum : in the present case this means that the Han- 
kel transform of C(p) is everywhere positive or zero: 

£{n) i 0 if n k 0 . (22-41) 

Examples of plane covariance functions . The best-known positive definite 
function in the plane is the Gaussian function 


22 . Local Structure of Covariance Functions 179 


C l( p ) * C o*' A2p2 » (22-42) 

C q and A being two constants. It has the unique property that its Hankel 
transform is also a Gaussian function: 

C.(n) ■ ~ e -n 2 /4A 2 (22-43) 

1 2A 2 

which obviously is everywhere positive (Papoulis, 1968, p . 145) . 

The basic parameters for this function C 1 (p) are readily found. The 
variance is the constant already denoted by C Q in (22-42), The correla- 
tion length is obtained from (22-27) to be 

- j fV^Z , (22-44) 

and the curvature parameter is found from (22-28) and (22-30): 

Xj = 21n2 = 1.386.. ; (22-45) 


the symbol “In" denotes the natural logarithm. 

Unfortunately, the Gaussian function (22-43) does not have a simple har- 
monic extension into outer space z > 0 , so that it cannot very well be 
used as a spatial covariance function. 

Therefore we may consider other analytical models, for instance 


C(p) 



(1 + bV) 


m 


(22-46) 


th constants C , B , and m . An example, for m = 2 , is Hirvonen's 
0 : 

covariance function (Heiskanen and Moritz, 1967, p.255). 

l t can be shown (Moritz, 1976b, p.42) that the function (22-46) admits 
a simple harmonic extension into the region z > 0 only for m = 1/2 and 
m s 3/2 . we then obtain the spatial harmonic functions 


[ P 2 + { z + z 1 +b) 2 ) 


C 2 (P,Q) = 


(22-47 ) 
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C 3 (P,0) 


C 0 b 2 (z+z’+b) 

Ip 2 + (z+z’+b) 2 ] 372 


< 22 - 48 ) 


iHere b is a constant, p is again given by (22-4), and P and Q havo 
the coordinates (x.y.z) and (x',y',z') , respectively. For z * z' * o 
these functions reduce to (22-46), with B » b" 1 : 


C 2 (p> 

C 3<P> 


( 1 + B 2 p 2 ) 1 / 2 

C o 

(1+B 2 p 2 } 3/2 


(22-49} 

(22-50} 


The spectrum, or Hankel transform, 
(Papoul i s , 1968, p. 145) : we have 


of these two functions 


is simple 


M") 


fo e _,,/B 
B n 



(22-51} 

(22-52) 


These 

c 2 (o) 

Of 

ready 

f i nd 


spectra are certainly positive for n > 

*I d ‘ 3<P ! are aU ° posUive definite, 
the three basic par ameters of thfi 

been denoted by c arwi * 

y , and for the other 


so that the functions 


ns, the variance has al- 
parameters we readily 


£ 2 • • X, • 3 

(22-53) 

f0r *"• ,unc *<°" C 2 (p) , and 

£ 3 ■ (^ /3 -l)‘/2 /a , 

x 3 ■ 3(22/3.!, , 1i762 ^ <22-54) 


the function c ( D i 

un:t, ° n - - — *• - • 
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PU) = a 0 + a jP + a 2 P + . . . a^i 


2n 


(22-55) 


is not positive definite and cannot be used as an approximation for C(p) 


23, GLOBAL COVARIANCE MODELS 

We shall start with the consideration of the covariance function of the 
gravity anomaly as represented by (22-2): 


C(P,Q) 



n+2 

Pjjlcos*)) 


(23-1) 


we have begun the sum with n= 0 . By putting 


c = y 

n n 


( V 


2 n+4 


(23-2) 


we may transform this basic expression into the form 


c(P.Q) = l y n 
0 


r 2 ^ n+ 2 


irr'j 


P n (cos^} » 


(23-3) 


where R < R is the radius of a sphere concentric to the terrestrial 

B 

sphere and of slightly smaller radius; the sphere of radius R a is fre- 
quently called a "Bjerhammar sphere" (see also p.69). 

By means of the further substitution 


0 



(23-4) 


the covariance function may simply be written as 


C(P»Q) » l Y ri o n+2 P n (cos<}, ) , 

n-0 


(23-5) 


Baaia models. We shall now consider three simple cases in which this 
Ser ies can be summed in closed form. 
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The first case is 

“ 1 UMj 

for all n , so that 


C(P.Q) = l o n+2 P (cos\p) . 

n*Q n 


<23-7) 


This series may be summed by means of the well-known expression for the 
reciprocal distance; cf. eq. (1-80) of (Heiskanen and Moritz, 1967, p.33): 


1 

v/l - 2o t+o 2 


l ° np n (t) 

n*0 n 


(23-8) 


With 


t = COS$ 


and 


(23-9) 


L - v/T 


2oco$(ii+o 2 t 


(23-10) 


eq. (23-7) thus reduces to 


C(P.Q) * V • 

L (23-11) 

This function may be called the reciorooni w 

a 1 though L i s not s1mpl th . .. t8ia »^ covariance function, 

0 . PI distance between the points P and 

The local behavior of this function 

pU^ar approximation. To perform ^ ^ Stud1ed by i ts 

its tangent plane we put * Su ^ ta ^ 1e transition from the sphere to 


t • 1 


(23-U) 


* - 2s i n £ . 


(23-13) 
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Since 


cosf * 1 - 2s1n 2 | = 1 - I x 2 , 


(23-14) 


eq 


. (23-10) is easily found to reduce to 


2 2 2 
L ■ C + ex ' 1 ; 


(23-15) 


this equation is still rigorous 
We now put 


r ® R + 2 , 


r' = R + z' , 


(23-16) 


|R b = R - b/2 


Then (23-4) gives 


fR-b/2) 

0 = {R+Z}(R+Z' ) 


z+z'+b 

1 - s — + 


(23-17) 


From (23-12) we thus get 


iiCifeti + o(c) i - 

K 


(23-18) 


where 0(c) denotes terms of order c or smaller. Similarly, (23-13) 
gives 


*«§[! + 0 ( A 2 ) ] . 


(23-19) 


where p is the horizontal distance (22-4). Also (23-12) may be written in 
an analogous way: 


c * 1 + 0(c) . 
^hus (23-15) gives 


(23-20) 


L = r/p 2 + (z + z 1 + b) z 


(23-21) 
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2 

disregarding relative errors 0(c) and 0(a) . On admitting a constant 
factor we thus see that (23-11), as a planar approximation, reduces to the 
plane covariance function (22-47). 

Since the curvature parameter x expresses a strictly local property, 
it has the same value for a spherical covariance function and for its pla- 
nar approximation. Thus, by (22-53), the curvature parameter for the reci- 
procal distance covariance function is 

x * 3 , (23-22) 

Our second basic model is obtained by putting 

y = 2n+l , (23-23) 

so that (23-5) becomes 


C(P,Q) * [ ( 2n+l)o n+2 P (cos*) . (23-24) 

n=»0 n 

By differentiating the basic identity (23-8) with respect to a , multi- 
plying by 2c 3 , and adding <j 2 /L we get 


2o 


3_3_ 

3 a 




l (2n + l)a n+2 P { c o s ip ) . 

n=Q n 


(23-25) 


The right-hand side is equal to (23-24), and the left-hand side can be 
computed by explicitly differentiating 1/L as a function of a , as given 
by (23-10). Thus (23-24) becomes 

C(P,Q) = , (23-26) 

L 

which is the desired closed expression for the series (23-24). 

The function (23-26) may be called the Poisson covariance function* he 
cause essentially it represents the kernel in the well-known Poisson inte- 
gral (cf. Heiskanen and Moritz, 1967, p.35). It has been given by Krarup 
(1969, p.43) and has also been used, e.g., by Jordan (1978). 

The planar approximation to this function is readily seen to be (22- 48 )' 
so that the curvature parameter is given by (22-54): 
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x - 1,762 , 


£s a third basic model we consider the case 


Y 


n 



(n £ 1) 


( 23-27 ) 


(23-28) 


giving 


C(P.Q) = I ^o n+ 2 P n (cos,| ( ) 
n*l 


(23-29) 


To suitt this series we form 


~~7 C ( P » Q ) » J ^° np ft (C0S * ) 


and differentiate with respect to 0 > obtaining 


jjj: 

& O I rr 2 


™ = l a 11 ' 1 P n (cos*) . 


n“ 1 


The comparison with (23-8) gives, in view of (23-10) 


_a_f_C_ 
3o to 2 


- ifi-ll . 

Q IL 


so that 


„- 2 c (P .Q) . * (23 - 30> 

the Integration constant k Is to he determined fro» the condition a' 2 C • 0 

f °r O =o, which follows from (23-29). 

The second integral is, of course, -In o . but also the first integral 
** standard, so that it can be found in an integral table such as (Grad- 
s *teyn and Ryzhik, 1965). Using no. 2.266 of this table, p.84, we thus 
readily obtain 

C(P.Q) * o 2 ln| , 


(23-31) 
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where we have put 

0*1+1- aCOS* . (23-32) 

The function (23-31) may be called a logarithmic aovariar.ee function. 

It is found that the basic constants of this function, correlation 
length i and curvature parameter x » are approximately given by 


E • 2R/f . 


X 


2_ 


(23-33) 


C being defined by (23-12) (Moritz, 1976b, pp. 47-48). As an example, for 
5 = R/100 - 63.7 km we get 


x = 7550 , 


(23-34) 


which is quite large as compared to (23-22) or (23-27). 

Auxiliary formulas. For later use we shall sum the following series, 
first considered by Tscherning (1972): 


F A (o,t) = £f n+lp n (t) for A > 0 , (23-35) 

F A (o,t) = l ci n+1 P n {t) for A s 0 , (23-36) 

1 

where A denotes some fixed integer; the summations are over n . For 
A = 0 , F Q ( a , t ) as given by (23-36) differs form the logarithmic func- 
tion (23-29) or (23-31) only by the factor a . Also the other series can 
be summed in closed form, following the same procedure as used for (23-29). 
For A > 0 we form, using (23-35), 


o A ' l F A (o,t) 



o n+A P n (t) 




d i f f eren t i a te : 


a 

do 


(* A " lf V 


u 

o 


n+A-1 


i>„(t) 


0 


A-l 


T~ 1 


(23-37) 


and integrate: 
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<j A ' 1 F*(a»t) = f^Lldo , (23-38) 

A o L 

jhe lower limit of the integral is zero since F fl (o,t) * 0 if o • 0 by 
(23-35). 

for A s 0 we use (23-36), obtaining 


3o 


, A~l c , 

(« f a ) 


l o 

l~h 


n+A- l 


P n u> 


A-l - i-A , A . , 

V - l a» + *- l P„(t) - , 

n=0 


(23-39) 


whence 


A- l c r 

0 F a = ' 


A- 1 


d a 


-1~A n+A 
T a 
£ n+A 
n^Q 


P n (t) - 1 no • P_ A (t) + k ft ; 


(23-40) 


the integration constant is to be determined by the condition that 

=0 if a = 0 . 

The integrals (23-38) and (23-40) can be evaluated by the help of the 
integral table (Gradshteyn and Ryzhik, 1965). 

Using no. 2.269, ibid., p.85» we get 


F 0 C cr »'^) ■ 0ln 1 * (23-41) 

F _ ! C cf »^ ) = °( H + ot * 1n f > * (23-42) 

F. 2 (».*) ■ I o(H3ot)N + a 3 P 2 (t)lr>! + )o 3 (l-t 2 ) , (23-43) 


where 


M = 1 - L - at , 


(23-44) 


L feeing defined by (23-10) as usual and t = cost 1 as a matter of fact, 
(23 ^1) is equivalent to (23-31) since (23-29) differs from F q only by 
the factor a ; 5ee 3 i so (Tscherning and Rapp, 1974, pp. 32-35), 

°ther negative A will not be used. 
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For positive 


A 


we get from no. 


2,264, ibid., p.83: 


Fjfc*) - in(i ♦x^rrj • 

F 2 {o.^} ■ ff _l [L - 1 + t Fj(o,*) ] * 


(23-46) 

(23-47) 


Functions for larger positive A can be found by a recursion formula 

which is obtained in the following way. The differentiation of (23-10) 

gives 


2k * £lk (23-48) 

3 a ~ L ’ 


so that 

£ (<* a_ 1 L) = (A-l )cr a “ 2 L + , 

and after some straightf orward algebra, 

^(o a_ 1 L)-A^- (2A-l)t^ + (A-l)^-i , 

We integrate with respect to o and take (23-38) into account, obtaining 
o k \* *° Af h +i ’ (2A-l)ta A “ 1 F A + CA-l)a A “ 2 F A1 , 


whence 


F 


A+l = A 0 


L + (2A-l)tF A - J . 


This is the desired recursion formula, 

Besides the F ft we shall also use the function 


F{o,*) - Io n+ 1 P„(t) - « , 


(23-49) 


(23-50) 


which differs form the reciprocal distance covariance function ( 23 -lU ofl1 * 
by the factor a . 
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The data . The global variance C Q of the gravity anomaly has been de- 
termined on the basis of a large amount of gravity data distributed over 
the whole earth by Tscherning and Rapp (1974); they obtain 


C 0 - 1795 mgal 2 , 


(23-51) 


The other local parameters s and S Q are far less reliably known. For 
the correlation length £ , defined by (22-27), we have estimates ranging 
from about 40 km to 80 km; cf. (Schwarz, 1976b, p. 14 ) . 

Especially poorly determined is the gradient variance G Q , defined by 
(22-37) as the variance of any anomalous horizontal gravity gradient or, 
equivalently, as half of the variance of the anomalous vertical gradient.^ 
The literature seems to favor values for 6 Q on the order of 2 (mgal/km) , 
but these values are little more than rough guesses (Schwarz, 1976b, p.15; 
Tscherning, 1976, p.38; Moritz, 1977a, p.2; Schwarz, 1978a, p.103). 

In fact, the gravity gradients are very irregular and highly sensitive 
to local perturbing masses. Every geodetic application of ag and of its 
gradients 1 nvol ves--expl i ci tly or imp! ici t1y--some smoothing, depending on 
how much local detail we are willing to take into consideration. For in- 
stance, any use of mean values of ag , even if the block size is as small 
as l 1 x 1' , implies such a smoothing. In view of their very irregularity, 
gravity gradients are particularly strongly influenced by such a smoothing. 

Therefore, a theoretically valid and practically useful determination 


of G q does not only depend on the gradient data: we must also carefully 
define the way in which we wish to smooth our data. 

On the other hand, a precise definition of the correlation length * 
depends on whether we wish to consider a local or a truly global covariance 
function; cf. the corresponding remark at the end of this section. 

A comprehensive study on these questions from a practical point of view 
would be highly desirable. 

Besides the -local” parameters C 0> 5 . and G Q (so called because the, 
Ascribe the local behavior of C(P.Q) for small distances PQ ). we have 
"Slobal" parameters characterizins the function C(P,Q) as a whole, namely 
‘he degree variances c for lower degree n (say, n s 20 ) . These c n 
can he obtained from satellite observations, preferably combined with 


9ra v imetry . 


we suaoest that an exact specification of the degree of smoothing would be 
***«"tWl to any geodetic application of gravimetric methods, for instance, to the prac- 
solution of bounds ry-va 1 ue problems* 
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Table 23.1 shows two sets of such c n * 


n 

Rapp 1973 

GEM 10 

3 

33.9 

33.5 

4 

19.2 

19.6 

5 

21.6 

20.6 

6 

18.9 

19.0 

7 

18.8 

19.1 

8 

10.4 

11.4 

9 

11.1 

11.1 

10 

11.4 

9.7 

11 

8.4 

6.6 


n 

Rapp 1973 

GEM 10 

12 

4.8 

3.6 

13 

11.7 

6.2 

14 

5.5 

3.4 

15 

7.3 

3.0 

16 

6 , 5 

2.6 

17 

5.7 

2.1 

18 

10.7 

3.1 

19 

11.0 

2,8 

20 

8.9 

2.0 


TABLE 23,1, Degree variances . 


The first set is from (Rapp, 1973}; it is given because the covariance 
function of (Tscherning and Rapp, 1974) is based on it. The second set is 
for Goddard Earth Model (GEM) 10 (Lerch et al . , 1977 ). 

Covariance model fitting. The local parameters C Q , % , G q and the 
global parameters c 3 through c 2Q (say) are the basic data to which an 
analytical expression for the covariance function is to be fitted. 

The Poisson covariance function (23-26) appears to be excluded for 
global purposes by the fact that the degree variances (which are essen- 
tially Y n by (23-2)) increase with n by (23-23), instead of decreasing 

according to Table 23.1. Furthermore , the curvature parameter ( 23 - 27 ) seeas 
to be too sma 11. 

Tscherning and Rapp (1974) have modeled the general trend of the degree 

variances c 3 to c 2Q , as well as the variance C , by means of the ex- 

pression 0 


C<P,q) = “ JjTn-UHn+BT "l 


n+ 2 


2 } n + 2 


rr 


P n (cos^) 


(23-52) 


Here o is the constant value of „ 

0 a , as given by (23-4), for r * r 


> « R : 


0 * * 
° R 2 


(23-53) 
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How the local behavior of a function is mainly influenced by the spher- 
ical harmonics of high degree n , the lower degrees corresponding to long 
waves which are almost constant in small regions. But for large n we have 


n-1 

(n-2) (n+B) 


1-1 


.FT 


TT^r 

n, 

J 


"J 


l 

n 


(23-54) 


so that locally the function (23-52) behaves practically as a logarithmic 
covariance function (23-29). Owing to the integer 9 , however, the ex- 
pression (23-52) has a greater flexibility for fitting. 

By fitting the variance (23-51) and the degree variances shown in Table 
23.1, first column, Tscherning and Rapp (1974, p.22) get 

a = 425.28 mgal 2 , 

B = 24 , (23-55) 

a * 0.999617 . 
o 

The correlation length 6 and the gradient variance S Q are 

5 . 42 km , G q = 35.4 (mgal/km) 2 . (23-56) 

By what has been said above, the value for G Q appears considerably too 

large; the corresponding curvature parameter is 

x = 34.8 . (23-57) 

This is due to the fact that the Tscherni ng-Rapp covariance function is 
assent i ally a logarithmic covariance function which is characterized by 
large x 1 cf. (23-34). It is, therefore, natural to try a linear combina- 
tion of (23-52) with a function (23-11) which has a x of only 3 . 

We are thus led to the model 


C(P,Q) 


n-1 n+2 

o . 


r ft- l 

“i \ n+A 


,2 W2 


rr j 


P (COSiji) + 


" n-1 n+2 I ■■ 

+ a 2 l ( n - 2 ) ( n + B )’ °2 [FF 


n+2 


P (cos*) , 

n 


(23-58) 
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a , a t o 2 # ari<J the ir >tegers t 
which contains six free | at “d ’ to* two ‘di ffecent values R, ana 

and B . Her. o, «J ar * 


R 2 for by 


<y , “ 2 * 

1 K 


•* ‘ 7 1 


(23-59) 


corresponding to (23-53). aravity anomaly 49 * The corre- 

Th ,s is the covariance function pot ential T is 5 ive„ h y 

sponding covariance function fo 


2 2 1 n+ * 

® R i n+i R P ( COS tp ) 

K(P.Q) * « t X*(n-l)(n+S7 ^ l rr J 

2 r 2 ' ^ ^ 

“ R 2 n+1 — P (COSiji) • 

+ ° 2 | (n-l)(n-i!)(nTST ° 2 l^rj 


(23-60) 


, a B , 1 and |« -2 . then all these series can be summed 

If A t -1 » 8 t -1 and t frsrtions using the func- 

closed form by a decomposition into partial fractions, 

tions F and F introduced above. We have 
A 

n-1 _ i . j-Ll 
TThA " n+A 

n-1 . _I_LL + 1±1) . 

xrT=Trrn+^r " 8 + 21 ^ n+B J 

1 1 r 1 1 ' 

■(n-l){n+AT * XTT[rn: TuSj » 

1 1 (B+l B+2 A 1 1 

(n-i){n-2)lTT¥T = T^TT^Tl^ n+B 

Let us write (23-58) and (23-60) in the form 

C(P»Q) - “i C i ( P »Q) + a 2 C 2 f P,Q ^ * 

K(PeQ) = C^K^P.Q) + a 2 K 2 (P*Q) . 


(23-61) 

(23-62) 

(23-63) 

(23-64) 


(23 


-65) 


Then we readily find for positive nonzero integers A and 8 
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C^P.Q) • <’ 1 [F( 0 l .*) • - 0|t - ijp 2 (t)j 

- ^ - 


- p 

A + 2 y 2 


(t)j , 


2 j, 3 
a. 


R 


K 2 (P,Q) = F_ 2 (o 2 ,^) - 


(23-6$) 


C 2 (P,Q) - o 2 F_ 2 (o 2 ,*) + 

+ VZ T " E+T " 1*7 P 2 <*>1 1 (23 * 67) 

V p .d) ■ 5Tr[ F -i(“i-*> - ‘? p 2 < t >] - 

O 2 2 f 3 

R r a i o t a i 

ITT I f a(°i»+) “ "A" ' ITT ” A+2 P 2^M ’ 

2 


(23-68) 


bA l F -l ia 2 tip) ‘ a 2 P 2 (t) ] + 

R 2 r a 2 ° 2 t a 2 1 

(3 + 1) (B + 2) [ F b('V^ ~ B * B + l B + 2 P 2^]* ( 23 ‘ 69 ) 


To repeat, the integers A and B are >0 in these formulas. The 
respective functions and F b are therefore given by the recursion 

formula (23-49) together with (23-46) and (23-47). The functions F _ ^ and 
F_ 2 are, of course, expressed by (23-42) and (23-43), and F is (23-50). 

Values of A and B s -3 are impossible because otherwise a denomina- 
tor in the series (23-58) or (23-60) would be zero. The values 8 * -1 
and -2 are excluded because then these series cannot be summed. This 
eliminates all negative values for B i for A , only the negative value 
’ 2 is possible. 

The formulas (23-66) through (23-69) hold only for A and B > 0 and 
cannot be directly used if A or B is zero. It is easily seen, however, 
that they remain valid even for A * 0 or B = 0 or both, provided the 
terms ^/A ari{ i 0 /b are omitted whenever A or B are zero. We can 
Use (23-66) and (23-68) even for A * -2 provided we replace the second 
bra cket in these formulas simply by F_ 2 (<V*) * omitting the following 
t6rms (Moritz , 1977a, pp.7-8) . 

^ e also mention that the gradient variance G Q is given, to a suffi- 
cient approximation, by 
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where 


i 


2r2? 2 


= l-o, 


C, * 1~< 


{23-70) 


(23-71) 


{ibid. , p . 18) . 

Various attempts to fit the models (23-52) and (23-58) to available data 
are presented in (Jekeli, 1978). 

For numerical computation of covariance functions of the type considered 
here, the Fortran subroutine COVAX developed by Tscherning (1976) can be 
used. It gives covariance functions for T as well as for first and second- 
order gradients. Computer time can be reduced by using COVAX for computing 
covariance function values at grid points and interpolating between them 
(Sunkel , 1978b) . 

Since lower-degree spherical harmonics obviously are almost constant 
locally, local or regional covariance functions may be obtained from global 
ones by subtracting all spherical harmonics for 3 < n < N , for a suitable 

N (Tscherning and Rapp, 1974, p.62). This particularly affects the variance 
C Q and also the correlation length £ 
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LEAST-SQUARES COLLOCATION: ADVANCED ASPECTS 


A deeper theoretical understanding of the analytical structure of least - 
squares collocation involves the geometrical representation in a Hilbert 
space with a kernel function * The theory of such Hilbert spaces is reviewed 
in sec, 24^ and sec , 25 presents the Hilbert space theory of collocation: 

mathematically $ least-squares collocation can be regarded as a least-squares 
adjustment in an infinitely-dimensional Hilbert space , 

In sections 2$ to 50 we present a general treatment of the operational 
approach to physical geodesy . Starting with a given number of observational 
data , we ask how they can be used to determine the shape of the earth and 
its gravitational field . This problem j similar to inverse problems of geo- 
physics , does not as such have a unique solution; it is a so-called im- 
properly posed problem . Applying standard methods for such problems 3 we are 
lead to variational principles by means of which a unique solution can be 
achieved . In this way we again arrive at least-squares collocation; some 
alternatives are also pointed out * 

Sections SO to 38 contain a detailed study of statistical aspects of 
collocation* As an introduction we present a simple theory of stochastic 
processes on the circle , This permits a straightforward transition to the 
sphere; the anomalous gravity field may be considered a stochastic process 
the sphere. It turns out that all relevant ergodic processes are non - 
Gaussian, The preferred model will use the theory of stochastic processes 
° n ly as a formal mathematical apparatus but 3 physically j will work strict- 
ly with the one existing gravitational field only* 

ihe last section (sec, 39) presents an advanced aspect of <2 different 
character^ the refinement of collocation because of very small ellipsoidal 
effects. So far* the theory of least-squares collocation was formally re- 
ferred to a sphere , This is sufficient for most present practical purposes , 
but very precise computations may require e llipsoidal corrections * 
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24, HUBERT SPACES WITH KERNEL FUNCTIONS 

A deeper mathematical understanding of 1 eas t- squa res collocation re- 
quires the theory of Hilbert spaces that possess a kernel function. The r *. 
fore we shall in this section present essential definitions and theorems 
for these spaces; further information can be found in the articles {Meissi 
1976), (Tscherning, 1978a), and in the book (Meschkowsk i , 1962). 

Consider a Hilbert space H of functions f(P) , P being a point in 
a certain region 8 of three-dimensional space R 3 ; in our applications 
8 will be the exterior of a certain sphere of radius f? B . Remember that 
a Hilbert space is a complete inner product space satisfying (5-10). 

Suppose now that there exists a function K(P,Q) satisfying the two 
rel a ti ons : 


MP>Q) £ H for Q fixed , 

f<Q) = (f { P) i K(p,Q) ) p f 0r al1 f e H . 


(24-2) 

The first relation says that K(P,Q) , considered as a function of P 

r :r; sp ::: h h ■ 7 

»•*•*«.« < . )p as funct,0 " s of p the 

A function K(P,Q) satisfying these t„„ f , 

called a or, brJ^aT ^ 

be shown that a given Hilbert s ace f y * a k ernel function. It cai 

so that the two condition*: i?A w Possesses at most one kernel function, 

» '• «.nr pr.,,1 1 “ K,p,„ unloue,,. 

definite. function is symmetric and positive 

f>Ct ‘ aPP ' y,n9 < 24 - 2 ) to the function f mm 

10n f < p ) = K(P,ft) we get 

K(Q.«) = (K(P,R) (K(PiQ)) ^ 

By th e symmetry 0 f th* t 

the Product this ic 

nis is equal to 

(K(P.Q) ,k{p d \ y 

1 •*>>, ■ Mr.qj , 

wl, ich shows the c 

cne symmetry 

K(Q,R ) * K{R,Q) 


{24- 


( 24 - 
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The positive definiteness is proved as follows 

combination 


Consider a finite linear 


l » k K(P.P ) 

k= 1 k 


X k being arbitrary constants and P being 
for all P , k 


N fixed points. Obviously, 


0 £ 




k- 1 


,^ k K( p ,P k ) t Ix i K(P,P i ) 


= n^ k X 1 {K(P,P k ),K(P,P 1 }) ] 


Using (24-3) we thus have 




(24-5) 


which expresses the positive definiteness of the function K(P,Q) 

The condition (24-5) says that a function K(P,Q) is positive definite 
if every matrix with elements 


K <V P 1> * 


k,l = 1, 2, .... N , 


(24-6) 


is positive definite; cf. (9-26). Formerly, in secs. 12 and 22, we have 
used another definition: a function K(P,Q) is positive definite if it 
has a positive spectrum. It may be shown that these two definitions are 
equivalent; see the correspond! ng remark at the end of the present section. 

By putting N = 1 , = 1 , p 1 = P we get from (24-5): 

K(P>P) £ 0 . (24-7) 

The kernel function K(P,Q) may be represented 1 by means of a complete 
°nhonormal system <t> ± (P) : 

oo 

K (M) = l ♦ i (P)4 1 (Q) . (24-8) 


Provided H j s separable; cf. (Meschkowskl , 1962, p.48). 
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We could also have defined the kernel function by {24-8), supposing that 
the series converges for all P and Q e B . It Is straightforward to 
show by direct calculation that the kernel (24-8) possesses the reproducing 
property (24-2): expand f(P) with respect to the basis ♦ i : 


f (P) * 1 V^P) , 

i=i 


and substitute (24-8) into (24-2): 


(f(P),K(P,Q}) p = (f(P), I^ i (P)f i (Q)) p 

* ^.(Q)(f(P).^(P))p 
= I* ± CQJ^i. * f (5) . 


in view of (24-9) and (4-38). 

Functionals and the dual space. In sec. 5 we have met the notion of a 
linear functional in a normed space H , 


which associates to an element f e H a real number 1 , and we have de- 
fined its norm jjLjj by means of (5-13). 

The linear functionals L with the norm jjLjj form themselves a normed 
space, which is called the dual space of H and denoted by H‘ . 

For a Hilbert space, each bounded linear functional If can be repre- 
sented as an inner product of f with a certain element h € H 

Lf = (h.f) (24-U) 

where, as in secs. 4 and 5, we omit the argument in the inner product, 
writing 

(h.f) * (h(P),f(P)) p . <24-12) 

The element h € H cor respond 1 ng in this way to a functional L £ H 
called the repreaenter of L . 
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By (4-59), the norms are equal: 


IIU! * IN J (24-13) 

henceforth we shall write ||L||' for the norm of the functional l , rather 
than l|lH » to indicate that L 6 H* , 

Therefore, (24-11) defines an “isometric isomorphism" between the spaces 
H' aF1 ^ ^ eac ^ element L e H‘ there corresponds an element h £ H 

and vice versa (isomorphism), and the norms of corresponding elements are 
equal by (24-13) (isometry). 

We may also in a natural way introduce an inner product in H' : we de- 
fine it by 


< L 1* L 2>' = <V h 2> 


(24-14) 


.as the inner product of the representers h i and h 0 in H . The norms 
are expressed in terms of inner products 

IIMI' 2 = (L.l)' , (24-15) 

II Ml 2 ■ ( h .►< ) (24-16) 

as usual, and (24-13) then follows from (24-14), 

What has been said so far holds for linear functionals in any Hilbert 
space H . If, in addition, H has a reproducing kernel K(P,Q) , then 
the representer h of a functional L has a very simple form; 

h(P) = L 2 K(P,Q) , (24-17) 

L 3 denoting the fact that the functional l acts on K(P,Q) as a func- 
tion of Q ; this notation has already been used in sec. 11, In fact, 

( h , f ) * (f,h) = (f(P),h(P)) p = 

= { f ( P ) ,L®K ( P , Q ) ) - L Q (f(P),K(P,Q)) p 

- l Q f(Q) 

by ( 24 '2), so that Lf = (h.f ) as was to be shown. 
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The norm of L is given by 

iJLJI' 2 - (h.h) - (b( P) *l C K{ P,Q) ) p * 

« L°{H(P) , K{P ,Q) ) p - l q MQ) . 


in view of (24-17). Thus we have 


Lh . 


Since 


(24-18) 


Lh = L P b(P) = L P L°K{ P ,Q ) . 
we finally get 

j|Ljj ,2 = L p L c K(P,Q) . 

Similarly we find for the inner product 
'( L j t L 2 ) ' * L P L®K(P,Q) . 


(24-19) 


(24-20) 


The evaluation functional. The evaluation functional! or delta func- 
tional, introduced by (4-57), associates to a function .f its value at a 
particular point P : 

6 p f = f(P) . ' (24-21) 

In a general Hilbert space, the functional 6 p is unbounded (cf. p.38)i 
Hilbert spaces with kernel functions are characterized by the fact that 
the evaluation functional ie bounded. In fact, the inner product satisfies 
the Schwarz inequality 

(f.g) * IK II llsll . < 24 ' zz) 

which is a consequence of the properties (5-10); geometrically it means 
that the cosine of the angle a between the vectors f and g » 
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COsa 



{24-23) 


is not greater than 1 , Applying (24-22) to (24-2) we get 

1 UQ)S 2 s <f(P).f(P))p*(K(MM(P.Q)) p - IKli 2 * k(Q.Q) 


using (24-3), so that 

K(Q)I * c||f|| 


(24-24) 


with 


C = ^K(Q , Q)~ , ( 24-2 5) 

which by (5-13) means that the evaluation functional 

* f ( Q) (24-26) 


is bounded. 

The representer of the evaluation functional is, by (24-17) and (24-26) a 
h { P ) = 5 K(P,Q) = K(P,Q) , (24-27) 


which is simply the reproducing kernel as a function of P * the evaluation 
point" Q being held fixed. 

Reproducing kernels in o. Eucltdeon spooe. To make these abstract notions 
more concrete> we consider the simplest case in which the space H is not 
infinitely-dimensional Hilbert space but Euclidean space R n . The elements 
of R n are vectors 


x 


U 1 X 2 



(24-28) 


(we regard them as column vectors, hence the transposition T ), and the 
kernel is the symmetric, positive definite matrix K . The arguments P,Q 
become now indices i,j . 

Take first 


K 


i « u 13 ) . 


(24-29) 
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the unit matrix. The inner product Is then simply given by 


(x*y) - l *,y. • 

i»i 


{24-30} 


and the reproducing property (24-2} becomes 


f , - J.Vi) • 


(24-31) 


which is (4-19), Linear functionals L are linear forms 


Lx = l ] ± x i , (24-32) 

i = 1 

with coefficients 1 ; these coefficients form a vector which is simply 

the representer h of L : if 


h 


[h. 



(24-33) 


then 


h i " \ * 


(24-34) 


this latter formula may be regarded as a consequence of (24-17): 


h i * ' ’i ■ 

So far* all is almost trivial. Let now K be an arbitrary positive de~ 
finite regular n x n matrix: 


* - [I W 


(24-35) 


The inner product of x and y is then defined by 


24. Hilbert Spaaee with Kernel Funotione 203 


K' 1 being the inverse matrix of K . With the notation 

K" 1 = G - t g 13 ] (20-37) 

this becomes 

( x * y ) = x T Gy . (24-38) 

With this definition of the inner product, the reproducing property 
holds. In. fact, (24-2) becomes 

x = ( K, x ) = KGx = KK" l x = x . (24-39) 

•Writing the linear form (24-32) as 

Lx = 1 T X , (24-40) 

we see that the representer h of L is not directly the vector 1 « [1J 
but is related to it by 

h - K1 . (24-41) 


In fact, 


(h.x) - (x.h) = x T Gh = x T K' 1 h = x T K~ 1 K1 = x T l = l T x , 


in agreement with (24-40). 

For the reader familiar with tensor calculus as used, for instance, in 
(Tienstra, 1956) or in (Hotine, 1969) we note that the elements of H are 
here called contravari ant vectors and denoted by upper indices, for in- 
stance, x 1 or y L . The elements of the dual space H‘ , the linear 
forms , are the covariant vectors, denoted by lower indices, for in- 
stance, 1 . Then the inverse kernel (24-37) forms the covariant metric 

tensor g , and (24-38) becomes for x = y : 

Ni 2 - (x,x) - * (24-42) 

which is the fundamental metric form*, summation is conventionally implied 
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if art index occurs one# as a superscript and once as a subscript, The ker- 
nel (24-35) forms the contra vari ant metric tensor g iJ ; 

K ■ Eg 1 - 1 ) , ( 24-43) 

The linear form (24-40) becomes 

lx = l 1 x i , (24-44) 

and the representer h* = l 1 (note the superscr i pt ! ) is related to 1 
by (24-41), which becomes 

l 1 * g 1 ^ , (24-45) 

In this way we recover all the usual manipulations of tensor algebra. 
The reader not familiar with this subject may disregard the relations just 
mentioned, except for one geometric fact. The usual Euclidean metric 

j|xi( 2 = x T x , (24-46) 

corresponding to K = I , holds for rectangular coordinate axes in R n 
whose unit vectors form an orthonormal system. The metric with a general 
kernel matrix K , given by (24-42), 

|jxj( 2 = x T K* 1 x * x t Gx , (24-47) 

corresponds to rectilinear coordinate axes whose base vectors--in R 3 , 
the vectors [1,0, 0] T , [0,1, 0] T , [0,0, 1] T and similarly in R n --do not 
constitute an orthonorraal system: the coordinate axes may not form right 
angles with each other, or the unit vectors may not have equal length, or 
both. If K is a diagonal matrix, then the coordinate axes are orthogonal 
but the base vectors have different lengths; if K is nondiagonal, then 
we have oblique { nonorthogonal ) axes. 

How does this generalize to Hilbert space? The unit matrix corresponds 
to the delta function (4-22), in our notation 5(P,Q) , which is not a 
reproducing kernel function because 4(P,P} is not finite (the "delta 
function" is not even an ordinary function). The use of a general kernel 
function corresponds, so to speak, to coordinate axes in Hilbert space 
whose base vectors do not form an orthonormal system. 
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Harmonic kernel functions , Take now H to be the space of *11 functions 
j n R 3 harmonic in a region B which is the outside of a sphere of radius 
3 , This sphere r * R B is assumed to have a radius slightly smaller than 

the mean radius of the earth R * 6371 km ; it is the "Bjerhammar sphere 11 
already introduced in sec. 8. 

The kernel function is supposed to have the form (10-9), 


K(P.Q) • I k, 


n*o 


R 

rr 1 


3 )n+l 


PJCOStf) 


(24-48} 


where P and Q have the spherical coordinates (r,9,x) and (r'.e 1 ,* } 
and 


cosij) * cosecose* + sin 9 sin 6 , cos(x‘-x) (24-49) 

as usual; for the sake of generality, we start the summation with n * 0 . 

The coefficients k are arbitrary but so that the series converges in 

n 

the region B and, most importantly, all k n z 0 . 

As base functions we take the functions 


♦ t (P) 




2n+l 



n+1 

I 

nm 


<6 , X) 


(24-50) 


arranged in some linear order, e.g. t as in (21-2) but starting with n = 0 

the functions R and S' are the fully normalized Legendre harmonics 
nm nm 

(3-26). In agreement with (24-8) we form 


l * 1 (P)+ 1 (Q) 

i-1 


» n k 

l I ' HTT 


\ n+1 


rr 


(X IT* +S S 1 ) 

' nm nm nm nm' 


(24-51) 


where X =1? (0>X ) and R 1 = R (o' ,A* ) . In view of (3-30) , this ex- 

Session is equal to the kernel (24-48) as it should be. 

The inner product of two functions f and g in H is defined as 
follt >ws. Expand the function f(e,x) = f(P) on the sphere r * R into 
lhe series (3-28) : 


f 


™ n 


T T (A I +1 5 } 

L L K nm nm nm nm* 


n-Om=0 


(24-52) 
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and similarly for g : 


l T (Z ft ft ) 

L _ ' nm nn ntn run 

n*0 m*Q 


(24-53) 


Then we def i ne 

< f , g ) * l l (A C +¥ D ) . 

* k L ^ x nm nm hits nm* 

n&Q n 

The norm is then 


nf n 


i ^ i 

n ~ O n m-O 


(24-54) 


(24-55) 


The verification that the reproducing property (24-2) is satisfied for 
this inner product definition is straightforward; putting 

g(P) = K{P,Q) (Q fixed) 

we have for its coefficients corresponding to (24-53), by (24-51), 

k k 

C = otrxT R ’ » 0 S* 

nm 2n+i nm mn 2n + l nm 


and hence by (24-54) 


(f(P),K(P,Q}) p = (f,g) = 


r 2n+l 

L [£ 
n«0 n 



* f{Q} . 


It should be pointed out that, in the present case, the inner product 
{ f , g } is not simply defined by an integral as it was in the case of l 2 » 
eq, (4-28). 

We note that the positivity of the "spectrum" formed by the spherical- 
harmonic coefficients k p is essential for K(P,Q) to be an admissible 
kernel function: only then is the representation (24-51) by real functions 
(24-50) possible. On the other hand, kernel functions are positive definite 
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accord -t ^9 to (24-5). Thus we see that the condition (24-5) and the positiv- 
ity of the spectrum are closely related. 


25. COLLOCATION A NO HILBERT SPACE 

The formulas of least-squares collocation as Introduced in Part B of the 
book find a natural geometrical interpretation in Hilbert space with a ker- 
nel function. In this section we shall consider the Hilbert space interpre- 
tation of "pure" collocation without noise and systematic parameters, as 
discussed in secs. 11 and 12. 

The minimum norm property. The q given linear functionals (li-3), 

LJ - l t , i * 1, 2 , .... q , (25-1) 

define a hyperplane B of H of codimension q . 

What does this mean? Consider the case of R n . Then a linear functional 
has the form (4-52). This is the equation of a hyperplane of dimension n-1 , 
for which we may also say, of codimension 1 . As long as q < n , q lin- 
ear functionals define a subspace of dimension n-q , which is the inter- 
section of q hyperplanes corresponding to the given functionals. Instead 
of dimension n-q , we may also speak of codimension q , and this expres- 
sion has the advantage that it can also be used in Hilbert space where n 
i s i nf i ni te . 

In ( 2 5 - 1 ) , the potential T is unknown but the numerical values 1 
of the q functionals L T are given. All possible functions I compat- 
ible with the observations 1 must satisfy the system (25-1). In geometric 
terms, considering T as a vector in Hilbert space, all possible solutions 
of (25-1) must lie in the hyperplane 0 . Cf. Fig. 25.1, which corresponds 
to the simplified situation that H is a plane. All possible solutions T 
lie in 0 ; among them there is one, T , for which the norm (geometrically, 
the "length") is minimum: 

imi £ n . (25-2) 

This solution T is orthogonal to the hyperplane Q , and it is precisely 
the solution (11-6) given by least-squares collocation. This can be seen 
follows. 

The solution T is a linear combination of base functions (12-12), 


) - ? 0 ♦ (P) . 

i= l x 

: functions span a subspace E of dimension q 
>mbi nation of base functions, belongs to this sub 
show that E is orthogonal to the hyperplane D 
iich is the same, to the hyperplane 0* through 

o D (Fig. 25.1); D‘ is a subspace of H . The 
fined bv the formulae 
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l L % 0 * 0 * (25-6) 

Then 0’ 1 £ and only if 

(s 0 .* i ) - 0 , 1 - 1, Z, ... q . < 25 ' 7 > 

since E is spanned by the elements $ . Now 

(s 0 .^) « (s 0 (P), L»K(P,Q)) p 
= Lj(s 0 (P) t K(P,Q)) i , 

“ L ? s o<Q> ’ L i S o = 0 ; 

here we have used (25-3), £24-2), and (25-6). This proves (25-7), so that 
the subspaces D* and E are orthogonal; together they span the whole 
space H . 

Thus the estimate f will be orthogonal to D and so have shortest 
length ||T|j , provided it has the form £25-4} of an element of E . This 
can also be shown directly. Write any estimate T satisfying (25-1) in the 
form 

T = f + T q , (25-8) 

where T e E and T q € D 1 . Then 

(T.T) = (T + T 0 , T + T Q ) 

■ (T.T) + 2(T.T 0 ) + (W * 

Now {T ,T 0 ) - 0 because D 1 i E , so that 


NTH 2 = j|T|i 2 ♦ ||T || 2 £ II? II . (2& ~ 9} 

whi ch proves the minimum norm property (25-2) of the least-squares colloca- 
tion estimate. 
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An explicit solution* The coefficients b^ are determined by substitu- 
ting (25-4) into (25-1). In geometrical terms, the least-squares estimate 
f is the (unique) intereeotion point of 0 and E (Fig.25.1), 

Algebraically we may proceed as follows. Using the abbreviation ( 1 1 - 5 j 

B - [LJ , (25-10) 

we may write (25-1) in the form (11-4) 

8 T = 1 (25-11) 

where 1 is a q-vector and B is a linear operator comprising the func- 
tionals L according to (11-5); in the terminology of sec. 5, cf. (5-28), 
we may say that B is a mapping 

8 : H - R q (25-12) 

of a function I into a vector 1 consisting of q real numbers 

1 . = L , T . 

1 i 

Using (25-10), we may write (11-13), 

C pt = L°K(P,Q) - * t (P) . (25-13) 

in the form 

U.J = (C pi ) - BK , (25-14) 

so that (25-4) becomes 

f = (BK) T b . (25-15) 

The insertion into (25-11) gives 

8 {BK) T t> = 1 , 

which determines the coefficients b : 

b =■ [B(BK) T ]" i l , (25-16) 
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s o that (25-15) becomes finally 


t * (BK) T U{BK) T ]" 1 1 . 


(25-17) 


This equation is precisely (11-6), In view of (25-14) and (11-14) which 
can be wri tten 


tc i3 l = B(BK) T . 
With the abbreviations 


(25-18) 


C si = ( BK ) T C L1 * B(BK) T , 


(25-19) 


this takes the usual Wi ener-Kolmogorov form 


T 


C C l 
si 11 


(25-20) 


Of the wealth of geometrical and functional relationships of least- 
squares collocation we mention still one. Using (25-11), we may write 
(25-17) as 


T * 


P T 


(25-21) 


where 


P E = (BK) T [B(BK) T r 1 B (25-22) 

is the projection operator onto the subspace E : 

P E : H * E . (25-23) 

11 Projects any element $ € H orthogonally onto £ by s = P E s 
( F i 3 ■ 2 5 , 2 ) . 

Relation to eea. 21, Suppose that the elements of the Hilbert space H 
are no * functions but infinite vectors 


ts 


.]■ 


(25-24) 
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FIGURE 25*2* The projection operator . 


cf. (4-6), Then the kernel K is a symmetric infinite matrix. This is 
completely analogous to the finite-dimensional case; cf. (24-28) and 
(24-35). 

The operator B is then a q x ® matrix, and 

(BK) T = K8 T , (25-25) 

so that (25-17) becomes 

s « KB T (8K8 T ) _ 1 1 . (25-26) 

This is precisely the case discussed in sec. 21. The spheri ca 1 -harmonic 
coefficients (21-2) form an infinite vector (25-24), and the least-squares 
collocation formula (21-33) for errorless observations is (25-26). 

In sec. 4 we have mentioned the isomorphism between function space L, 
and sequence space 1 2 , defined by an expansion (4-35) into a series of 
base functions. In the present case of a Hilbert space H with a kernel 
function matters are completely analogous. We may expand a harmonic func 
tion f(P) in space into a series of base functions (24-50): 
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pp 

f(p) - l • 

i-i 


{25*27} 


On the sphere r a R , this expansion reduces to {24-52), and the compari- 
son with {24-50} shows that 


f 


i 


/ 2 n f 1 j 

\ / k nm ’ 

i n 

i fES b 

1 k n » ’ 


(25-28) 


arranged in the same linear order as the functions {24-50). 
for f = T this becomes 


T(P) - l s.MP) , (25-29) 

i=i 

so that the sequence {25-24} is the equivalent of T in a Hilbert space 
1 2 of infinite vectors (25-24). Eq. (25-29) thus defines an isomorphism 
between H and 1 : 

H 1 2 : T -»• s (25-30) 

which can even be shown to be isometric: 

i|Tj! 2 = II S li 2 = (s,s) = S T S . (25-31) 

In fact, (24-55) becomes with (25-28) 

llfll 2 * I f 2 * f T f , (25-32) 

i= 1 

whlch is the 1 norm (4-7). Thus, the matrix K reduces to the infinite 
unit matrix l \ 

In sec. 21 we have expanded, not with respect to the base functions 
^ ^ 50) , but with respect to the fully normalized harmonics 
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(j>r l u 


nm 


( 0 ,») 


i«r‘ 5 


nm 


(».*) 


<25-33} 


^ r 

*. f , ftor A / (Zn+1 ) . Therefore, the kernel 
which differ from (24-50) y but "a diagonal matrix (21-23) with 

matrix K has rtot been the urn , (21-24). The infinite vector 

elects k„/(2n«l) . »P» rt f j he ba se functions (25-33), and 

s has consisted of the coefficients 
hence the norm [| s [j is given by 


Ml 2 - s t K _1 s , 

which is clearly the same as (24-55), since K 

elements (2n+l)/k n . 

Still there is isometry: 


(25-34) 

is a diagonal matrix with 


I|t|| - llsil = . 


(25-35) 


and hence in (21-37) we reunite our familiar minimum nor* condition 
( 2 5 - 2 } 

The minimum norm. Let os now explicitly evaluate the norm J|T|| of the 
least-squares solution (25-17). Using (25-3), (25-4) and (24-2) we have 


l[Tj| 2 - (T,T) = ( T ( P ) , f b t L®K(P,Q)) p 

i= 1 

* l b L?(T (P) , K(P,Q)) p 
i=l 1 

= l b L«T(Q) = f b L» l b L®K(Q.R) 
i-1 1 1 i=l j»l J J 

- ZIb i b J LfL^K(Q,R) . 


By means of (11-14) this can be written as 

||T|| 2 - b T C n b , (25-36) 

which by (25-16) and (25-19) finally becomes 


||T|| 2 = 1 T C-Jl . 


(25-37) 
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This siraplG formula expresses the norm in terms of the data, It looks 
similar to (25-35), but note that 1 is a q-vector, whereas s is an 
infinite vector. 

Covariances as inner products of functionals . let US now turn to the 
other property of the least-squares estimate, namely minimum error vari- 
ance- For this purpose we first consider the inner product of two linear 
functionals, and l 2 , which are elements of the dual space H' 

(sec. 24), By (24-20) we have 

(L i »L 2 r - L^K(P.Q) . (25-38) 

On the other hand, eqs. (11-11), (11-12), and (11-14) show that, if 

LJ - \ . 4 T • ' 2 ■ <“- 39) 


then 


cov(l l( l 2 ) = M{1 1 1 2 }= L^LgKCP.Q) . (25-40) 


Srfe thus see that 

(L,,L 2 )' . co*(l J.l 2 ) - . (25-41) 

This fundamental result may be expressed as follows. If we identify the 
kernel function K(P,Q) with the covariance function 3 then the covariances 
of the values of two linear functionals of T are the inner products of 
the two functionals in the dual space H . 

For |_ 2 = l we get 

III,!!' 2 = var( 1 j ) * M{1 2 } . < 25 ‘ 4J) 

Ue v *ri ance of a functional is the square of the norm in H' . 

lh this way , statistics is related to Hilbert space geometry: we get a 
Seometrical interpretation of variances and covariances. 

T he geometry of minimum error variance. Consider a Signal 


( 25-43) 
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»h(cn is a linear functional 5 k of T , and let m of these 
form the rector s ; cf. (11-25) and (11-26). The estimate of 
squares collocation is given by (11-23) or (11-27): 


signals 
5 b y least. 


5 * 


c ot c ;;' 


( 25 - 44 ) 


We put 


c 

sl L U 


where 


h 



] 


is a m X q matrix, and write (25-44) in the form 
s * hi 


(25-45) 


(25-46) 


(25-47) 


or 


i= 1 


K< i ■ 

ki i 


(25-4S) 


expressing estimates of the unknown quantities s k as linear combinations 
of the given quantities 1 

i 

In sec. 9 we have asked the question: how is the matrix h to be se- 
lected in order to minimize the standard errors of all estimated signals 
answer was that it must be the least-squares estimate (25-45). 

What is the geometrical interpretation of these standard errors of esti- 
mation? The individual error of $ k is, by (9-14), 

e k ■ s k - s * * < § k - s k> T • < 25 - ,9) 

Hence the error variance (11-35) becomes, by (25-42), 

\ a var *u k > = M i e £l c H{ (S K -s k ) 2 J = II^-SJI' 2 . (25-50) 
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Thus the standard error of estimation 


o 


k 


II VM 


(25-51) 


is nothing else than the norm of the "error functional" s k ~S^ in H' , 
The minimization of this error norm, 


II S R - S k || ' = minimum , 


( 25-52) 


leads again to the 1 east- squares estimate (25-45), in exactly the same way 
as in sec. 9, via expressions such as (9-19): in fact, the covariances 
entering in these expressions may now be interpreted as inner products In 

The geometrical interpretation of this algebraic procedure is as follows 
(Krarup, 1978, pp. 200-201). We assume k = 1 which is no restriction since 
all s^ are obtained independently. We write S 1 = S and h ljL = h t ; thus 
(25-48) gives 


S 


i= 1 


h i L i 


(25-53) 


We have to determine the coefficients h £ in such a way as to minimize the 
error norm (25-52) , 


|j § - Sj| 1 = minimum . 


(25-54) 


The problem is now formulated completely in terms of the geometry of the 
dual space H' (Fig. 25. 3). 

The given elements l. 6 «' form a linear subspace of H' of dimension 

q ; we call it H' . The condition (25-54) now corresponds to the ortho- 

, - - L jr r- chp cubsDace H' . In other terms, the func- 

gonal projection of S onto tne suospauc n L 

tional S - S is orthogonal to all functionals spanning 


{S,L.}’ = <S ,L ^ > ' . 


or 
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The norm of T . An interesting consequence of the use of the covariance 
function as the kernel function has been pointed out by Tschernlng (1977). 
Consider the norm of the anomalous potential T . Using the spherical-har- 
monic expansion { 10-6) and the expression ( 24-55) of the norm, we have 


imi 


2 


T 2n + l 
l ~E 

n=2 n 



(25-60) 


If we choose K(P,Q) as the covariance function, then is given by 

(10-8) and this expression becomes 


II T S| 2 ■ I ( 2n+l ) . 
n=2 

This result means that the norm of T is not finite, so that the potential 
T itself does not belong to the Hilbert space H . 

This fact, which least-squares collocation shares with the prediction 
theory of stochastic processes, appears to be a mathematical subtlety rather 
than a practical difficulty. It is true that when ||T|1 is not finite, the 
simple convergence proof given in (Morit 2 , 1976a, p. 14) cannot be applied: 
there it has been shown that, if l|T|j is finite, then the solution for 
least-squares interpolation tends to the true function as the density of 
data points increases indefinitely. Practically, however, the covariance 
function can never be determined precisely, because this would require the 
knowledge of T or ag over the whole terrestrial sphere--in this ideal 
case we should know the gravity field without needing collocation!--, and 
empirical covariance functions can always be modified without harm in such 
a way that (25-60) becomes finite. For instance, if 


k = 
n 


i a 


m-0 


nm 


+ b 2 
nm 


) 


were exactly known, it would suffice to change k n to k n (l+e) n , e being 
positive and as small as we like, to change the divergence of (25-60) into 

convergence. 

Concluding remarks. We have seen that both classical minimum principles 
due to Gauss, least squares and minimum variance, can for least-squares col- 
location be geometrically interpreted in Hilbert space. The first principle 
becomes a minimum norm condition (25-2); in geometrical terms we seek the 
distance of the “observation hyperplane 1 * D from the origin (Fig. 25.1). 
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This (nt.rpret.tlon holds whether we Identify the kernel function with the 
covariance function or not. 

The second Gaussian principle, minimum variance, leads to a "best" es- 
timate In a statistical sense wh.ich, by Identifying the kernel function 
with the covariance function, can be geometr 1 cal ly interpreted as a mini 
mum error norm approximation in H 1 according to (25-54). This geometrical 
property holds even when we work with an arbitrary kernel function ( ana 
lytical collocation", cf. sec. 12). In this case we do not, however, have a 
statistical interpretation in terms of minimum variance. 

By ( 24-55), the norm will be small if the spher i ca 1 - harmon l c coefficients 
are small, that is, if the function is smooth. In this sense, minimum norm 
means greatest smoothness, and we may say that least-squares collocation 
gives the smoothest gravitational field that is compatible with the given 
data. This is certainly a physically reasonable property because it avoids 
spurious irregularities without empirical basis, in line with the maxim 
(expressed by Sir Harold Jeffreys): "When in doubt, smooth . 

An analogous geometric interpretation of stochastic processes in terms 
of a Hilbert space with the covariance function as the kernel function has 
been given by Parzen (1961). The geometric treatment of least-squares col- 
location is due to Krarup (1969) and has been used by Tscherning (1975b) and 
others. The corresponding geometric situation for 1 eas t- squares adjustment 
has been illustrated by means of a simple example in (Moritz, 1966). See 
also (Meissl, 1976) and (Dermanis, 1977). 

Equation (25-11) has the form of a system of condition equations for 
least-squares adjustment in Hilbert space. This is particularly evident for 
a Hilbert space of sequences, where (25-11) is given by (21-32). Physically 
we have the difference that here our statistical variables, the signals, 
are quantities of the anomalous gravitational field, whereas in adjustment 
the random variables are observational errors. Mathematically the structure 
is the same, except that in adjustment the space is finite-dimensional, 
whereas in prediction and collocation we have i nf i n i tely-d imens i ona 1 Hilbert 
space. The interpretation of prediction as an adjustment in Hilbert space 
was pointed out by Krarup (1969, pp. 39-41). 

In the present section we have limited ourselves to the case of "pure 
collocation", without observational errors and without parameters. The 
general case of least-squares collocation will be taken up in secs. 29 and 
30. 
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26 . GEODETIC MEASUREMENTS AND THEIR REPRESENTATION 

There are essentially two possible approaches to physical geodesy {as 
also to other natural sciences): they might be called the model approach 
and the operational approach. Essentially, the first approach starts from 
a theory, the second from the observations. Obviously, the two approaches 
are closely related to the deductive method and the inductive method in 
the natural sciences . 

In the model approach, one starts from a mathematical model or from a 
theory and then tries to fit this model to reality, for instance by deter" 
raining the parameters of this model from observations. The classical geo- 
detic example are the centuries-old attempts to determine the parameters 
of an earth ellipsoid by observation, from the old grade measurements to 
modern satellite observations. 

Perhaps the most elaborate form of this model approach is the boundary- 
value problem of physical geodesy in the formulation of Molodensky, to be 
discussed later in Part D. !t has a mathematically interesting and deep 
theory and is practically highly significant. Still, this approach also 
has its weaknesses: the required continuous gravity coverage is practical- 
ly not realizable; on the other hand, many other important data cannot be 
incorporated into this theory. The model selects its data. 

At present we have a great number of geodetic measurements Of very 
different types, from terrestrial angle and distance measurements to satel- 
lite data of various kinds. The question arises; how can we use and com- 
bine all these data in the best possible way. This is the operational 
approach. 

let us summarize. In the model approach one asks: how can I best deter- 
mine my model by suitable observations? In the operational approach one 
asks: how can I make best use of all my observations? 

As a matter of fact, the two approaches do not compete with each other; 
each one incorporates important aspects, and the two approaches mutually 
complement each other. 

The operational approach to physical geodesy has come up at a relative- 

recent date, when a huge number of measurements of new types was avail- 
abl e and when it turned out that the classical, especially the gravimetric, 
a Pproach failed to give a complete answer in view of the lack of gravity 
data , 

Ifl geometrical geodesy already least-squares adjustment is in the spirit 
of a n operational approach. In physical geodesy we have least-squares col- 
location and similar methods ("integrated geodesy* 1 , "operational geodesy"). 
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I„ the present section end the following ones we shell ette.pt a „ ore 
rigorous end general treatment of the operational approach than we „ id 
Part B. This treatment follows (Moritz, 1976d); we shell start fr 0m 
mathematical representation of geodetic measurements 
Neoeurements at nonlinear funetionale fverv oeo e 


• n 


t h f 




pends : 

1, on one or several points in space; 

2. on the earth's gravitational field. 
Symbolically we may write: 


1 = F(X,V) . 


( 26 - 1 ) 


Here 1 denotes the measurement under consideration, V denotes the grav- 
itational potential, and the vector X comprises the coordinates of the 
points to which the measurement refers, and possibly other parameters. For 
instance, if we have two points P and Q and if we use rectangular co- 
ordinates xyz referred to some cartesian reference system then 


X 


[*„ y„ z„ y„ z J 

P^P P Q Q Q 


( 26 - 2 ) 


T denoting the transpose (as usual, vectors will be column vectors unless 
the contrary is stated). 

The symbol F denotes any functional dependence on X and V . With 
respect to X , it is an ordinary function; but it is not necessarily an 
ordinary function of V but may involve first and higher derivatives of 
V , integrals, etc. In the terminology of functional analysis, F is a 
(nonlinear) functional of X and V ; cf. sec. 5. 

Denote the number of components of X by p ; then X may be said to 
belong to p-d i mens i ona 1 Euclidean space R p , The function V may be con- 
sidered to belong to some set, or space, H of harmonic functions. Then, 
in the terminology mentioned at the end of sec. 5, the functional F is a 
mapping of the product space R p x H into R , the real number line: 

F : R p x H - R , (2 6-3) 


A product space is defined as follows. Let U and V 
two elements u £ U and v £ V . Then the ordered pair 
element of the product space U x V . For instance, the p 
R x R where R denotes the real line, since (x y) 6 
fore, a product space Is also called a cartesian product 


be two spaces, and consider 
(u,v) is, by definition, an 
lane R 2 is the product space 
if x 6 R , y € R . There- 
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w fiic!t, in plain language, means simply that F associates, to each harmonic 
function from the set H and to each vector e ft p , a real number which 
represents the numerical value of the observation 1 . 

Here intuitively we may say that F is nothing else but a prescription 
for computing a number 1 from a given vector X and a given function V : 
if x and V are supposed to be known, then it must be possible to find, 
in an unambiguous way, the value of 1 . In other terms, F denotes an 
operation to be performed on X and V , the result of which is a real 
number . 

Our functionals (26-1) will, in general, be nonlinear; in the next sec- 
tion, we shall describe how they can be linearized. The physical meaning of 
such functionals F will be clear from the examples given below. 

Instead of the gravitational potential V , we may also use the gravity 
potential W , defined in the usual way by 


W 


V + | w 2 (x 2 +y 2 ) 


{26-4) 


. denoting the angular velocity of the earth's rotation and the t-axls 
coinciding with the earth's mean axis of rotation (sec.l). 

Then, instead of (26-1), we have 


1 = F(X,W) 


(26-5) 


w , nf i X bv {26-4), the relations (26-1) 
As W is expressed in terms of V and x oy u > . ' ... 

, . . matter of fact, the letter F denotes dif- 

and (26-5) are equivalent; as a matter 

ferent functionals in each of the two cases 

Let us now illustrate these abstract considerations by means of concrete 

"ZlZc^al W ,*«<«»<• o^rvaHone. The gravity vector , 
pressed in terms of gravity 9 and astronomical latitude 
* b, means of the relation following from (1-11) and (1-1 )■ 


is ex- 
and longitude 


-fl = 


g COS^COSA 
g cos $ sinA 
g s in if 


(if- Heiskanen and Moritz, 1967, P-57) - On the other hand 
dient of the gravity potential W • 


(26-6) 


^ is the gra- 
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£ * grad W 



( 26 * 7 ) 


'W denoting the partial derivative 

and similarly for W and W . Comparing (26-6) and (26-7) and solving 
J y z 

for t> , a, and g we obtain 

■4> = tan - * —- — — , (26-9) 

/U2+W 2 
x y 

w 

A = tan" 1 ^ . (26-10) 

ig = /w 2 + 'A 2 + W 2 . (26-11) 

x y z 1 

These equations have the form (26-5): they express the observables A, 
g in terms of the potential W , not as ordinary functions of W , but as 
nonlinear functionals involving the operation of differentiation. Let X 
denote the coordinate vector of the observation station: 


x 


X 



(26-12) 


Then, as * W 2 ar ® functions of x, y, z , the expressions 
(26-9) to (26-11) do, in fact, also depend on X , in agreement with ( 26 - 6 ). 

Angle and distance measurements. The observables: azimuth a , zenith 
distance c • And distance $ between two points P and Q , can be ex- 
pressed in terms of the coordinate differences 



(26-13) 
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fo 11 ows (Heiskanen and Moritz, 1967, p.219): 
i s 


tan 


- &xsi nfl + AycosA 


= cos 


- axsin^cosA - aysintsinA + azcos* * 

- i axcosscosA + AycosfrsinA + &zsin$ 

/ax 2 + ay 2 + az 2 


Again 


$ = 4x 2 + ay 2 + az 2 . 

these equations have the form (26-5); the vector X is 


(26-14) 

{26-15} 

(26-16) 


now 


X " [x p y p z p z c j » 


(26-17) 


comprising the coordinates of both points P and Q , and the dependence 
on the potential VJ is implicit through * and A as expressed by 

(26-9) and (26-10); hence a and 5 are , i n fact , nonl inear functi onal s 

of W . Note that these observables depend on the target point Q only 
because its coordinates enter into ax, ay, az ; on the observation sta- 
tion P they depend in the same way, but there is an additional dependence 

on P because * and A , and hence W x , w y • w 2 1 refer this pP1 " 

A measured horizontal angle . -ay be considered as the difference bet- 
ween two azimuths: 


« = a. 


a l ’ 


(26-18) 


measured at an observation station P te two targets Q, and Q 2 ■ Both 

ov „ p „ P d hy (26-14); the resulting expres- 
azimuths a, and a, may be expressed oy m 

1 / . r- n n a nd M C A 


fl ? f U i* ^ 131 v J \ f\ 

sion for u’ clearly involves the coordinates of P , Q i * an 2 ’ 50 
«.t. in the present case, the vector X consists of 9 components w ich 

ar e the coordinates of these three points; we again ge a 

tiona l of form (26-5). . , tho 

^ goes without saying that the functiona^ [ simply 

distance (26-16) is also a special case of * nces between two 

u "® factual dependence on U : measured straight distance 

fUe d poi nts do not depend on the gravity measured from a ground 

Sats llite observations. Consider a distance 

- to a satellite Q by User or radar. (C F,,. ^ ( 

n ° n 'technical and compact review of various technique 


e 


S 

dS/dt 

h 

ds/dt 


dt-ve otzon observation 
dis tanoe meaeuremen t 
dopp lev observa tion 
satellite altimetry 

satellite- to- satellite tracking (doppler. 


FIGURE 26.1, Satellite techniques. 


Such a distance can again be represented by (26-16) but. if we operate 
the orbital mode, the coordinates of Q can be further expressed by th 

six orbital elements P] , Pj P( . of some reference orbit and the 

coefficients and of the expansion of the earth's gravitatio 

potential V in terms of spherical harmonics. Thus S will have the f. 
of some function 
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i c a functional of form ( Z 6 “ 1 ) * The vector X Is given now by 
This 1 ? 


X = u p y p 2p p, Pj ... p 6 ) t i 


{ 26 - 20 ) 


it comprises station coordinates and orbital parameters. The spherical- 
harmonic coefficients 0^^ and K may be expressed in terms of V by 
we |l-known integral formulas {of type of eq. (3-21)), which explains the 
functional dependence on V . 

The change of distance S with respect to time t , that is, the range- 
rate dS/dt , can be measured by doppler observations. By integrating 
dS/dt with respect to t from t 1 to t 2 , one obtains distance dif- 
ferences $ 2 - S 1 . By photographing the satellite against the background 
of stars one finds the right ascension and the declination of the spatial 
direction PQ , or in other terms, the unit vector e of this direction 
(Fig. 26.1). All these observables have the same mathematical structure as 
(26-19): they are again functionals of type (26-1), the vector X being 
given by ( 26- 20 ) . 

Satellite altimetry can be considered to measure the height h of a 
satellite above the geoid: the ocean surface reflects a radar signal emit- 
ted by the satellite, and under idealized conditions, this surface coin- 
cides with the geoid. We claim that h can again be expressed as a func- 
tional of type (26-1), with 


X = [pj P 2 * ‘ 


(26-21) 


This is true if it is possible, given X and the potential function 
V(x,y,z) , to compute h . In fact, assume the gravitational potential 
V(x,y, z ) to be known as a function of position at all points outside and 
on the earth's surface. Then the gravity potential function W is also 
known by (26-4), and consequently the geoid is an equipotential surface 

* (26-22) 
W(x,y,z) * W Q » const. 

Now, the satellite orbit can be computed from the parameters P k of 
reference orbit and the gravitational potential V , and the posit'on Q 
of the satellite along the orbit is uniquely determined by giving the cor 
re sponding instant t (which we assume to be known). Thus both the geoid 
aT,d the satellite position Q are determined, and so is h , as the length 
of the perpendicular from Q to the geoid. Therefore, by the definition 
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of Iona 1 (26-1) th ' 5>te,,Ue ■*»»«•.« 

* T« llull\lZu^ZZ2'lli^ tracks .r. tiiee che„ 8 es of th. 

Of, t c s between two satellite, (M,. *«•«>; Such a ra„ 9 e rate dt/<t 
measured b, mean, of th. doppler prfc.pl.. t pre ent one 
,y use, on, high and one low satellite, but the us. of two low 

which are Cose to each other is also possible. Considerations analogs 

nhl , irt „, that ds/dt has again the form 
to the preceding ones make it obvious that / 

. nnw the 6 + 6 elements of the two ref- 
(26-1), the vector X comprising now tne 


erence orbits. 

Satallit. gradiomatry is desi 9 "ed to measure elements (or 1-near combi 
nations of elements) of the second-order gradient tensor 



V 

v 1 

XX 

*y 

xz : 


V 

V 

xy 

yy 

yz , 



V 

xz 

yz 

zz J 


(26-23) 


which is a symmetric matrix formed by the second derivatives of the poten- 
tial V with respect to the coordinates xyz . Any second-order gradient, 
say V , depends on position: 

Jt z 

V = V (x,y,z) . (26-24) 

xz XZ ' 


It has, therefore, the form (26-1), with 


X = 


xl 

y 

ZJ 


t 


(26-25) 


the prescription for computing the functional F in the present case con- 
sists in differentiating V with respect to x and z and taking V 

A A 

at the point with coordinates (26-25). 

Very-long-baseline interferometry measures the delay t , with which a 
radio signal emitted from an extragal actic radio source is received at two 
different places P and Q (Groten, 1979 , p.50). By multiplying t with 
the light velocity c we get the projection (which is a scalar product) 


D * PQ - e 


( 26 - 26 ) 


eeline interferometry . 


teasurement (26-16), 0 c 
-e a special case of (26-1 
( pl ici t dependence on V , 
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These examples should make it obvious that all geodetic 
without exception* can be represented as functionals ( 26* meaSjre, nem Sj 

This Simple and general fact will be basic for the consiHp, T- ' 
follow. ra T-*onsto 

It is clear that we hare taken Into account only the geom.tr- 
gravt ta t tonal structure of the problem. He have abstracted f ro , * M 
«nb systematic errors, nongra, national effects, etc Random 

• '**" •" this book . and systemain :; f 0 r rr0r5 

ve been remored by appropriate corrections, if necessary [* " 

parameters can be Included the rector x in (' 2 6-H 


. 27 , 


LINEARIZATION 


^- v ::unTi;;;:; 0 ; f:;:;; 0 ;:, c ::::;°:: f type < 26 - ij - <“-»>• * 


\ = F,(X,W) , 
*2 = F 2 ( X * W ) • 


] q = F q< X ’ W ) 


(27-1) 


Which are to be solved for the unknown parameters 
function W . 


X and the potential 


Since the functionals F f 

1 * 2 


(27-1) is very difficult to ‘handle 'direljly^Ti," 0 "" ’ T'"' S,Ste "’ 
ficult nonlinear problems is to linearir. th ! P r °ttedure with dtf 

let us introduce an approximate value X f„r ^ yl0, " S theo '‘t»- 
approximation u to the gravity potential °u T h f VeCt ° r * ^ 

the normal potential-, it Is generally taken to he th “" Ctl0n “ ’ S 
tentia. of an eguipotentia, ellipsoid (sec 2 P ° 

We put 


X = X Q + <5X , 


(27-2) 


W = U + T , 


(27-3) 


where the differences 6X = X - x 
small; T is called the anomalous 


and T = W - U are considered to 
potential as usual. 


be 
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Thus (26-5) becomes 


1 * F { X Q + SX, U +T) 
and a Taylor expansion gives 

1 = F(X q ,U) + a T 6X + LT 


(27-4) 


(27-5) 


plus higher order terms, which we neglect. Here a is the column vector 
of ordinary partial derivatives 


■ in c <V U > 

k 


(27-6) 


of F with respect to the component X k of the parameter vector X , 
taken for the approximate values X Q and U ; a T is the corresponding 
row vector, so that a r aX is a scalar product. The term LT is less ele- 
mentary: it expresses a linear operator L acting on the function T ; 
its meaning will be clear from the examples to follow. 

Sy means of the substitution 

Si = F (X.W) - F { X Q ,U > , (27-7) 


the nonlinear system (27-1) thus becomes the linear system 


61 1 = a^6X + LJ , 

6 1 2 ~ 4 ~ d X + ^2^ 1 


Si 


q 


a T SX + L T 
q q 


(27-8) 


The linearization process will be illustrated by means of some basic 
special cases. 

Astronomical and gravimetric observations. The equations to be linear- 
1Zed are (26*9), (26-10), and (26-11). Here we are considerably helped by 
the f act that these expressions are just ordinary functions of W x , Vl y , 
a * ^ is simply the coordinate vector (26-12). 
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Therefore* we first HnearUe the gradient vector (26-7), using < ndS){ 
notation* we write x * Xj* y * x 2 , z = x 3 and 

( 27 - 9 ) 

Thus 


grad W * 


ZJ 


W 


i 



(i = 1 , 2 , 3 ) 


( 27 - 10 ) 


The derivatives are taken at the original point with coordinates 

x = [x jJ ( k * 1 . 2 , 3 ) . ( 27 - 11 ) 


The approximation point is 



in obvious notation. 


x 


k 




Then (27-10) becomes 


( 27 - 12 ) 


( 27 - 13 ) 


U 


i 



3 W 


3 X 


ijo 


f _3 2 W ) 

. 8x i Sx ijo SXi 


(27-H) 


using the summation convention (summation over the repeated index j )• 
The notation () 0 indicates that the respective quantity is to be taken 

at the approximation point (27-12); u is, of course, considered at the 
original point X . 

We now introduce W * U + T and obtain 



311 ) 


3 x 


i/ O 



2 

3 2U 

Sx i 3x j j 



+ 


r 3 2 T 
3X 1 3X 


<sx 


3 * 


o 


{27-1 5 ) 


2 ? . 
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last term is already of second order { T and 
Entities) an( j w i)i be neglected. We further put 

are first-order 

KL • ■■ • 

(27-16) 

W9„ • '■ • 

(27-17) 

( 1 = M., • 

bVVo 13 

(27-18) 

Thus (27*15) becomes finally 


«! ■ u i ♦ T i * "u 6x 3 - 

(27-19) 

completing the linearization of the gravity vector (27-9). 

The straightforward way to linearize equations (26-9) to (26-11) is to 
substitute (27-19) into these equations and to expand the functions in the 
usual way by Taylor’s theorem, considering the fact that the second and 
third term on the right-hand side of (27-19) are small. This is simple but 
laborious; more efficient is an indirect procedure. 

We combine (26-6) and (26-7) into the equation system 

y ^ * -g cos t cos A > 
W 2 = -g cos T s i n A > 
W 3 * -g sint ; 

(27-20) 

here all quantities refer to the original point X . 
In an analogous way we write 


U 1 = -ycostcosA , 
U 2 = -ycos<|>si fU , 
U 3 * -ysint . 

(27-21) 

„ . „ v is normal gravity, 

Her e all quantities refer to the approxima ion (Heiskanen and Mo- 

4M * 1 .r. normal l.tit.d. and longi - • C ; haue been 

1967, p.316). where these normal geographical 
"'"“ted by ,» an< ( X* , 
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We put 


♦ * $ + 5 $ ■ 
A * A + «A i 
g = Y + 6 g , 


(27- 22) 


substitute into (27-20) and expand by Taylor. The result is readily found 
to be 


(27-23) 


N 


Y A $ 

■ -Uj 

+ Q 

YCOSiftSA 

;v 


, «9 


where the matrix 


Q = 


s i n$cos A 
s i n 4 > s i nA 
-cos$ 


s 1 nA 
-cos A 
0 


-COSKQS x 
-cos £5 i n A : 
-sin<|> 


(27-24) 


is obtained by differentiation of (27-21), 

On the other hand we have (27-19), which may be written in the form 


rw i 


ru," 

i 



W„ 

£ 

u 

2 


2 



u. 

t 3 j 


u 3 


+ grad I + MAX 


(27-25) 


The matrix Q is easily seen to be orthogonal (why?); therefore its in- 
verse is simply the transpose: 


Q' 1 = 9 t * 

Therefore, the comparison of (27-23) and (27-25) gives 


(27-26) 


r y 5 c> 

YCOS 46 A 

s 9 . 


Q T M$X + Q T grad T , 


(27-27) 


which completes the linearization of astronomical latitude $ and longi- 
tude A and of measured gravity g 
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It is evident that (27-27) is. indeed, a linear function of the compo- 
nents *«> 4y> iz of the vector «X . As regards Q'gradI , it gives for 

each dif ference 6A) 8 linear expression of the form 

at . aT . aT . _ 

<Mai * ^ay * a m ■ LT • ( 2,_28 1 

operation expressed by the functional L consists in forming the par- 
tial derivatives and taking a linear combination of them, Since differen- 
tiation is a linear operation, l is indeed a linear functional. 

Direction and distance measurements . The Strai ghtf orward approach is to 
differentiate equations (26-14), (26-15) and (26-16), as outlined in (Heis 
karten and Moritz, 1967 , pp. 220-221). The result will be differential for- 
mulas of form of eq. (5-83), ibid. The actual work is, however, quite cum- 
bersome though not difficult. 

Again, an indirect approach might be preferable. We put 


'ssi ntcosa 


u ] 

s s i ncs i not 

.a 

V 

scos? ] 

i 

> 


(27-29) 


Then the vector Y so defined is related to the difference vector 


AX = 


y Q " y P 

Z q" Z p 


(27-30) 


by the linear transformation 


Y - RaX , 


where R is the orthogonal matrix 


(27-31) 


R = 


-sinscosA -sin$sinA coss 
-sinA c° sA U 

COS^COSA COS 4 >SinA 


(27-32) 


Th . „ be interpreted as rectangular coordinates 

,s >s clear because u.v.w oa" ard direction of the grav- 

! n a lo cal system in which the w-axis as ^ ^ ea$ t; the matrix R 
vector and the axes u and v poin U nit vectors 

forced b y the components in the xyt 
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e\ n corresponding to the uvw coordinate axes (Helskanen and * 0 . 

rltz, 1967, pp. 218-219). 

The differentiation of (27-29) gives. In analogy to (27-23) 


s' 6C 

6Y - S s‘ sine ’6a 
6$ 


(77-33) 

where S is the orthogonal matrix 


cose 1 COSa* 
S * cose ' si na ' 

-sine* 

-si no 1 
COSa 1 
0 

sins' cosa ’ ] 

sinc’sina’ , (27-34) 

cose 1 

Here we have designed by a’, c’> s 1 
servables a, c» s , so that 

1 the "normal" equivalents of the ob- 

o ~ a 1 + 6a , 
5 = t ’ + 6c , 

S = S 1 + 6s 


(27-35) 


The quantities a',c'» s' can be computed from (26-14), (26-15), and 
(26-16) by using approximate coordinates X Q and replacing $,a by <M . 
By differentiation of (27-31), on the other hand, we find 

y*RfiiX+dRAX, { 27-36) 

The combination of (27-33) and (27-36) gives, in view of the orthogonality 
of the matrix S , 


s'6e 

s ' s i nc * 6a 
6S 

4- 


S T f?6AX + S T 6 RaX 


(27-37) 


The second term on the right-hand side is easily found in an indirect 
way. The matrix R , by (27-32), depends on $ and A ; therefore 6R 
will be a linear function of 6$ and 6A . The term S T 6RaX represents, 
therefore, the effect of 64 and sa on 6c and 6a (there is, evi- 
dently, no effect on 6s because s is Independent of the gravity field) i 
this is nothing else but the well-known effect of the deflection of the 
vertical on azimuth a and zenith distance c 
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the 


effect on 


the zenith distance c Is 


St 


’5COsa 1 ■ nsina' 


(27*38) 


and on the azimuth a . 

Sa = ^si na ' coU ' + n{tan<^ -coso'cotc') . 


(27-39) 


in 


. ,18-11) and (18-13); we have replaced a and t by a and C 

C rent with our present notation. We have used the symbols at and o 

> nf the changes £$ and 

to indicate the partial influence, on t and a , of the t 

i, , which are related to the deflection components e and n 


6$ 


5Acos<f> 


(27*40) 


- and (27-32) shows that, for $ 

The comparison of (27-24) ana *<-) 


$ and 


A = A 


-q t » 


(27-41) 


- +l ,d- f a( .t is left to the reader. 

“• 1 -4 1, («-»> takes the final 

In view of the relations (27 38) to \c 

form 


s ' (SC 

s ' si nc ' 5a 
5 s 


'«*Q- fiX P 

■sV fiy Q - 

«Q-«- 


+ K 


6$ 

COS$5A 


(27-42) 


where 


K * 


-S 1 COSa ' 

s' sina' cose’ 


-s' sina' 

s' (tan^sine' - cosa'cose ) 
0 


(27*43) 


. / 97 - ?4 1 a nd (27-34) * 

^trices Q and S are given by (2/ i ) equati0 ns (27-8) can 
1es ® examples will illustrate how the ine Krarup, 1975} 
rained. Similar linearizations can be found m <E.g 

(Grafarend, 1977, 1978). lation of the present linear- 
hs deader will have noticed the close re fr0 m a more general 
ion to sec. 18: -** looking at the same 


view. 
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28, VARIATIONAL PRINCIPLES 

Let us take up the linearized system (27-8). To simplify the 

,lu ta 1 1 on 

we replace 


fi’i by l t , 5X by X , 


obtaining 


S = a i x + LjT , 
U = a^X 4 l t , 


1 = a _ x + L T . 

R q q 


( 28 - 1 ) 


Wt1e,e X a P -vg ctor (a p x 1 matrix). We finally put 


1 = 


1 

1 


T ' 


a i 

>2 


T 


a 2 

■ 

» A = 

■ 

V 


a T 
5 1 


( 28 - 2 ) 


and 


V 


( 28 - 3 ) 


Here 1 is a q-vector (a q x 1 matrixi a , R 

1 H matrix), A is a q x p matrix, and B 

is a linear operator, formed of the n i,-„ - 

K ’ ur tne R linear functionals L . We assume 

p < q . k 

With these notations, the system (28-1) becomes 


1 - AX 4 BI . 


( 28 - 4 ) 
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Th.se equations hold exectly (within the limits of 1 i neeritet ion) if 
there are no measuring errors. Because of these errors, the quantity 
1 - AX - BT will not be exactly zero; let us put 


so that n is the effect of measuring errors on the observation vector 1 , 
Writing this equation in the form 

1 = AX + 8T + n , (28-6) 

we see that we have recovered the basic observation equation (16-1) for 
least-squares collocation. We have, however, derived it from a quite gener- 
al point of view, and we shall also continue to treat the problem more 
general ly . 

Improperly posed problems. A problem is called properly posed if the 
solution satisfies the following three requirements: 

(1) existence, 

(2) uniqueness, 

(3) stability. 

This means that a solution must exist for arbitrary (within a certain range) 
data, that there must be only one solution, and that this solution must de- 
pend continuously on the data. If one or more of these requirements are 
violated, then we have an improperly posed , or ill-posed, problem. 

For a long time it was thought that only properly posed problems are 
physically meaningful. In fact, deterministic processes, as considered in 
classical mechanics, depend uniquely and continuously on the initial data-- 
thi s is the essence of causal i ty--and thus correspond to properly posed 
probl em$ , 

Only relatively recently it was recognized that there are important prob- 
lems that are not properly posed. There is now an extensive literature on 
improperly posed problems; we mention only two easily accessible books: 
(Lavrentiev, 1967) and, especially, (Tikhonov and Arsenin, 1977), and the 
review article (Plashed, 1974). Geodetic applications are considered in 
(Schwarz, 1978b); for instance, the downward continuation of gravity is an 
il 1 -posed problem. The relation between least-squares collocation and im- 
properly posed problems was pointed out by Neyman (1975, 1977). 

Our present task, the determination of the earth's gravitational field 
f rotn measurements, is a typical improperly posed problem. The potential is 
so irregular that it cannot be completely described by any finite set of 
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parameters; on the .th.r « *•" °"'2 • * .e.s.r,, 

Lee, there is no unique solution, and Condition 2 Is violated. 

We shall try to approach the present geodetic problem from the point of 

view of the theory of improperly posed problems. Let us put 


X 

2 ■ [t. • 

Since X 6 R p and T € H , where H 

the symbol z denotes an element of 

footnote on p . 221 . Me further put 

G - [ A B ] , 

so that (28-4) becomes 

Gz = 1 . 

Since 1 € R q , the linear operator 
G : R p x H -*• R q . 


(2 8-7) 

is some space of harmonic functions, 
the product space R p x H ; cf. the 

(28-8) 

(28-9) 

G denotes a mapping 

(28-10) 


The solution, if it exists, may be written formally in the form 

z = G'l (28-11) 

but it will certainly not be unique. Therefore, G' is not an inverse 
operator in the usual sense; it has the character of a generalized inverse 
operator, analogous to generalized matrix inverses; cf. sec. 21. 

A standard method for solving improperly posed problems is Tikhonov 
regularization. It consists in minimizing the nonlinear functional 

M a [z,l] = || Gz - 1 || 2 + afi(z) , ,(28-12) 

where a is a numerical parameter and n(z) is a so-called stability 
functional (Tikhonov and Arsenin, 1977, pp.51,57), which may be taken as 
the square of some norm, 

m • iiiii 2 


(28-13) 
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U$ing 


auction 


p 72 ). I n this way, a unique solution can usually be obtained. 

(28-13) and very slightly generalizing (28-12) by the Intrq- 
0 f a second numerical parameter a , we get the condition 


a IU11 2 + & lt Gz "Ml 2 “ minimum . 


(28-H) 


By (28' 6 1* 

Gz - 1 * AX + BT - 1 = - n ( 28- IS ) 

is the (negative) error of satisfying (28-4), so that (28-14) may also be 
written 


+ 8 


minimum 


(28-16) 


This condition moans minimizing a weighted square average of the -function 
norm" ||z|| and the “error norm" |[n|| . The desired result will he a solu- 
tion of (28-6) subject to the condition (28-16). . „ t _ 

Choice of the norm*. The choice of the error norm HI IS straight 
forward, since n € • Any regular quadratic norm in ,-damens.onal 

dean space R q can be written 


2 = n T Qn 


(28-17) 


With a positive definite regular symmetric 0 x o “weight matrix- Q . 
Denoting its inverse by D , we may also 


2 = n T D' 1 n . 


(28-18) 


T£ „„„ n are random quantities in a statistical 

H the elements of the vecto r n a r. matrix flf the n0 ise „ ; 

»hse, then 0 may be regarded geometrical sense, 

otherwise (28-17) is just a metric P similarly 

A quadratic norm ||X|| f.r the parameter vector 

( 28 - 19 ) 


ltx|[ 2 = X T PX , 


with 


weiQht matrix P 

regular positive definite symme 
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Finally, the norm for T mill be selected as a norm In a Hilbert sp , c , 
i tl , , kernel function K(P.O) . -bich is th. equivalent of qU adr, tlc 

W I V r 1 w x m * i . 1 >> . J j fflA 1 n a s 1 f n * a. j _ 


4 *u , kernel function ^ 

as ( 28 - 17 ) and ( 28 - 19 ) In an 1 nf 1 nl tely-dl mens 1 ona 1 function 
(sec. 24); hence 


space 


. (T.T) . (28-20) 

If we assume X and T independent of each other, then the nor. of 


is simply 


iuii 2 ■ n*ii 2 + imi 2 . 

and the Tikhonov condition (28-16) becomes 

a (|| X|| 2 + ||T|J 2 ) + 3 IMI 2 = minimum 


(28-21) 


(28-22) 


or 


a (T,T) + oX T PX + gn T Qn = minimum . 


(28-23) 


The matrix P imposes a restriction on the variability of the vector 
X . In a statistical i nterpretation , P" 1 is an a priori variance matrix 
for X If the variance of a random quantity is small, then this quantity 
can vary only within narrow limits. The larger the variance, the larger ^ 
variations are possible; and if the variance goes to infinity, the varia- 
tion of our quantity becomes completely free. 

If the parameter vector is allowed to vary freely without restriction, 
then, in statistical termi no! ogy , each component of X should have ^ eter s 
finite variance or zero weight, which means P a 0 . In this way par3 ^ ed 
are usually treated in least-squares adjustment, and we have also tre ^ eS 
them so in Part B, sections 16 et seq. Then ||Xj| = 0 and (28-23) re 

to 


a ( T , T ) + en T 0 -1 n 


minimum 


( 28 - 


24) 
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the following section we shall use the minimum condition (28-24); the 
l n ^ ra 1 condition (28-23) will be briefly considered in sec. 30. 

® Maximum an< * pnobl ems 1 n vol ving unknown functions are called vart- 
jt ional problems. Therefore, (28-23) and (28-24) may be considered geodetic 
lariat* 0 ** 1 principle a. 


29, SOLUTION OF A VARIATIONAL PROBLEM 

In the preceding section we have seen that the determination of the 
parameter p-vector X and of the potential T from the q-vector 1 of 
observations ( p < q ) can be reduced to the solution of the linear system 

AX + BT + n * 1 (29-1) 

subject to the variational principle (28-24), 


a (T ,T) + &n T D’ 1 n = minimum . 


(29-2) 


Pure collocation. As a preparation, let us assume errorless observations. 
Then n = 0 and (29-2) reduces to 

tT T\ - rnmn-imnm (29-3) 


(29-4) 


(29-3 

(T.T) = minimum v 

(we have put a - 1 without loss of generality). Vie furthermore assume 
X - 0 (no systematic effects). Then (29-1) becomes 

(29- 

BT = 1 

»"ere 1 „ g(ve n. The desired T is that function T . satisfying 

(»-4),„h ich minimizes (29-3). muU 1p1ier. Instead of «i 

If solve the problem by means of a L « « > thf u „ con , , t1 0Btl 

’zing ( 29 - 3 ) under the side condition (29 ), 

rain imum of the function 


mini 


f - T 


\ (T.T) - k T (BT - 1) . 


(29-5) 


ere the q-vector k serves as a Lagrange mu1t P . f the differential 

4 A "9t.ss.ny condition for a minimum Is the «««■»«« 

Ot A. 
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d 4 * (T t dT) - k T 0dT * 0 . (29-6) 

Note that we have formed this differential as if T were a vector. Let 
us point out, however, that dT is not an ordinary differential of T , 
but what is called, in the calculus of variations, a first variation, that 
is, a change in the function T , In fact, (29-6) is the Euler equation 
corresponding to the variational problem (29-3). It may be found as follows 
In (29-5) we replace T by T + et , where £ is a small parameter: 

* e = |(T + et, T + et) - k T (BT + eBr - 1) = 

= |(T,T) - k T ( BT - I) + £ e (T.x) + \ e (t.T) - 

- e k A 8 t + e 2 ( t , t ) . 

By symmetry, (t,T) * (T,t) . We then subtract (29-5) and divide by t . 

On letting e ■+ 0 , we thus get 

lim - = (T,t) - k r Bt = 0 , (29-7) 

e-t-o e v 

which is (29-6), with dT = et . 

The function dT in (29-6) is completely arbitrary; it need not even be 
small since a numerical factor does not matter; of course, dT must belong 
to the Hilbert space under consideration. 

By the reproducing property (24-2) there is 

d T ( Q } = (dT{ P) , K( P ,Q) ) (29-8) 

or br i ef ly , 

dT * (dT, K) * ( K , d T ) . (29*8) 


Hence , 

BdT » (Bfc.dT) , 

and (29-6) becomes 

(T,dT) - ( k T BK,dT) - 0 


(29-10) 


s ^* Soluti 


ational Proble m 


° n of a Vari 


24$ 


or 

(T - k T BK, dT) - 0 . 
sifl ce dT is * rb1trar >' th ere must be 
T - k T 8K * 0 




:or 


T = k T BK . 


(29-12) 


This is art important result, 
is nothing else than 


What does it mean? In view of (28-3) this 


= p *P} i (29-13) 

i/ means the operator U applied to the variable P . Now, (29-13) is 
identical to (25-3) and (25-4), with P and Q interchanged and b. - k. . 
Thus, the best approximation for T (Q) is, in fact, a linear combination^ 
of the base functions (25-3)! 

The rest is straightforward . Considering T a scalar, we may transpose 
(29-12); 


T = { BK) T k , 

a nd substitute into (29-4): 
B(8K) T k = 1 . 


The 9 x q matrix 


C = B ( B K} T 


has, 


by (25-18) and (11-14), the elements 


(29-14) 


(29-15) 


(29-16) 
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Now (29-1M may be solved for k = 


k = C _1 1 » 

(29-18) 

so that {29-14) becomes 


T * (BK)V 1 ! » 

(29-19) 

which is identical to (25-17). „„ orirp nf the minimum norm prin- 

We thus have obtained (25-17) as » c.n..,..ne. .f th. 
dole (29-3). IMS Is neither the shortest nor h « { he t< . 

since the condition (29-6) is only necessary u ^ ^ Jtra i!|ht forward 

vantage of the present derivation is t e rea . (Euler equation), 

solution of a variational principle by standard techn, u Eul • * ^ 

Furthermore, it will essentially simplify the trea " ,e " a , 

The case a . a = 1 . As a second step, let “ 5 c °"*' . 8 . 1 , so 

equation (29-1). but put, in the Tikhonov condition (29-2), 

that 

(T,T) + n T D~ 1 n - minimum , 

(29-20) 

to be solved under the side condition (29-1). We thus have to form the un- 
conditional minimum of the function 

.$ = -i( T ,T) + n T D l n - k T {AX + BT + n - 1 ) 

(29-21) 

The differential is 


d* = (T,dT) + n T 0“ 1 dn - k T {AdX + BdT + do) , 

(29-22) 

where dX and dn are ordinary vector differentials. On rearranging * e 
get, using (29-10), 

d» - (T - k T BK, dT) + ( n T D _ 1 - k T }dn - k T AdX * 0 . 

(29-23) 

Since dT, dn, and dX are arbitrary, d$ = 0 can only hold i 

f 

T - k T BK * 0 , 

(29'2 4 ) 


y 
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nV - k T - 0 , (29-25) 

k T A = 0 . (29-26) 

the first equation gives 

T = k T BK , (29-27) 

identical to (29-12) or (29-13), Again t the solution is a linear combination 
of base functions (25-3)1 

The transposition of (29-27) gives 

T = (BK) T k , (29-28) 

so that 

BT * B(BK) T k = Ck , (29-29) 

using the abbreviation (29-16). Eq. (29-25) gives 

n T = k T 0 or n * Dk . (29-30) 

Eq, (29-1) may be written 

1 - AX = BT + n , (29-31) 

and substituting (29-29) and (29-30) we get 

1 - AX = (C + D)k , (29-32) 

so that 

k = (C + D ) “ 1 ( 1 " AX) . (29-33) 

We substitute this into (29-26), transposed as 

A T k * 0 , 


° bt aining 


248 Collocation: Advanced. Aspects 

A t {C ♦ Of 1 ! - A T (C + Of J A* * 0 * 

so that 


X - IA T {C + Of 1 *] V{C + 0)" l 1 . (29-34) 

which determines the parameter vector X . The substitution of {29-33} j nt0 
(29-28} then gives the potential: 

T • (BK) T (C + D f 1 ( 1 - AX) . {29-35} 

The general case. Take finally the general Tikhonov condition (29-2) 

a(T,T) gn T D *n ® minimum (29-36} 

for solving the equation (29-1) 


AX + BT + n = 1 . 

Th* condition (29-36) Is, for « f 0 , equivalent to 
(T,T) , n (jD) *n = minimum , 


(29-3?) 


(29-38} 


so that we only have to replace, in (29-34) and 
Th i s gives 


{29-3 5} , 


0 by aO/8 . 


X = £A T (SC + aDf ^fVfeC + o5) -i 1 
T = {6BK) T ({5C + a0)~ 1 ( 1 - Ax) 


(29-39) 

(29-40) 


which is the solution of (29-37) under the 
(29-36), 


general 


Tikhonov condition 


Obviously, to various ratios a : s th 
weighting between the square of the "f Un corresponds a different 

"error norm", n T D~ 1 n . Pure collocatin' 1 w^ n0rml ’ { T » T > * and ° f the 
n * 0 , fits the solution exactly to the^tT ^ COr,dUion C* 9 " 3 ) artd 
data in the presence of measuring errors k * ThlS unsuited for real 
torted by faithfully reproducing all . cau se then the solution is 4 ]S 

rious oscillations. ur ing errors; we risk to get sp“" 
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j^erefore* some balance between a and e In (29-36) most be found. 
But bow? We might use some trial -and-error procedure, but this does not 
seem very satisfactory. A theoret i cal 1y motivated, in a certain sense op- 
timal, solution to this problem is found by statistical considerations, 
as we shall see in the following section. 

We also mention that the result for the "errorless" condition (29-3) 
cannot be obtained by simply putting a * 1 , e * 0 , as might be expect 
ed at first sight. The essential feature with (29-3) is that n * 0 and 
q = 0 . We , therefore, have to put 0=0 in (29-39) and (29-40). As a 
consequence, 8 cancels then, and we obtain 


X = (A t C 1 A) _l A T C' i l , 
T = ( BK) T C _ 1 ( 1 - AX) . 


(29-41) 

(29-42) 


For A = 0 (no systematic parameters), the last equation reduces to 
(29-19) as it should. 

A final word on the solution of these variational principles by an 
Euler equation. Any Euler equation gives only a necessary, not a suffi- 
cient, condition for a minimum. It is not too difficult to show that our 
solutions do indeed give a minimum. The proof goes along well-known lines, 
by an extension of the reasoning on pp. 119-121 and pp. 207-209. 


30 , LEAST-SQUARES COLLOCATION AND RELATED MODELS 

The solution of the variational problem defined by (29-1) and (29-2) 
f or a = $ = l ; 


AX t BT + n = 1 » 

( T , T } + n T D' 1 n * minimum 


(30-1) 

(30-2) 


has been found to be given by (29-34) and (29-35). On substituting 


C + D 


C +■ C 
tt nn 


(30-3) 


we m y write (29-35) as 


T * (BK) T ^ _1 (1 - AX) . 


(30-4) 
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The substitution (30-3) is motivated as follows, 
we put 


In agreement with 


( 14 * 5 ) 


9T * t , 

In sec. 25 we have had 1 * BT > t since there was n 
Hence (25-19) and (29-16) give 


O0-5) 

0 and X * o . 


B(BK) T . c tt = c 


(30-6) 


which. 

Any 


together with (14-36) and (16-29) explains (30-3), 

signal is a linear functional of T in agreement with 


(25-43): 


$ 


k 


V * 


(30-7) 


for the m-vector s = [sj we may write 
s « ST , 

where 


(30-6) 


$ = 




(30-9) 


is a linear operator S : H -+ R m 

space H of harmonic functions and 
The application of S to (30-4) 


since T l s an element of a Hilbert 
s e R m , 

gives 


s * S { B K ) T C~ 1 ( 1 - AX) . 

How S(8 K) t is simply the matrix with elements (14-30): 

s(bk) t - ,c it , 


(30-10) 


i(30-ll) 


so that, together with (29-34), W e get 


SO. Leaet-Squaree Collocation and Belated Models 251 


X - (A T r 1 AJ" 1 A T r *1 , 

s « C^r‘0 - AX) . 


(30-12) 

(30-13) 


Noting that X and $ are estimates X and s , we see that these 
two equations are Identical to the basic 1 east- squares collocation equa- 
tions (16-36) and (16-37). In sec. 16 we have derived these equations from 
the finite minimum principle 


s T C~ l s + n T D~ 1 n a minimum * 


(30-14) 


s being the finite vector (16-11), whereas in sec. 29, T has been treat- 
ed as an element in Hilbert space, the condition (30-2) being a variational 

principle for the unknown function T . 

It is in order now to compare the two approaches. The approach of sec. 

,6 was elementary in the sense that only finite matrix operations were used. 
It was rigorous since no approximations were involved, but it was not fully 
satisfying as, for instance, the discussions on pp . 117-119 show. n ac , 
What essentially we look for is the full anomalous gravity f, Id. t at s. 
fur the fusion T . and T is an element of an inf 1 n, tely-dimens ional 

function space, of a Hilbert space. /ipttino 

Thus, even in finite matrix formulas such as (30-6) and (30-7) ( g 

the vector s comprise only those finitely many signals we are computing) . 

. . ihltf in the background i to use another metaphor, 

Hilbert space lurks invisibly m a 

+ thP finite-dimensional surface of infinitely- 
these formulas represent the t 

dimensional Hilbert space. i>Ak . . _ ffnrt tn fal- 

ia in a sense, an acrobatic effort to (ai 

The treatment of sec. 16 was, finifp matrices 

. . unhort r nace , working only with finite matrices. 

- *- — ■ - a deeper under ' 

standing reguires the genuine ^^^^^“'permits an interpreta- 

tioi\r;::;::; q r ;,::; « • — — * n sn ,n - 

f i ni tely-di mens i ona 1 space. In fact, put 

(30-15) 


v => 


Since 

s Pace 


is an element of the product 


Teh and see wMcB is also a Hilbert space 

111 ' (see the footnote on p.2Z2)‘ 

Wl th norm 
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(Mi 2 - ||Tii 2 + INI* 


(T,T) * n T 0" 1 n . 


8y means of the operator N ; H k i 4 ♦ , defined by 


(30- l6) 


where 


M » tB 1} 
is the q x q 
AX + Mv *= 1 , 


( 30 ' 17 ) 

unit matrix, we may write {30-1} In the form 

( 30 - 18 ) 


to be solved under the least-squares condition 


2 

l(v|! = minimum , 


If v were a simple vector, then (30-18) together with (30-19) would be 
ordinary least-squares adjustment by condition equations with parameters; 
now we have an i nfi ni tel y-d imens i orsa 1 analogue, Cf. also (Krarup, 1969, 

pp.39 41), (Hummel, 1976), (Ecker, 1977), and the remarks at the end of 
sec, 25. 

The present Hilbert space treatment also avoids the objections against 
an interpretation as a f1nit e -dim e osional adjustment problem mentioned on 
pp. 117- 118 . In fact, the infinite vector v given by (30-15) enters fully 

both in the condition equations (30-18) and the least-squares condition 
(30-19). 

It might be asked whether the infinite dimensionality of Hilbert space 
is essential to the problem. Operations in Hilbert space show formal simi- 
larities with operations in finite-dimensional space Put are qualitatively 
different, just as differential equations are qualitatively different fro. 
difference equations although there are formal similarities 

It is true that the gravity field at satel.ite elevation^ can be ade- 
quately described by a spherical -harmonic expansion truncated at a suf- 
ficiently high degree; the coefficients of such a development do for. a 
finite-dimensional vector. Thus, if „ exclusively work at satellite alti- 
tudes, we might, in fact, replace Hilbert space by a finite-dimensional 
space, without essentially impairing the accuracy 

This situation changes essentially if we consider the gravity field at 
the earth's surface by including terrestrial observations such as gravity 
anomalies or deflections of the vertical. The detailed gravity field at 
the earth's surface cannot be adequately described by a spheri ca 1 -harmonic 
expansion, neither from a theoretical point of v i ew-- because the conver- 
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cannot be guaranteed--nor from a practical point of view--because , 
^at a'* possible, such an expansion would require an excessively high 
^ 0 f terms, which is beyond the capacity of any present digital com- 

PIJ Hence, the general replacement of Hilbert space by a finite-dimensional 
space is neither theoretically adequate nor practically feasible. 

Nor is it necessary since, as we have seen, the final collocation equa 
tions are finite-dimensional matrix formulas; the Hilbert space character 
expresses itself only in the fact that covariances are propagated, not by 
matrix operations, but by linear operations {such as differenti ation) of 
covariance functions. 

Geometrical Interpretation . The geometrical interpretation of the pre 
sent model is quite similar as that of -pure" collocation without noise as 

given in sec. 25. 

So far, M has been a Hilbert space of harmonic functions. It a 

„ .ore convenient and completely equivalent to consider H as a Hilbert 
space ef infinite sequences s S i.en by ,25-24). This is more _ 

because in this way we can work with (infinite) matrices ins ead op 
tors, and it is equivalent beceuse of the isomorphism (25-29). 

Thus (30-1) becomes 


AX + Bs + n = 1 


(30-20) 


. r , y and n are the same as before: 1 

The matrix A and th6 the q observations, X is a p-vector 

is e given q-vector «»<•"* p ^ eters , „ is an unknown q-vector 

(p < q) consisting op . given q x p matrix. In- 

comprising random measuring e ^;^ ector $ consist ing, e.g., of the 
stead of T we now have the . ts of the potential T , and 

infinite set of spherical -harmonic coeffl ^^ 

the given operator B is now 3 * * ‘ti 0 ^ 1 ^ parameters can easily be 

This case of least-squares co ^ parft(t!eters , by eliminating the 

Educed to the corresponding ca equations {30-20). Then we are 

P parameters from the system of q * 

1ef t with a system of q * P 


f f near equations, which may be written in the 


form 


(30-21) 


Ms + Nn * y 


Pt *tting 


P - P * r , 


(30-22) 
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which is a positive integer, we see that y 
r x • matrix, and N is a r x q ">a rix. 
let v be the infinite vector comprising 


is a given r-vector, m 
both noise and signal: 


is a 


v * [ n ^ n 2 



(30-23) 


It may be considered as a vector in the product space R q * H , the nor, 
being given by 


l|v|| J * llsll 2 ♦ HI 2 . (30 ' u 

This is the same as (30-16) in view of (25-35); note that s is now 
the infinite vector (25-24) and not the finite vector (16-11} entering in 
(30-14), Hence (30-19) is the same as 


Hvjl 2 = minimum (30-25) 

also in the present definition of v by (30-23), 

Now (30-21) may be abbreviated as 

Rv = y . (30-26) 

This system of r = q - p equations has exactly the same structure as the 
system (21-31), 

Bs = 1 , 

of which the solution is given by (21-33) or (25-26), with s replaced by 
v , and the condition 


Jj s jj 2 = minimum 
replaced by (30-25). 

Thus we can directly take over to the present case the geometrical in- 
terpretations discussed in sec. 25: minimum norm, cf. Fig. 25,1, and mini- 
mum error norm, cf . Fig. 25.3, which correspond to the classical Gaussian 
conditions, 1 ea s t - squares and minimum variance. 

The geometrical meaning of the least-squares collocation problem def^ ned 
by (30-1) and (30-2) (or, equivalently, by (30-26) and (30-25)) may thus te 
formulated in two ways: 
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i. Mint 


-un nori. In the product space R q x H , find the shortest dU- 


rC# fro* the origin to the hyperplane { 0 in Fig. 25-1) of codi- 


t* 
tl 


r ■ 0 * Q » defined by the observation equations (30-1) or, equi- 
;«rtly. by (30-26) . 

2 .vint-n* error norm. In the dual space to * H , orthogonally pro- 

ject the functionals to be determined, onto the r-di*ensional subspace 

v “ 

5 -jnned by the given functionals foraing the vector y (corresponding to 
t»e swbspace H^ in Fig. 25. 3). 

Statistical interpretation. As we have repeatedly pointed out, especially 
ir sec. 12, least-squares collocation has an analytical and a statistical 
asoect, both of which are fundamental. The analytical structure forms the 
fire skeleton of the method and must, therefore, be correct. Hence we have 
new derived the least-squares collocation formulas in a purely analytical 
vay, starting from the observations and using a variational principle. In 
a «ay, it was an exercise in Hilbert space geometry. 

The kernel function K(P,Q) and the matrix 0 defining the metric in 
t*te various spaces used have been arbitrary in principle. However, statis- 
tics serves as a guide for the proper choice of the function K and the 
matrix 0 by interpreting them as covariances. Therefore, we shall use the 
following sections for a detailed study of the statistical aspects. 

Let us here only note that if K(P,Q) is interpreted as the covariance 
faction for the potential T and 0 as the covariance matrix for the 
noise n , then the parameters a and & in (29-2) must both be equal to 
ere; cf. secs. 16 and 17. 

A-oriori weiants r parameters * Let us now return to the variational 
principle (28-23). Without loss of generality we put again a = S = 1 be- 
cause, even if a 4 1 / S , we may absorb these constants in the kernel 
faction and in the weight matrices P and Q . Then (28-23) becomes with 
9 = D " 1 . 


(T,T) + n T D“ 1 n + X T PX = minimum . (30-27) 

Thi s variational principle can now be treated in exactly the same manner 
as the condition (29-20) in sec. 29. We form 

. . I (T>T) ,1„V, , |x T P» - k T (»x.6T.n-l) (30-28) 

** get for the differential 

dt = (T . k T BK, dT) + (n T 0“ l - k T )dn + (X T P - k T A)dX . 


(30-29) 
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The condition d$ ■ 0 leads to three equations, two of which are Identical 
to (29-24) and (29-25), whereas the third becomes 

X T f> - k T A * 0 , (30-30) 

replacing (29-26). The reasoning from (29-27) until (29-33) remains un- 
changed, We now write (29-33) as 

k = £ -1 (l - AX) (30-31) 

and (30-30) as 

X = P’ l A T k , (30-32) 


whence 


X =• P~ 1 A t C - 1 ( 1 - AX) . 

This is solved for X to obtain 

X = ( A T C"~ 1 A + P) _ 1 A T r l l . ( 30 - 33 ) 

The matrix P may be interpreted statistically as an a-priori weight 
matrix for the parameter vector X , This is sometimes used in least- 
squares adjustment, too; cf,(Wolf, 1968, p.525). Such a technique has also 
been applied, e.g., in (Lerch et al . , 1977). 

It is immediately seen that (29-35) remains unchanged. Thus, the only 
effect of replacing the variational principle(30-2) by (30-27) is to re- 
place the parameter estimation equation (30-12) by (30-33); the signal 
estimation equation (30-13) remains the same. 

A related and even more general treatment may be found in {Dermanis, 
1978). Another method related to collocation is B j er hammar 1 s (1975) "re- 
flexive prediction". The paper (Wolf, 1977} contains a clear account of 
relations between adjustment, "discrete collocation" (with a finite-dimen- 
sional space instead of Hilbert space), and reflexive prediction. For a 
comparison between Bjerhammar 1 s method and least-squares collocation cf- 
(Sjbberg, 1978), 

Why collocation? For the operational approach to physical geodesy, 
which we have pursued from sec. 26, starting from the available geodetic 


*f>, J.tf.iiH -Vii/hJir'i* Col l or at ion and Related Model* 25? 


tQ lh * P rt%#nt P‘ ilnL • thtr* ft n #tt*rnativ* to con ocat. ton? 
s,, *' Ur that |U fflft«»ur*m«nU »r« nonlintar functionals of th* potto- 

** M ^y *rul of ctrtoln p»r«i»«Uri, which attar linearization become linear 
1,1 t(lin4 u of J and * I this loads necessarily to the linear system of 
fU,1t rval equation* As we have pointed out on p. 85, collocation 

mathematical tense Is the approximation of a function by fitting an 
' n tlca! expression to q given linear functional^ for a very simple 
'^Irnple see (Moritz and Stlnkel, 1978, p.32), 

* col location methods are used in applied mathematics for the approx- 

imate solution of differential equations, etc. There the functionals are 
sually supposed to be given in a mathematical 1 y exact way, and the analyt- 
ical expression is required to fit these data exactly. 

Such a "pure" or "mathematical 4 ' collocation is. In general, not ade- 
quately applicable to our present geodetic problem, in view of the in- 
evitable random measuring errors (noise). An exception is, for instance, 

Last- squares Interpolation of gravity anomalies (Interpolation is a special 
case of collocation, in which the functionals are simply the values of tne 
function at discrete points)! here, the measuring arrors of gravity are con- 
sidered to be negligibly small. Generally, measuring errors, or “noise , 

„„st be suitably taken into account: we have a problem of "collocation with 
noise". (This is true for the linearized problem, but may be said to bold 
for the original nonlinear problem because measurements, by their very 
nature, are nonlinear functionals of V and X , and the notion o colloca- 

, . u_ a natural wav, also to the fitting of nonlinear 
tion may be extended, in a natural way, 

functionals.) ^ .. , 

Thus the operational approach to physic., geodesy, . ar ng fro. the 

-easurements, inevitably leads to a collocation problem (with no se , V a 
can be chosen in different ways, is the analytical expression for ap i- 
the potential. Let us. therefore, consider some alternative possi- 

b "' t,eS ' .. besides kernel functions, many other func- 

Alternative baee functions. B , ? r 

,. for expressions such as (Z5-A), 

tions can be used as base function 


T(P) i l b 1 * i (P) • 

1=1 


(30-34) 


t T we only mention polynomials in 

bproximati ng the anomalous potenti * in tri gono metr i c tnter- 

0 ynomial interpolation, trigonome ric , DD i Rations , multiquadric 

Dolat ion and approximation and. in geo e i c ■ faction* and other 

-«-ns (Hardy , ,97*,. Particularly u a * wlth kerne , 

f ”"‘e ele« nts , for an elementary discussion and P 
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functions cf, (Moritz, 1978b). An interesting geodetic application of 
spline functions Is to a fast computation of covariance functions 
1978b) . ’ * 

These functions can be very well suited for particular application', 
but they cannot be used to solve the general operational problem of phy;i 
cal geodesy because they are not harmonic outside the earth, which is re- 
quired for approximating the potential T . 

Spherical harmonic functions can be used to represent the potential, 
and they are, in fact, fundamental for this purpose. From a practical point 
of view, they are particularly suited for representing the global field at 
satellite altitudes. The sample functions of Giacaglia and lundquist (197?) 
are finite linear combinations of spherical harmonics In a form convenient 
for certain purposes. For local representations of the detailed gravity 
field, however, spherical harmonics are not applicable. This excludes their 
use as base functions in the present general context. 

Kernel functions can equally well be used for local and global purposes; 
this explains their application in our general operational approach. 

Choice of norm. Let us finally return to the Tikhonov principle (28-22). 
Why did we use quadratic norms, arriving at (28-23)? The reason is simplic- 
ity: only then will we get a linear variational (Euler) equation, leading 
to a linear combination of base functions. 

This motivates the use of a quadratic norm, which is the inner product 
of T with itself: 

H, 

iiTli 2 = (T.T) , 

that is, the use of Hilbert space. But why a Hilbert space with kernel 
functions, not some other Hilbert space? 

The reason is that only then the Euler equation will, in fact, lead to 
a linear combination (12-11) of base functions. Let us illustrate this by 
means of a counterexample. If we restrict ourselves to the interpolation 
of functions f defined on a sphere a , then a very obvious choice of 
norm would be the L 2 norm 

llfll 2 ■ (f.f) ■ ;/f 2 da . ,30-35) 

0 

do being the surface element of the sphere. The Hilbert space so defined 
does not have a kernel function in the proper sense; however, it may be 
considered as a Hilbert space with a "generalized" kernel function, which 
is a Dirac delta function defined as a two-dimensional analogue of (4-22)* 
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6<p.Q) ■ MQ.P) . 


6(P»Q) » 0 if p i q , 
J/6(P.Q)<Jo p ■ 1 for fixed Q 


(30-36) 


Then 


(30-37) 


(f{P), K. ( P , Q ) ) = (f(P), 5(P ,Q) > * J/f(P)«(P.Q)do p - 

0 

= f(Q)//«(P.Q)do p » f ( Q ) . 

a 

in agreement with the definition (24-2). 

For our interpolation on the sphere we thus have, by (25 3), 

♦ j(P) = <S(P*P 3 ) • 

the interpolation points. The interpo- 
These "functions" are aero outage ‘ he P _ has _ therefore , p ro- 

lation function, the linear combine ion ^ ^ wh1ch ttie functional 

perty that it is zero everywhere outsi 

values are given; there ("““^’"^t'only quadratic norms with ter- 

This simple example will illustra 

»el functions can be used. function norm is a natural ex- 

In sec. 24 we have seen tj quadr atic norm 

tension, to Hilbert space, or 


xV 1 * , 


. . , Of vectors « <" * 

t positive definite regular m 

.. . ... 4 not/ i tably leads to 

‘lonal space. 


isitive aerinttrc • 

* * t ^ h 1 V ^ 0 ji C* 5 t-v 

ir,al s P ace * , th a quadratic norm m « v1 obtained 

’ hu s* the Tikhonov approach wi base functions cann 

^ion with kernel functions, 

■ his 


ocat- 


way. 
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. Advanced 


31. STOCHASTIC PROCESSES ON THE CIRCLE 


• _ discuss stati stical aspects of col- 

In the following sections we Shall 

„ eh »n consider some stochastic processes on 
location. In particular* we shall consider 

th, sphere whicn might he spite- as statistic! node, s or t a th , 
gravitational field; the treatment closely follows (Hor ta , O- s a 
preparation, let us first look at stochastic processes on the circle,, hich 
are considerably simpler and already show essential theoretical features. 

* continuous and continuously differentiable function f(t) on the unit 
circle 0 * t < 2* can be expanded into a uniformly convergent Fourier 
series (Smirnow, 1966* p.417): 


f(t) * l (a x cos kt + b^sinkt) , { 31_ 1) 

k«Q 

where a and b are coefficients; since sin kt = 0 for k = 0 , & 0 

k k 

is arbitrary and will be put equal to zero. 

This representation defines f(t) also for arbitrary real t 
(-oe < t < -) as a periodic function: 

f(t ± 2k* ) = f(t) » k = 1* 2, 3, ... { 3 i-2 ) 

In view of the well-known orthogonality relatione of the trigonometric 
f uncti ons : 


2* 1 

/ cos kt cos ltdt = 0 if k f 1 , 

o 

2 * 

|sinktsinltdt = 0 if k^l, 

o 

2* 

/ cos ktsin ltdt * 0 always , 
o 

2t 2 2 * 2 

/ cos ktdt * / $in ktdt = * if k > 0 
o o 


the coefficients of the series (31-1) are given by 


'o’k! f (t)dt , 


(31-3) 



»'• s lo „ h „. llo Pr00 '"" 


2w 


■ T / f(t)c.,kt« u k>Qi 

l ^ 

b x *T J f {t)s1n ktdt if k 4 0 
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(31*4) 


The function, defined in the hy-plane 


outside and on the unit circle. 


f(x.y) = r k ( V os kt + b^sinkt) 


( 31 - 5 ) 


wi th 


r 



t * arctan ^ 
x 


(31-6} 


being polar coordinates, reduces on 
is readily seen to be harmonic for 


the unit circle r = 1 to (31-1) and 
r > ^ * satisfying Laplace's equation 




= 0 . 


(31-7) 


^ thus have a very simple one-to-one relation between the function ( 3 l-n 
efmed on the unit circle and the harmonic function (31-5) defined out- 
side, it will therefore be sufficient in the sequel to limit our study to 


A stochastic process, or random function , on the circle is a function 
t,w * which depends , in addition to t , on a parameter which repre- 
sents a "random choice". For any fixed value u * ^ we get a function 

for ^ ° f * ° nly ’ Which Under the above " (S,en tioned assumptions has the 

rm (31-1); different w, give different functions of t of form m i\ 
which 1 ,orni w 1 ' 1 ). 

are considered as different “realizations" of the random process 
( 1 |«| , 


1 ^stance , w may denote the numbers 1, 2, 3, 4, 5, 6 , so that 
toine^ den ° teS 6 functions of form (31-i). By throwing a die we can deter- 
thi s ^ ^ e * 3 * <« 1 s 5 ) and the function f(t,to 1 ) associated with it; 

explain the term, random function. 

8 P«- e a ner ally, B i s a point in some probability space, or sample 
$ 0 *. . ’ ^ * In this space we define a measure, such that measurable sub- 

^ Of n a 

are associated with events, the measure of a subset denoting 
Ability of the corresponding event. The measure of a itself is 1. 




*«*. 
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let us illustrate this wen-known fact, which can be found in dri y 
book on probability (the author's favorite is (feller, 1957, 1966)) 
means of the example just given, the throw of a die. Probability S p a ^ 
is the set of the six integers (1, 2, 3, 4, 5, 6} . Any of these ‘ * 
say 4 , forms a subset of fl , denoted by {4} . This subset corre te ^ ert ’ 
to the event of throwing the face "4". To each of the subsets m POn<ls 
• * • * associate the same measure 1/6 . The event of throwi 


or a 4 “ corresponds to the sum of the sets (2) and {4} a n d has 
bility equal to the sum of the individual probabl 1 1 1 i es : P ° ba * 


bg a "jo 


1 * 1 

6 (5 * 


The event 0 f throwing a 
has the probability 


or a 


certa' S ’th erU ’" ty ' “ '* '" USt be f ™ an Point of view; it ts 

t/r r ,i " to " 6 ” 

reason for demanding that the total measure of o is 1 
In th,, sii.pl, example „ have 6 possible choices, or "sample 

m choices - — 

tot os return to our case of a random function „„ cjrcl5 


f = f ( t ,») , 


o S t < 2„ , 
id e a , 


(31-8) 


n denoting a general probability space which ui n 

on. To get these simple but basic concepts firmly f ^ ^ 

state again the meaning of the two arguments tad ^ ^ ^ 

different terms. 1 a d w * usin 9 slightly 

The variable t is the space variably defininn 
Physical space. This beco.es immediately evident !"! " 

that the circle is a simplified analogue to the /" * ^ 
a point on the circle, defined by t terrestrial sphere, so th, 

surface. * corres P°nds to a point on the eartf 

On the other hand, w , so to soeak h., . 

dom choice. In statistical mechanics th l ChanCe: U defin<?S * 

4 the probability space ft is cal led 
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^ ha$t s pace\ we shall sometimes find this terminology convenient and call 
a phase variable. Anyway, » serves as a kind of "random label" to 
di$tingu ? sh one realization {or sample function ) f(t,« ) of our stochas- 

tic process from another realization f(t,w 2 ) , both sample functions be- 
ing functions of t only, since or u are constants, 

Generally speaking, a quantity depending on w is called a random oari- 
-tifi. This explains the name, random function, for a function f(t,w) of 
t that depends, in addition, on "chance" w . 

Let us expand such a random function on the circle into a Fourier se- 
ries (31-1) with respect to t . We have 


f{t,«) a l [a (u)cos kt + b.(w)sinkt) ; (31-9) 

k = 0 h 

clearly, the coefficients a, and b, will now be random variables de- 

k k 

pending on w . By (31-4) they are given by 


1 2lT 

a q ( w ) - 2 ^ / f ( t , w ) d t , 

o 

\ 2 11 

a k (u) = ~ / f(t,w)co$ kt dt , k > 0 , 
71 o 

and similarly for b («} . 


(31-10) 


V) 

' THE COVARIANCE FUNCTION 

Consider the values of a random function f at two different positions. 
artd t + s (Fig. 32.1) and form their product: 


f (t)f (t + s) 


(32-1) 


the 


de Pen<Jence on w will always be understood even if not explicitly 
th , tBn * A Suitatl ly defined average of the product (32-1) is nothing else 
, f{t * e °^rianoe function corresponding to the random function f(t) * 

(u * ’t depends on the distance s and, possibly, also on t and 
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00 

c(s,t) • E \ l U^COS kt + b R sinkt] 

• J ta^cosl (t + s) + bj^slol (t+s) j| 

i*o * 

■ E te [ v L cos kt cosl { t+s ) + b^b x s i n kt s i nl { t + s ) ♦ 

+ a k b 1 cos ktsin 1 (t+s) + b^^sin kt cos 1 (t + s)]j . (32-5) 


The formal multiplication of the two Fourier series is justified since, by 
our assumption, they are uniformly convergent. For the same reason, we can 
perform the integration E term by term. 

We shall now make the fundamental assumption that the Fourier coeffi- 
cients are all statistically uncorrelated, that is, that all covariances 
between different coefficients vanish: 


lEt Vi } = 0 
EI W ■ 0 

El \ b l> ■ 0 

* e further assume that 
equal : 


if 

k 

f 1 , 

if 

k 

t 1 , 

a 1 way s 



variances of a k and 


(32-6) 


b k , for each k , are 




^en 


(32-sj becomes 


(32-7) 


In 


lh 


c U,t) * l (E{a*}cos kt cos k (t+s) + 
k-O k 

+ E{b k ) si n kt si n k (t+s ) ) ■ 

V1 ** {32 7 \ 

^‘-7) and of the identity 
Cos kt cos k (t+s) + sin kt sin k (t + s) * cos ks 


(32-8) 


U ff 


n »Uy 


re duces to 


266 Collocation: Advanced Aspect* 

BP 

C (s ) * l c k cos kS , 

k-O 


(32-9) 


Which shows that the covariance function then depends on the distance s 
only. This function will be called the (true) covariance function. 

The empirical covariance function. In practice, one frequently has onl, 
one realization of a stochastic process 

f(t) * f(t,w) , w - const. (32-10) 

The quest ion is whether it is possible to estimate the covariance function 

using this one sample function only. 

In this case we cannot form the statistical expectation E , the phase 
average (if probability space ft is denoted as phase space); instead, we 
form an average over t , the space average M (for stochastic processes 

on the real line, -■ < t < ■ , t may be interpreted as time, so that Pi 

will be a "time average"). The space average M of (32-1) is defined as 


] 

r ($) = M{ f ( t } f ( t+s ) } = ~ J f ( t )f ( t+s ) d t , (32-11) 

c o 

f(t) being, as always, understood as a periodic function (31-2). The func- 
tion r(s) is called the empirical covariance function. 

In analogy to (32-3) we have the condition 

2 IT 

Mtf(t)} = / f(t)dt = 0 , (32-12) 

o 

which means by (31-4) that 

a 0 = 0 * i{32-13) 

This is not an essential restriction since we can always replace f(t) b * 
f(t) - a Q , for which the zero-order coefficient Is, in fact, zero. Thus 
we may assume (32-13) to hold. 

Then the sum in (31-1) begins with k = 1 , and substituting this series 
into (32-11) we get 
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j * 

r C s ) * 77 / I la.cos kt + b.sin kt] . 

O k* l k 1 


* It * l c os1(t+s) + b 1 sin 1 ( t + s ) ] d t 


| ® 2 IT 

= 27 E I / [a a cos kt co$Ht+s) + 
+ b K b l si n lit s ini (t + s ) + 
+ a k b 1 cos kt sinl (t+s) + 


+ b k a l sin kt cosl (t+s) ]dt , 


the formal operations (series multiplication and termwise integration) are 
again justified by uniform convergence. 

The orthogonality relations {31-3} give at once: 


i " r , 2 * 

r(s) = 2^ l a k /cosktcosk(t+s)dt + 

k= 1 L 0 
2 2ir 

+ / sin kt sin k (t+s)dt + 

k o 

2 IT 


( 32 - 14 ) 


+ / cos kt sin k (t+s ) d t + 


o 

2 it 


+ a b / si n kt cos k { t + s ) d t 
k o 


Slnce ® 1 1 products of trigonometric functions for k ^ 1 vanish after 

■"itegration . 

further have 


2n 

/cos kt cos k (t+s )dt - 
o 

2 7f 

3 / (cos 2 kt cos ks - cos kt sin kt sin ks )dt = * cos ks , 

o 

(31-3), and similarly 

2 u 

/sinktsink(t + s)dt - it cos ks . 
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Fin*lly, 


/ l cos ktsink(t + s) + s 1 n kt cos k ( t + s ) Id t * 
o 

» » 

• /sink (2U$)dt - 0 . 

o 

Hence {32- 14) reduces to 


r ( s ) * | E (a k + &^)cos 

k-l * 


(32-15) 


This is the Fourier expansion of 
view of (32-10), the function f{t) 
b k depend on « ; 


the empirical covariance function. I n 
and its Fourier coefficients a^ and 


a 


k 


a k U) • 



b k (“) • 


(32-16) 


Hence, also r(s) depends on „ 
plicitly; 


SO that {32-15) can be written a,ore ex 


r {s ,-') * l Yv(w)C0S ks 
k*l 


(32-17) 


where 





(32-18) 


Let us now compare the empirical covarian^ , 
with the true covariance function ( 32 - 9 \ F ■ Unctl0n ^ 32 ' 1 
(32-18) we have ‘ ormin 9 the expecta 


(32-17) 
E of 


E <V 


E{ T k <“) } = | 


1 

7 




SO that fay (32-7) 


JJ. ffi’i/otJid Vroo 
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in* 


<X 


peC t*tion of (32-W) \\ 


t(r(s,«) ) 


l EtY k {u>)koslis 

H “ l 


* l c. cos ks 

K-l 


t 


so that 


E ( r ( s ) 3 • C ( s ) , 


( 32 - 20 ) 


the expectation of the empirical intror function to the true covariance 

function. In statistical terms* the empirical covariance function is an un- 
biased estimate of the true covariance function. 

It would be particularly desirable if the empirical covariance function 
is identical to the true covariance function, or If the two functions are 
equal at least for almost all u (that is, for all w with the possible 
exception of a set of measure zero). In this case, the covariance function 
can be exactly estimated from one realization of the stochastic process 
f{t lW ) , that is, from one sample function w - const. This is the case 

of ergodiaity . 

This name has been taken from statistical mechanics, where it means that 
a time average Is the same as the corresponding phase average. In our case, 
the space average M of f(t)f(t*s) should be equal to the phase average 

£ of this product. 

Obviously, ergodlcity is a very special case. aid the question arises 
whether it is possible et all. This question will be answered posm.ely 

in the next section. 


3. ERG0D1C PROCESSES ON THE CIRCLE 


The 


mni H ca i covariance function r(s,w) coincides, 
Case iri wh1ch thfi en1p1r -,-v has been called ergodiaity 

ir almost all « , with the true one, coefficients of the respective 

' the Preceding section. By comparing e recessary and sufficient 

-ier expansions (32-9) and (32-15) we get the 
Edition for ergodieity in this sense: 

(33-1) 


a ?(w) 


b?(«) - 2 c, 


f Or 


allt *ost all 
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The ...m.g of this co-dltlor, should be carefully kept to .tod. To, 
C0.fftct.0ts c„ . defined by (32-7). ere given nonrandom «»««*.. 
th, coefficients e k and b. on the l.fth.nd side ere, however, fun- 
ttons of w and hence random variablnB. Thus the condition (33 1) Is 
certainly very restrictive. 

It should be recalled that we have derived {33-1) under the assumption 
of uniform convergence of the Fourier series for f(t,w) . This assump- 
tion is not essential; for a proof under more general conditions (inte- 
grability) see (Zygmund, 1968, pp. 36-37). 

laurit adfti 'a theorem. In particular, it is impossible to satisfy the 
ergodicity condition by a stochastic process defined by (31-9) with * k ('j) 
and b k (w) being uncorrelated and normally distributed (Gaussian) sto- 
chastic variables of zero expectation. This has been proved by Lauritzen 
(1973, p.65) by explicitly calculating the variance of the empirical co- 
variance function r(t,«) and showing that it is non-zero. (For ergodic 
processes this variance is evidently zero.) 

For us, Lauritzen’s theorem is an obvious, almost elementary conse- 
quence of (33-1). For Gaussian random variables, uncorrelatednese is equi- 
valent to statistical independence. Hence (32-6) implies that all a^ and 
b k are statistically independent random variables. If the functions 
a k (w) and b k (u) can vary independently of each other, then (33-1) can 
be violated at will. £q. (33-1) would only be satisfied if 

a k (^) = const. , b k (to) * const. (33-2) 

for almost all u , which is incompatible with zero expectation (32-4). 
These contradictions prove the theorem. 

Lauritzen s theorem may be concisely, though somewhat loosely, formu- 
lated thus: a Gaussian random process on the circle cannot be ergodic. 
Looking for an ergodic process, we must, therefore, consider non-Gaussian 
processes. The a^ and b k will be uncorrelated, but not necessarily 
statistically independent. It is known that statistical independence im- 
plies uncorrel atedness; the converse is true only for normal processes. 

Brgodic processes: first example. Let the coefficients a and t> k • 
for different k , be statistically independent; for the sam£ k , a, 
and b k will only be uncorrel ated , in agreement with the third equation 
of (32-6). To satisfy the ergodicity condition (33-1), we take 
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p rvt>ni mit 


\ ’ /2c h C05 “k • 

b k * ^ 2c k s,n “ k . (ll-l) 


.ne r « », ,s J random variable uniformly dutrih . 

0 > “k < 2 ’ '. ThiS mean5 th » ‘1. Probability 

the form of Fig, 33.1. Geometrically, a » '"fc 0 *** 

Fig. 33 . 2 . We have a random vector with !„«, " * #r * repr * s#nt « d *" 

Ungth / 2 c k but with randomly variable * 2 iI"Ih tS u U Nh kl 

this vector thus describes a circle An ‘ h * * nd po!ftt of 

to a random choice of „ . The probabil t°'th ° f tlle C ' rC '* c “ rr *'Ponda 

tor fol Is onto the arc X, is pri or i I *'" ,N P °‘ nt * f «• •«' 

(6-o)/ 2. . corresponding to the shaded all, tl 

i::i:irr:rr;;i; 1 r;r“;-:^--y- - «. 

Should be. 2 /2 1 ’ ’' ame,y tortalnty. ,, it 


flSURE 33.1. 



Thu^ thn * 

bu* e Coeff icients a. and b. are clearly statistically dependent, 

1 ire u It K 

still uncorrelated? We have 


%C fc0 



“k < 2 " 


( 33 - 5 ) 


sin "k Z7 % 


■ d™ = o 

k k > 


( 33 - 6 ) 


■ uncorrel ated . This provides a simple 

andom variables can be uncorrelated 
ependent. 

^ a k*^k^ have been supposed to be inde- 
k e uniformly distributed, independent 
■ sa y* and . Each <i> varies 


K J * vu * 

2 ’ ■ ^ * Laun (u- i v 1 ' ” 

(unit) circle. Since the joint proba 
^random variables is the cartesian product 
paces, the joint probability space of 






fro***," 


° n CIpqIq 2jj 


& V 


H the cartnUn product of two cirri 

"If "l*!* *1 W " ! U th * produ «t of n ”'lrcu **'"* pf ° b * bm *> 

»P* f< courier seHes of tlie function f( t u s , \ 

n . i,. -- 

,hUi re ’“' r,s ,n,,nu '*» ■•"» 

* n * * , ... Th « probability space f or fi ttW v u f - . of 

V^'pcodoct of Infinitely many circles, or . 

vector 


u 3 * ‘.'1 * 


(33-7) 


u being independently uniformly distributed. 

Finally we prove that if one sample function of our present ergodic pro- 
cess has a uniformly convergent Fourier series, then this will hold for all 
s5ffi ple functions of this process. Since the absolute values of sine and co- 
sine are, at most, equal to 1 , the Fourier series (31-1), with a Q • 0 , 
has the majorant 


I (|a R | + i \\) ■ (33-8) 

k=> 1 

Convergence of this majorant series is clearly sufficient for uniform con- 
vergence of our Fourier series; that it is also necessary is a consequence 
of the Theorem of Denjoy-Lusin (Zygmund, 1968, p.232). 

Since 


v£ 2~7 b 2 S j a | + lb i £ 2 /a 2 + b 2 , (33-9) 

convergence of (33-8) is logically equivalent to the convergence of 


(33-10) 


w Mch 

form 


I + t>l = I /2c * 

k«i k-1 

and sufficient condition for the uni- 
1 is, therefore, also a necessary and s flence 0 f 

convergence of o U r Fourier series. Therefore. “"’ for " c 9 

the F °-ier series of one sample function 1-pUe. ««" 9* " • * _ 9 

^"1 side of ( 33 - 10 ). Since this right-hand side does no^ ^ 

. e left ~hand side of this equation must converg sample functions for 

u hi form convergence of the Fourier series of the sample 

u , which was to be shown. 
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The uniform distribution on a circl* 1* tven simpler th*n t 


tribution. Furthermore* the "probability circle" 0 i » < 
how, to be a natural counterpart of the "space circle 1 


r *t l 


• ‘ t , z. • > 

ft: 


the present simple example seems to be a quite natural model f 0r # * i ' 1 

tic process on the circle, more natural than any Gaussian model; f, * ' * l 


more it is ergodlc. The next example Is still simpler. 

Erpodic processes,* second example, Me now take 
variable uniformly distributed in the interval 




Hself as a r 9 , 


0 i w < 2x , 

or. What is the same, on the unit circle. Thus, in the random functor 
f(t.w) , both variables t and u now range over a unit circle. 
circle for t representing "ordinary space" and the circle for 
presenting "probability space". * *’ 

We now take 


(33-lt, 

let 


f {t,0) = f( t ) 


( 33 -; 


be one realization of the stochastic process, for . . „ • „ shell r." 
it the initial realisation. A „ y 0Uer re3ljzst . on ' * 1 

presents simply a rotation of the circle or of th r * * 

the angle . (Fig. 33. 3). *** funct '“" f (t) . t, 

We may also write 


f{t+ u ) = R u f(t) 


(33-14 


where the operator R„ means rotation by the and, 

ve may identify our probability spa ~e (33 ,,, * “ ' In ° t ' ter te " 

in fact, in the plane, the rotation gr ' ’one' ^ ‘ ? 

terized by one angle . . °ne-dimensional . being 

The fonctions f(t,«) differ from each other , 

are not essentially different (Fig 33 31 Tk f y a rotation* 

to represent the case in -hich thli! J ’l.I ” 

wish to use the mathematical techniques of stoch r “ ,Wat, °" ,<t! 

H 5 or stochastic processes; thi 
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, tt2« 

E( f (t,w) > - [ f ( u ) du 

* 27 V'(UH« ' 0 (33 ‘17) 

by (32-12), so that (32-3) is satisfied. 

Now the covariance function (32-2) becomes 


1 ** 

C(S,t) = j~ J f (t+«)f (t + S+wJdsa . 


The substitution (33-16) transforms this integral into 


| 2 ¥ 

27 / f(u)f(u+s)du 
o 

1 2lt 

= 27 / f (t)f (t+s)dt = r(s ) 


(33-18) 


(33-19) 


»i« tht »"’’!he°p t S ° Varian ‘ e fmoti ° n 

fact, the “phase average’ 1 E is seen t * ■ Pr ° CeSS ' S ers ° dic * In 

H ’ S1nCe E ca " be transformed into H 'byT^pI^ T 
*"• P " 0CCSS ^ consideration is ' di \ “ f Varia, ”' s ’ 

This is obvious), a very simple situation h T - 

Shan, therefore, try to understand it bett^ "" one. We 

presentation, that is, the Fourier seri^ stud Vmg the spectral re- 

we she,, denote the fourier . . 

f(t) = f(t,0) by a k and b . The coeffi ■ 1nUla) representation 

f(t,w) are then given by ( 31 - 10 ), We have^ 16 ^ 5 and b k^ ° f 


1 2 71 

a 0 (w) = 27 J f(t+ w )dt = Jl 


2ji 


27 / f (t)dt = o 
o 


(33-20) 


by (32-12). For k > 0 we get 


1 ^ 

a k M *7 / f(t+ w )cos ktdt 
o 


(33-21) 




"■ rre ° d<c Pr “ 

I “ u consU " 1 " Uh r * 5 ‘ , '“ *• 

dt ■ dv , 

03 - 22 ) 


t ♦ * 


* v 


,t "* v< 

2ir 

a («) * T / f (v)cos k ( v*w Jdv 
k 0 

1 21 

5 ; J f (v) (cos kv cos k« + sin kv sin k wldv 
o 

1 2 * { 33 - 23 } 

= cos k&> * — j f {v)cos kv dv + 
o 

+ sinkw • — (f(v)sinkvdv 

1 o 


or, by {31-4), 

a («} = a^cos k«j + b k $inky . (33-24) 

Inexactly the same way, replacing cos kt by sinkt = sink(v-u) we get 
b (w) * - a sin kw + b cos kw * (33-25) 

K X X 

Let us now evaluate (32-6), using (33-24) and (33-25). Me get 

i 2r 

Ha jt (u)a l {u3) ) = ^ J a St {«) a 1 ( w )du 

| 2 IT 

= ~ J (a k cos kw + b k sink^j) • 

• (a cos lu: ♦ b^si n 1u>)du . 

termwise mu 1 1 i pi i cation and integration, using the orthogonality rela 
;;°; s « 3 W), we readily obtain the value zero if k M . Proceeding simi 
J' we se fi that all orthogonality relations (32-6) are sat' 

e fur ther obtain 
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U» k («) > 


2 # 2 
J- ! fi cos kw ♦ ti s i n k«- > <** 

** o * 

2 


r ‘3-H 


■ k ♦ » 2 > 


In the same way. 


E( 6 -(.)l ■ }(.’ * b k J ) . 


f 31-27. 


which is independent of w , so that {32-7} is satisfied with 


s * K * <> ■ 


(33-25. 


Me finally compute, using (33-24) and (33-25), 


2 2 2 
a fc {to) ♦ b k {u) * {a k co$ ku + b^sinkw) + 


Thus 


(- a,, sin ku + b cos ku,}' 


• *2 * -2 


a k (.) J ♦ b k (») 2 • 2c k , 

which shows that the ergodicity condition (33-1) is, in fact, satisfied- 
let us finally compare this model with our first ergodic model* In t?ie 
first model, probability space is the cartesian product of infinitely 
circles 0 4 < 2« (k * 1, 2, 3, ...) , w being the infinite vectc r 

(33-7), consisting of independent, uniformly distributed random *arisP |eS 
In the present model, probability space is simply one circle 0 > “ * 

* being * uniformly distributed one - d i mens i ona 1 random variable. There' 

fore, in the first model, and a * - - - diffe reft 

independent random variables u end 


for k t 1 , depending on di 

u , are statistically independe 
t k • 


The seme holds for a k and bj , end for b^ end bj . For the same 
*k * n ^ * re dependent though uncorrel a ted . On the other hand* tfr 

present model, ell Fourier coefficients depend on the same variable * ' 


U ’ Stoch «*ti 0 Prootutcg 


on th, Sph*rt 27 9 


I 


, ar «, are statistically dependent, but, as „ h#v . 
I***'* coefficients are ^correlated, « s , consequence of 
4’ f ' ef relations (31*3) for trigonometric functions 
,on |! * 


a««n» any two 

the ortho- 


jj,, STOCHASTIC 


processes on the sphere 


sc t<iti° ne ‘ 0ur Preceding considerations about stochastic processes on 
‘circle can be translated almost literally to the sphere. Instead of 
"courier series (31-1) we have the spherical -harmonic series 


f(9.*) 


to n 

T y [a R (e ,x) + b S (e ,\) 1 

n=0 m=0 nm nm ’ |J 


(34-1) 


where 


R (e ,x) - P (cos e )cos mx 

nra' nm 

S ( e , X ) = P (cos e ) si n mx 

nm' ' nm 


(34-2) 


as usual (sec. 3). The function f(9,x) may be interpreted as the anomalous 
potential T or the gravity anomaly ag . 

To simplify the notation, let us put 

S (e,x) * R ( 9 , X ) , m * 1, 2, ...» n , (34-3) 

mn v 1 n,-m 


^ that any R with negative second subscript denotes the corresponding 
S r. a * Tor instance, R c = S._ . Then (34-1) may be simply written as 

j J J -j 


f(e,x) * T y a R (0.x) » 

1 c i nm nm' 

n=0 m=-n 


(34-4) 


if 


for 


the 


coefficients we use an analogous notational conventio 


n , -m “ b 


nm * 


m=l, 2, • • • » n ■ 


(34-5) 


>4" n ’ convenient also to use fully nor«!Ued harries footed 

a "< * . or by R with -n « ■ » " . 

° na * harmonir, hv * Sartor and are normalized by 


\ 
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1 



0*-Sj 


a denoting the unit spherei cf. eq. (3-27). The or thonorma 1 t ty relations 
may be written 


m tt ) 

nffl qp 


6 6 
nq mp 


(34- ?) 


where 


^ ' > = 4 “ // (* )du (34-3) 

a 

denotes now the average over the unit sphere and a is the Kronecker 
delta, 1 if k = 1 and 0 otherwise. 

If we write (34-4) in fully normalized harmonics. 


f (e ,A) 


® n 

l 1 

n=0 m*-n 


a £ ( 8 , a ) 

nm nm s * 


then the coefficients are simply given by 


a 

nm 


- Miff I 
nm 


t 


(34-9) 


(34-10) 


in view of the orthonorroality; these equations are a shorthand notation of 
eqs . (3-29). 

As a final notations! convention regarding spherical harmonic expansions, 
we introduce the two-dimensional parameter 


t * (6 , X ] 
and write (34-9) as 


(34-11) 


f(t) 


[ I 

n=0 m--n 


a R (t) 

nm nm • f 


(34-12) 


this stresses the analogy with the case of the circle. 

The stochastic parameter will again be denoted by men, n being 
probability space with total measure 1 . Then 
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f{t.w) 

w jll denote a stochastic process on the sphere. The expectation t is 
, 9 ain denned by 

HO * /{*)da (34.il) 

a s an average ov^er probability space, or phase average, as opposed to the 
space average M defined by ( 34 -8 ) . 

In analogy to (31-5), there is a one-to-one correspondence between con 
tinuous functions on the sphere and harmonic functions in space: the spa- 
tial function 


f ( r , e , x) 


4 4 

l l 


TD*=- n r 


rjm jh. . v 

™r R ( 9 , X ) 

n+1 ' 


(34-14) 


satisfies Laplace’s equation outside a . Therefore, there is a one-to-one 
correspondence between harmonic stochastic processes in space and stochas- 
tic processes on the sphere, and we can limit our considerations to the 
latter. This sphere may be identified with sea level (p.98). 

Covariances . We again assume that our stochastic process is centered: 


E{f(t,w)> = 0 . 


(34-15) 


Then the covariance C(t,u) between f(t,u>) and f { u ,u») at two different 
points t and u on the unit sphere c is, as usual, defined by 


C{t,u) = E{ f (t)f (u ) ) , 


(34-16) 


the dependence on w being understood. 

As in the circular case, we shall limit ourselves to continuously dif- 
ferentiable functions. Then the spheri cal -harmoni c expansion will be a 
uniformly convergent series (Kellogg, 1929, p.259), which can be multiplied 
and termwise integrated. 

We, therefore, substitute (34-12) into (34-16): 


C (t,u) 


l l 

n-Q m=-n 


a * ft) 

nm nm 


co q 

i i 

q=0 p=- 


a R (u ) 
, qp qp 
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multiply »-.« integrate term.lae with aspect to w (that Is. 1ntencha„ ge 
the order of summation and Integration), obtaining 

C(t.u) .III! ElJ„»V l,f nm(*) R ,P (u) • 
n in q p 

Let us now assume that the coefficients a nm * a n!n ( lu ) are mutually un- 
core el a ted random variables: 


E{ a a } 
nm qp 


(34-18) 


if q i n or p f » or both, and that Ua^I is the same for all coef 
ficients of degree n , that is, for all m ; we put 



2n+l 


(34-19) 


Then (34-17) becomes 


C ( t ,u ) 


I l 

n“0 ni“*n 


C n - 

r R (t)R (u) 
2n+l nm 1 1 nm' ' 


(34-20) 


Now we make use of the decomposition formula (3-30), which in our present 
notation takes the form 


P n (cost) 


1 

2n+l 


l * (t)R (u) 

L nm' ' nm' ' 


with 


t = [ 9 , A ] and u = (e 1 , A 1 ) » 


(34-21} 


(34-22) 


* being the spherical distance between the points t and u : 

cos* = cosecose’ + s i nes i ne 1 cos { A ’ - a } , (34-23) 

and P n (cos*) denoting the (conventional) Legendre polynomial of degree 
n , Thus (34-20) reduces to 
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C(*) * l C n P n { C0S *) • 

n “O 

Thus* the covariance function depends only on the spherical distant 
This is the important case of homogeneity and {eotropyi it is seen to 
result from the postulate that the variances {34*19} of all coefficients 
- 0 f the same degree n are equal. 
n>l> Tke empirical covariance function . If there is only one realization of 
tfie stochastic process, we cannot directly compute the true covariance 
function C defined by (34-16) and expressed by (34-24). He *ay again try 
to compute an empirical covariance function r by replacing the phase 
average E by a suitable space average and hope that r will be a good 
estimate of C ; if possible, r should even be equal to C . 

In view of the homogeneity and isotropy, we must integrate not only 
ove r the sphere (homogeneity), but in addition over the azimuth (isotropy). 
Therefore, we must supplement the average ff , defined by (34-8), by addi- 
tionally averaging over the azimuth a . The resulting average * «ay oe 

defined by 


. 2ir Tf 2ir 

M{ .} s — ! — J J J ( * ) si nedsdxda . 

8u 2 >, =o 6 = 0 a=0 


(34-25) 


The geometric situation is shown by Fig. 34.1. The averaging is first per- 
fermed over the circle * = const. . whose center t • (e.x) is then made 
to vary over the whole sphere a • 

This definition of M has already been used before; cf. eq. (10-2). 

The angles x, 9, a can be regarded as the three Eulerian angles de- 
fining a rotation in three-dimensional space, that is, x, 6, a are the 
coordinates of an element of the rotation group or, of a -point- in -rota- 
tion group space" . Therefore, M will be called a rotation group average. 

Hence the empirical covariance function is given by 

r (*) « M{f(t)f(u)} , (34-26 

where H is defined by (34-25} and the points t and u have the spher 
^al distance * , which is constant with respect to the integration. If 
f(6,x) denotes the anomalous potential T , then !*(♦) coincides 
the function K(^) as given by (10-2). 
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Because of the way in which the averse H is computed, the empirical 
covariance function will depend only on the distance * and can. there- 
fore, be expanded into a series of Legendre polynomials of * : 


r(*) - 1 y n P n (cos^) . 

n=0 


( 34 - 27 ) 


The y can be expressed in terms of the spher i cal -harmoni c coefficients 
a of the same n , in full analogy to (32-18). This is accomplished by 
eq^ (10-8) , which in the present notation reads 


n 

l 


a 2 

n »--n nm 


( 34 - 28 ) 


Note again that this very simple expression is obtained by using conven- 
tional harmonics on the left-hand side and fully normalized harmonics on 
the right-hand side. 

Clearly, y , as well as a , are random variables, that is, Tunc- 
n nm 

tions of ni , Their expectation is given by 
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2BS 


El»„) 


El, n (.)| 


i E 15 L<")' 


m*- n 


In 


view of (34-19) this becomes 


t{ Y 1 = C , 

n n, 


(34-29) 


so 


that 


E(r(*)> = €{*) , 


(34-30) 


exactly as in the circular case (32-20): r(iji) is an unbiased estimate of 

C(i0 * 


35 . ERGODIC PROCESSES ON THE SPHERE 


For an ergodic process, r($} coincides with CU) 
condition, corresponding to (33-1), is 


The ergodicity 


n 

l 


m=~ n 


a 2 (w) = c 
n.ta v ' n 


(35-1) 


for al most all 


c is independent of a . This condition is equiva- 


lent to y = c 
n n 

Lauritsen' s theorem. Assume that 


a (u>) are normally distributed 
mu 

(Gaussian) random variables. For Gaussian variables, uncorrel atedness is 
equivalent to statistical independence. From our basic presupposition 
(34-18) it thus follows that the & nn >} must statistically indepen- 
dent of each other. Then the summands on the left-hand side are indepen- 
dent functions of u , so that (35-1) will be violated for almost all * . 
loosely formulated: a Gaussian random process on the sphere cannot be ergo- 
dic. 

The present simple proof of lauritzen’s theorem suffers from the slight 
logical defect that (35-1) has been derived on the assumption that our 
stochastic process is sufficiently smooth (differentiable). Since Gaussian 
fandom variables may take arbitrarily large values, the convergence of the 
corresponding spheri cal -harmoni c series cannot be guaranteed; still less 
are v; e sure that the corresponding realizations will all be differentiable 
( th is may even be a practical argument against admitting a Gaussian process 
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as a mathematical model for the terrestrial gravity field). In fact, (35 
just as (33-1), holds for more general assumptions, but we have not proven ' 
this because, for the present ergodlc models, dl fferentlabi Hty can be p rB 
supposed , 

Thus, our deduction of Lauritzen's theorem has the character of a 
ristic argument rather than of a fully rigorous mathematical proof, which 
is given in (lauritzen, 1973, p.65). It has, however, the decisive advan- 
tage of showing the essential statistical situation underlying it, and the 
fact that the Gaussian character of the process is essential to the theorem; 
only for Gaussian distributions does uncorre 1 atedness imply statistical in- 
dependence , 

We shall now consider two examples of (non-Gaussian) ergodic stochastic 
processes on the sphere, corresponding to the two examples for the circle 
given in sec. 33 . 

First example: uniformly distributed coefficients . The two Fourier coef- 


ficients a . 


and b define a two-dimensional vector whose end point lies 


on a circle of radius / 2 c (Fig. 33. 2). Similarly, the 2n*l coefficients 


nil 


( n fixed, -n £ m £ n ) form a ( 2 n+l)-dimensional vector 


a = [ a 


n,-n ’ 


n,-n+l * 


n,n-l’ 


a ] 

n, n 


(35-2) 


whose end point lies on a sphere of radius /c in R 2n+1 

n 

space of dimension 2n+l ); in fact, (35-1) may be written 


(Eucl idean 


* c 


(35-3) 


Assume now that different realizations of the stochastic process corre- 
spond to different positions of the endpoint of & on this sphere. In 
other terms, if e is the unit vector corresponding to a , then 

a(w) = /c^e(w) , (35-4) 


the unit vector being a function of w : the random vector a has a ran- 
dom direction but a constant length* in complete analogy to (33-3). The 
random directions (^(w) are uniformly distributed in our (2n+l)-dimensional 
space: probability is given by an area on the unit sphere in this space; 
cf. (Feller, 1966, p.68) for R 3 . 

In view of (35-3), the 2n+l coefficients a of the same degree n 

nm 

are statistically dependent, but they are uncorrelated: it is easy to see 
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t ^34-19) holds f° r them. In fact* this means that, for two different 
1 flpone 0 * 5 of the vector i or of the vector « , say and « , tn# 

integral over the unit sphere c Jn in R inM “ 0 f Us product e^ U 

jero: 

/ e i e j do 2n * 0 * 

°2n 

penote the left-hand side of this equation by : 

■ I •• (JS ' M 

0 2n 

W e fiius t prove that Q i . is zero. 

In fact, if follows from the definition ( 35-6} that Q i . is invariant 
with respect to an interchange of the two axes x L and x^ ; it is thus 
the same regardless of whether the coordinate system is right-handed or 
left-handed. Because of the spherical symmetry, Q L . is invariant with 
respect to rotation and to reflection; it only depends on the geometrical 
configuration. This geometrical configuration-- 2n+l mutually orthogonal 
axes--remai ns unchanged if we replace the x.-axis by its opposite direc- 
tion giving 

/ ei(-«j) d0 2n * _Q ij * 

°2n 

which must, therefore, be equal to Q ij * From Q.. = -Q^ we get Q. . = 0 
and hence {35-5). 

The reader is invited to make this reasoning clear to himself for the 
case of three-dimensional space with i * 1 and 3=2. (In this case, 
(35-5) is equivalent to the orthogonality of the first-degree harmonics. 
Why?) 

So far, we have restricted our considerations to the 2n+l coefficients 
a nm corresponding to the same degree n . Let us now consider two differ- 
ent degrees, say n and n 1 . Any two coefficients a^ belonging to two 
different degrees will be assumed to be stochastically independent . Thus 
the probability space n is the cartesian product of infinitely many unit 
spheres : 


= °2 X °4 x °6 X °8 * 


X 0 2n X 0 2n+ 2 X 


(35-7) 


2flfl 


Co l Joaot fon; Atlvano* d A* poot* 


,2n+! 


denote the ? n-d 1 men* I ana 1 unit »ph'r. In R— . Thu* the 
where dpn ■ ,_ creBSe5 with Increasing « . 1* «ntr*u 

dlmefls (one M ty of the spier . ability space * s th * C8rtesian product 

to the circular case where the probab y 

of leflnltely m.ey Identical "”' eS ’ (ffer( .„ t , or, uncorr.- 

To repeat; in the present model any two nm 

To repeat, o coefficients belong to de- 

lated, but for different reasons; if the two 

1 L v \ + * a a ac a consequence of the statls* 

ferent degrees, then they are uncorrelate d 

tic. inbep.nderce; If the two coefficient* belong ° * h * ** * ** J I* " 1 

then they are uncorrelated because of the orthogona 1 y ’ 

A second niode, of an ergodic stochastic process is obtained y t. in, 

the probability space n as rotation group space; this is t e ree 

dimensional analogue of the second example of an ergodic process consider,,, 

in sec. 33. In view of its basic importance we shall devote the next sec- 

t i on to this mode 1 . 


36 , ROTATION GROUP SPACE 

As we have seen in sec. 33, rotations of the circle, which constitute 
the rotation group in two dimensions, are described by one parameter u 
ranging from 0 to 2 * : the group of rotations of the plane forms a one- 
dimensional space, which may be identified with the unit circle. 

Rotations of the sphere, which make up the rotation group in three di- 
mensions, are described by three parameters, for which we may take three 
Eulerian angles; the group of rotations of three-dimensional space forms 
itself a three-dimensional space, whose coordinates are the three Eulerian 
angles. This three-dimensional rotation group space cannot be identified 
with the unit sphere. This is in contrast to the case of rotations of the 
circle and accounts for the greater complexity of the present case. 

Various authors use various definitions of Eulerian angles. The follow- 
ing definition is fairly widely used and is best suited for the present 
purpose because of its relation to the spherical coordinates e, x . 

Let a rectangular coordinate system XYZ be rotated into a position 
xyz by a general spatial rotation. This rotation is split up into three 
successive rotations around coordinate axes. The first rotation is about 
the Z-axis through an angle A ; it transforms the XYZ-system into XjYjZ . 
The second rotation is about the Y-axis through an angle e ; thus we ob- 
tain a system * 2 *i Z 2 * Finally we rotate about the Z 2 -axis about an angle 
v in a positive, or -v in the negative, sense, to obtain the desired 
system xyz , 

The three angles A, 0, ? are the Euler angles. They may be illustrated 
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A rotation defined by the three Euler angles (36-2) will be denoted by 

R . The value 

<±> 

“> 0 - [0, 0, 0] { 36-4 ) 

corresponds to the Identity transf orma t i on 1 , leaving the axes XYZ un- 
changed; symbolically, 

R o * 1 • (36-5) 

A unit vector t defined by spherical coordinates 8 , A has the com- 
ponents 


t 


sine cos x 
sine s i n a 


cos e 


It will be symbolically abbreviated as 


(36-6) 


t = £© ( A) ; (36-7) 

this notation has already been used before; cf. equation (34-11). 

The rotation (36-2) transforms the vector t into another unit vector, 
which we shall denote by 


(36-8) 


it is convenient to consider as a rotation matrix, so that (36-8) is 

the usual product of a matrix and a vector. 

Clearly, the Euler angles e, A or the rotation R are completely 
different from and independent of the coordinates 9, \ of the vector t. 
There is, however, an interesting relation between these two sets of quan- 
tities. Form the triple 

t = [0, A, a] , (36-9) 

with an arbitrary value a between 0 and 2u , and 


-t = [-0, -A, -a] . 


{36-10} 
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,, i S easily seen that 
Then ’ v 

R ^ t t - e z , (36*11) 

wf1 Hh * s the unit vector of the z-axls, Thus, the operation R_ t rotates 
a n arbitrary unit vector t into the Z-axis. This simple fact will be of 
importance later on. 

After these introductory geometrical considerations we are in a posi- 
tion to construct our stochastic process. We take a basic function 

f(t) * f(e,x) (36-12) 

on the unit sphere and define our stochastic process by 

f(t,o>) = f<R u t) . (36-13) 

This is in analogy to the two-dimensional case, equations (33-12) and 
(33-14) ; we shall also follow the respective developments in sec. 33 as 

closely as possible. 

Again, the functions f(t,w) differ from each other only by a rotation 
of the sphere; they are not essentially different. Our model is suited to 
represent the case in which we have only one realization f(t) but wish 
to formally use the mathematical techniques of stochastic processes. This 
is the case of the terrestrial gravitational field, if we take 

f(t) » T(0,A) , (.36— 14 ) 

which is the anomalous potential at sea level. The choice (36-13) is in- 
timately connected with homogeneity and isotropy, i.e., with invariance of 
essential features with respect to rotations . More about this will be 
said in sec. 38, 

According to (36-13), probability space 0 is rotation group space, a 
point id £ n being defined by the three Eulerian angles (36-2). The ex- 
pectation 


£{■} = ///( - )do too-io, 

a 

is an integral over rotation group space. The integration is to be extended 
over the range (36-3); the problem is to find a suitable volume element 
^ i defining a probability measure. 
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a u a a a I n a rotation. The vector 
The product of two rotations R is a 9* ,n 


«lV 

is obtained by rotating the vector first by the matrix 
the matrix R. . Assume that a spherical triangle 


l 


m*u> 


and then by 
P i f> 2 P 3 ls broy 9 h T by 


a rotation R, into the position 


p i p i p j ; 


the conf i gu ra t i on {angles and 


sides) of both triangles is obviously identical. Let tj. 2 » 3 


position vectors of P 


P 2 * P 3 


be the 

all are, of course, unit vectors. Simi- 


larly t' 


t * t ' 
t 2’ 3 


are defined (Fig.36.2). Then 


‘1 - R iV 


l 2 = * 1*2 ’ 


= R 1 1 3 


(36-17) 



FIGURE 36.2. Rotation of a configuration. 


Each of the vectors tj_, t 2 » t 3 ; t|, can be obtained by ro- 

tating a fixed unit vector e (for which we may take, for instance, the 
unit vector of the X-axis) by a certain matrix Rfu^), R{w 2 ), ...» 8(^3) 1 
we write R { . ) instead of R to avoid two-level subscripts. Then, f° r 
i = 1 , 2 , 3 , ^ 

t ± - R(« t )e , t: = R( w :)e . 


(36-18) 
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1 1 -*■ 


n6 -l7) and ( 36 - 1 B ) we have 

c „»t> t " in5 1 

t - * R(w|)e = KjRUJ* 


or 


R(w.:} * R 1 R (“ 1 ) 


(36-19) 


i 2 3 , but clearly the configuration rotated by Rj can have 

Hers 1 ‘ l * ' t 

be r of points . 

any T u, 5 multiplying, from the left „ a set of rotation matrices R W) • 

J ’ 3 t by a fixed matrix ^ preserves the configuration. The 

1 " l> - ■foal configuration is invariant vith respect to left multiplier m * 
s'liUrly we may show the invariance of geometry with respect to right 

* ,,t,pl, lnllt*’*nd isotropy imply that the essential properties depend only 
"I 0 ! i configuration. Therefore, also the probability meagre 

^/"variant with respect to right and left multiplication. It can he 
„d that for a compact group such as the rotation group, there is ess 
(apart from a constant factor) only one group measure that is o 
ht and left invariant (Smirnow. 1964a, § 89). Such ah variant volume 
element in rotation group space may be shown to be 


dV = sin9d0dAdA 


(36-20) 


(Moritz, 1978c , sec.6). The total volume of group space is. by (36-3), 


y = 2 j j j sinedOdAdA * 8 t 2 
A=0 9=0 A-O 


so that 


(36-21) 

dJi = — • — sinedodAdA 
8tt 2 


Is the desired element of probability measure 
Now we are ready to attack the computati 
a nces. The expectation £(f(t,w)l becomes 


expectati ons 


and 


covari - 
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Eif<t..)> ■ ///f(V |d “ 

* /// < r ("„ B -x t > dn 


(i 


{ 36-22} 


R e ? 

(i) 2 


, -■!«« Mfi-111. However, 

(„ view of right in '' ar ’ i,n “ “ the u „, t vector of the t-.xis 

the unit vector e of the l s x,s -- -• 


which has the spherical coordinates 


and 


transforms 
2 -a 

(Fig-36. 1) . Hence, 


f ( R e,J = f(®.A} 
(*) 6 


{36-23) 


and (36-22) becomes 

2jt tt 2tt 

E{f ( t ,w) ) - -ij I I I f(a,A)sioededAdA . 

8iT Z Q = 0 

We integrate over A and replace 0 , A by e, A , respectively; obviously, 
the symbols for the integration variables are i rrel evant . The result is 


n 


£ { f { t , a> ) } * 4 7 ./. / f(9,x)sinededx , 


(36-24) 


A =0 9=0 


which is simply the average over f(t) over the unit sphere. It is zero 
if f(8,A) contains no zero-degree spherical harmonic, which corresponds 
to our usual assumption that the stochastic process under consideration is 
centered . 

Then, by (34-16), the covariance function becomes 

C(t.u) * E{f (t)f (u)} (36-25) 


with 


t=[e,A] , u = [ e ‘ ,a 1 3 . 
More explicitly this is written 


C(t,u) - J//f(R t)f(R u)da , 

ii 


(36-26) 


(36-27) 
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cause of right Invariance, Is equal to 

*hi ch ' &e 


(35-2B) 


hV f36-U) **4 (36-23), 
So**- 7 

f < R R t) * f(e.A) 

' m ■ T 


(36-29) 


th „ value of f at a point P with spherical coordinates (9.*) * 
give* sne 

whereas 


f(R R u) ■ f (0* ,A‘ ) 

ua * T 


( 36 - 30 ) 


notes the value of f at some point Q = (0\A‘) situated at the spher- 
ical distance * from P (Fig. 36. 3). That the spherical distance bet- 

n p and Q is equal to the spherical distance between the points 
and u as given by (34-23) follows from the invariance of the con ^^ r *' 


tion with respect to the rotation 
a is chosen as the ati 
azimuth from P to Q 


It is also easily seen that if 
, then A in (36-2) will be the 



FIGURE 36.3. Invariance of the spherical distance i 
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Thus (36-28) becomes 

cft u v . _L /" / /" f{o,A)f(o' ,A')sinodo<lAdA . (36 . 31} 

fill ^ i > \ A A n 


On replacing O, A, A by 0, x * « we 

c{tiU) « _L Y / /" f(0,A}f(8 , ^‘) sioecf9d>da * (36-32) 

8 it 2 0*0 <s*o 

Formally, this is only a change in the symbols for the integration vari- 
ables; but geometrically the meaning is now altered profoundly, a compar- 
ison with (34-25) shows that this is simply the average M , so that by 
(34-26), 


C { t , u ) = E (f (T , w) f ( u , w) } « M{f(t)f(u)| = r(*) ; (36-33) 

the true and the empirical covariance functions are identical. 

Exactly as in the two-dimensional case, the reason for this identity is 
simply that probability space is made to coincide with rotation group space 
so that the expectation E and the rotation group average M are identi- 
cal; our present model is trivially ergodic . 

Commutativity of the operators and M . In sec. II we have used the 

commutativity of the averaging operator M and the linear functionals L i : 

L l M = ML ± . (36-34) 


This commutativity is not at all obvious if the definition (10-2) is used; 
take, as an example, a horizontal derivative 


l. 

x 


36 


It is, however, clear for (36-25): 


(36-35) 


L*X(t,u) » lfE{f(t)f(u)} = E{(L-f(t)f(u)} . (36-36) 

The symbol indicates that the functional L acts on the point t ; 

the notation is fully analogous to (11-12). For example, if L i is a 


37 * sta tiBti aa i 


%att " Lbut ion8 i n n otati 

differential operator, thee (36 . 36) ° r ° UP SP °°‘ 

t . stlon Of a definite integra, wU „ « th, „, rn)5s)ble 

gral sign, t being a parameter th , * U * Parameter th, ! " 

E M (3 ‘'” ,, u * U0 th ! com,nu tativity ( 3 , 3 ;n’i^>- s 'ne« H „ u „ s 


(jitTc ' r 

tia tion of a defimte WUh - "■« P*nM Ssib i, 

gra 1 sig^ being a parameter i n th# * P«ram eUr unde 

by (36-33 ), also the commutativity ( 3fl * 9r>1 (36 ~ 27 >. Since 

The total average X . In sec ‘ 4) ho}f H. ' 

<»-“> AS ' " h3Ve ^ «*. total average 


t>y 


EM 


(3607) 


that is, as an average both over tt, D 
noise o (expectation E ) and over dUtribut,on ° f th* 

This can now be explained as follows 3 0 " 9r ° UP * Pace (mean M * ' 

We interpret the rotation qroun <n a , 
tK. *l9n.1. that is, for the random functions ' *?'[)*' uT Ih^ 

SP#CC f ° r the Wh0U S * stem - consisting of signa! aid nois^ may ^ 

3S the product space (cartesian productl of h b „ rtf *■ 

p auct) of the rotation group space and 

the probability space of the noise. This implies the definition (36-37). 

the statistical independence of signal and noise, and hence relations 

(14-11) and (14-20). 


37 , STATISTICAL DISTRIBUTIONS IN ROTATION GROUP SPACE 


In the last section we have studied rotation group space as a formal 
probability space primarily with respect to covariances. The covariance 
theory of stochastic process is what is needed for linear least squares 
prediction and estimation problems; it can be treated without explicit re- 
ference to the underlying statistical distributions, of which only the 
moments of first order (mean values), and of second order (variances and 
covariances) are needed. 

Even in least-squares prediction and collocation, however, the distri- 
butions of relevant quantities are required if we wish to perform statis- 
tical tests. Already to answer very elementary but meaningful questions we 

need distributions. 


Such , question is. for instance: Uhat is the average global relative 

frequency of a 1° x 1° mean gravity anomaly situated between -28 and 

-36 mga 1 J This question is answered by the histogram of Fig. 37.1; the 

relative frequency is the number of 1° « 1° •«<*«»•• tU “ 

“ithin a specified interval, divided by the total number of 1 x 1 


anomal ies. 
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, ,o ,o , ea „ sr aHty anomalies Having magnitude 

FIGURE 37.1. » umber of 1 (Sapp, l * 77 . P- 5> - 

Pitkin a epeaifiei internal. After 

■ iiir to a probability density curve. In fact, 
A histogram looks very siml relative frequency, and the 

probab i 1 i ty is conceptually c ™ “ , bf , , ty fheoryi cf. (Gne- 

relative frequency satisfies th 

'"u,”! »«I;V™i..iv. frequency may be mathematically treated as a 
probabiH ty, even if the underlying phenomenon is not ■'stochastic in o,e 
physical sense. Thus, we may consider the relative frequency, men ione 
above, as a measure of the probability that the mean anomaly (suppose 
known) of a certain 1° x 1° block lies between -28 and -36 ragal . 

Thus, basically we have simply a problem of classification (of gravity 
anomalies according to site), but probability terminology is again con- 
venient, as it was in the case of covariance functions. 

Another relevant question would he, for instance: What is the probabil- 
ity (in the sense of relative frequency) that a 1° x 1° mean Ag-value 
lies between -28 and -36 mgal and that the mean value of the geoidal 
height N for the same 1° * 1° block lies between 25 and 30 meters? 

To answer such and related questions, we must construct appropriate dis- 
tribution functions for Ag , for ag and N jointly, etc. The distribu- 
tion density for Ag will be a continuous analogue of the histogram of 
Fig. 37.1. To find a suitable formal probability space, let us note that 
the number of relevant 1° x 1° mean anomalies is counted regardless of 
the position, on the earth's surface, of the 1° x 1° blocks under con- 
sideration. All positions on the sphere are treated equally: again we have 
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h onio9 ene1ty and ,sotr °P y - Thus, rotation 3r ouo 
proper probability spaco also as a basis for th ' ’* S88n t0 b ' 
pf statistical distributions. 8 "athe.aticj, description 

T „ e nature of a statistical distribution ,, b e „ 
of a function of one variable. Therefore 51 illustrated by the 
p of rotations of the circle fth« V*' ** ag,4T ’ Uart with 


case ’ ” 1 *= * 1 " e re r ore * — 

th e group of rotations of the circle {the two ! d1 ag,4r, st * rt "tth 

wfv ich is parametrized by one variable 0 s men ^ 0f,s1 rotation group), 
is, therefore, the unit circle, and th. * “ < 2 " • Probability space 
1s J-du , which is clearly left and ri . * f ement of Probability measure 
function under consideration be denoted by ^ rand ° m 

fir 3 '7l th ;"° rU ' , '' t8 ' ««» Of » ar.plii than ,M ,s de- 
fined for 0 £ w < 2 it {it coulH ~ 

other abscissas). ’ ’ b ' co '’ t, "o e " Parted, caily for 

Then the distribution function ♦(,) , s defined by 


*(*) - Prob{f(.) < „ , <37 _ lJ 

as the probability that f( u ) takes a value smaller than x . It is the 
measure of all values of ui for which f{io) < x i this measure is obvious- 
ly a function of. x . In the situation shown in Fig. 37.2, f ( ^ ) < x if 
« is contained in the interval AB or in the interval CO ; thus 



FIGURE 37.2. Distribution of a random function f (<a) . 
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Probtf (w) < *1 * -~{M + CD ) • 

M denoting the length of AD and the factor 1/2* serving to make the 
measure of the total Interval from 0 to 2* equal to unity. 

General ly we may wr i te 

&(x) * J dm , (37*2) 

£ " f(w)<x 

the integral being extended over those points « for which f(w) <x . 

The derivative of (37-1) with respect to x gives the probability 
density 


♦<X) ■ *'(x) • fj . (37-3) 

which has an even more intuitive geometrical meaning. For a differential 
dx (operations with differentials are justified in the usual way) we have 

4>{x)dx - d$(x) * Prob{x < f (<*») < x + dx) . (37-4) 



FIGURE 37.3. Definition of the distribution density. 
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rding 


AC C ° 
a ^ 1ue 
A'A. BB 


to Fig. 


between x 
. C*c, or 


37.3, 
a nd 
00' 


which represents the 

* +d * ^ x lies 

* so that 


S8me function, f( w) assumes 
one of the small intervals 


<*•(*> * + rr + M' ) 


(37-5) 


or 

♦(*> ’ 2^<* T * ♦ m ' ♦ rr ♦ ms-) , (J; . M 

which gives an intuitive geometrical interpretation of the distribution 
density *(*> * 

The distribution function 4>(x) is a monotone nonnegative function of 

x . < x < * as s ^ own i n Fig. 37.4. It is identically zero for x < f Bln 

(there is no <a for which f{«) < f miri ) and identically one for 

(for all w there is f(oi) < x if x>f ). 
v max' 



FIGURE 37.4. A distribution function. 


The statistical expectation E of the random variable 
computed in two ways; by means of the probability measure 


f can now be 

da)/2it : 


£{ f } 


J- 

2ti 


2 Tf 

j f ( (i) ) dw » 
0 


( 37 - 


0r by means of the distribution function 
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£{f) » / xd$ { x ) 


(37. 


8 ) 


Geometrically, both expressions give the area under the curve f( rjJ j ^ 

Pig. 37.2; (37-7) corresponds to the Riemann partitioning and ( 3 7-81 ” 

spends to the Lebesgue partitioning of the same definite Integral- th COrre 
fore (37-7) and (37-8) are identical; cf. (Feller, 1966, P.U5-U6) 
(Kolmogorov and Fomin, 1970, p.293). * 0<1 

Let us, finally, consider the stochastic process (33-12), 


f(t,w) = f(t+Ul) . 

In view of the rotational invariance, 
for fixed t , is the same for all t 


( 37 - 9 ) 

the distribution function of f(t+ l4l ) 
, hence, is the same as for t * 0 


Prob{f (t+w) < x> = Prob(f(«) < x> . (37-10) 

This is immediately seen from Fig. 37.2: replacing t by t+« means only 
a translation of the figure as a whole to the right or left, the length of 
the intervals A8 and CD remaining unchanged. 

What is more , we may also write 


■*(*) - Meas{ f (t) < x } 


(37-H) 


using only the sample function f(t) defined on the “space circle" 

0 s t < 2rt with measure "Meas" defined by its element dt/2ir , without 
any probabilistic interpretation; this follows immediately by replacing 
“ in l 37 ' 1 ) b y t * This is formally very simple, but conceptually of 
fundamental importance: it shows that we may consistently work with one 
basic sample function f(t) only and still avail ourselves of the formal 
advantages of probability theory. 

Thus (37-4) is now written as 


d*(x) - 9 1 (x)dx = Measfx < f(t) < x + dx) 


which clearly shows that our formal "probability" is really nothing else 
than a relative frequency. 

Distributions in three-dimensional rotation group space. After these pre 
liminaries we come to the geodeticaily relevant case of three-dimensional 
rotations. The basic ideas remain the same, though the notation is more 
cumbersome . 


(36 
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f(-) be a real-valued r.„ d „ m 

Then the distribution function a(„) >« defined b/ 


$ ( x ) * Prob{ f (u ) < x } 


( 37 - 12 ) 

It s h0uld be n ° ted that * is * one-dimensional real variable 
th0ugh - denotes a point in three-d imensional rotation 9 ro«^p.V. V' 
Consider now the random function ( 36 - 13 ), ’ * 

f(t,-) • f(R„t) with t . L,„) . ,37-H) 

m « 1e " ° f the r °bnti onal invariance, the distribution function of 


*(*) = Prob{f (R u t) < X } 


(37-14) 


{joes not depend on t . Following the reasoning that leads from (36-22) to 
(36-24) we find that 


*{x) = Meastf (0 ,a) < xl . 


(37-15) 


The measure "Meas" is surface measure on the unit sphere, normalized by 
the factor l/4ir ; its element is, as usual. 


^ da = ~ si nededx , (37-16) 

dust as in (36-24), there is no longer an explicit dependence on the azi- 
muth variable A , 

For the distribution density 

♦ (X) = *‘(x) (37 - 17 ) 

we have again a geometrical interpretation (Fig. 37. 5). Draw the neighboring 
contour lines 


f (e , A) = x = const. , 
f(e.X) * x + dx * const. 

0n the sphere; they will, in general, consist of several unconnected closed 
. Let the areas between these neighboring closed lines be denoted by 
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corresponding density is 


„x.y) . ; 


(57*22) 


It m^y 


be geometrically Illustrated as f n \x 

•5 follows. Or,. th , contour ,, neJ 


f (9,X) * X , 

f (e ,x) * x + dx , 


(57-25) 


as w e11 as the contour lines 

g(e»M - y . 

g(9, X) = y + dy (37-24) 


(Fig. 37. 6). The ribbons formed in this way intersect in areas dA , dA , 
dA 3 , ... (hatched in Fig. 37. 6), and 1 2 

<t>(x,y)dxdy = d A x + dA 2 + dA 3 + ...) , (37-25) 



FIGURE 37.6. Joint distributions. 

A final example will indicate how an azimuth-dependent situation can be 
bodied. Consider the problem of the joint distribution of gravity anoma- 
lies at two points that are at a spherical distance f apart: 
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*(x,y) - Prob{f(t.u0 < ** * y ’ 


( 37 - 26 ) 


where 

± * ang 1 e(t t u) ® const 

We have 

t * j[ 0 * X j | 

U * [0 \ A 1 3 * 

where the condition (37-27) can be written in the form 

cose cose* + sifi 0 sine < cos(A'-A) - costy a const. (37-30) 

Then (37-26) can be expressed as the integral 

$ ( x , y } = — /// sinededAda , (37-31) 

8ir B(x,y> 

where the integration is extended over the region 8{x,y) defined by the 
inequal i ties 


(37-28) 

(37-29) 


f(0,A) < X , 

9 (e* ,A' ) < y ; 


(37-32 ) 


e 1 . A' are expressed as functions of (e,A,a) by the trigonometric re 
1 a t i o n s 


cose 1 = cosecos^ + si nesi n^coset , 

sin(A'-A} = sirn^si na/sine ' , (37-33) 

which follow from the spherical triangle of Fig. 37.7, The Integral (37-31) 
is analogous to (37-2) and (37-19); the probability measure sinededAdA 
has been replaced by “spatial* (surface plus azimuth) measure sinededxd, 
in the same way as (36-31) has been replaced by (36-32). Again we see that 
formal "probabilities" are really relative frequencies. 
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Pot* 



(*'X) 


FIGURE 37.7. The baoic spherical triangle 


These three examples illustrate the basic principles of the determination 
of single and joint distributions. Other cases can be handled similarly. In 
any case, we can operate with “spatial" functions f(e,x), g(e,x), ... only. 

In practice, the functions f(e,X) are usually represented by discrete 
mean values (say, 5 ' x 5* or 1° x 1° block averages), and the integrations 
are to be replaced by sums. 


38 , THE MEANING OF STATISTICS IN COLLOCATION 

Are gravity anomalies a stochastic phenomenon? There are different an- 
swers to this question. 

To get one answer, consider gravity at one observatien station and ob- 
serve it repeatedly. Assume that the measuring errors are negligibly small, 
and remove known geophysical effects, especially tidal ones. Then the re- 

^d-rii-fforpnt timfis will be practically constant. Wo 
suits of measurements at different xime* y 

conclude: gravity is a deterministic, not a stochastic phenomenon. 

This way of looking at the problem, repeating the same experiment under 

identical conditions, is the way we look at random measuring errors and « 

»any other "stochastic" physical phenomena, the c assica ' 

repeated throw of a die. If the experimental results vary t 

we have a genuinely stochastic 1 -nomenon^nder.e 

outcomes of the repeated experiment are bability theory. 

hav e the scheme of repeated trials, fundamental in prebab.lUy 
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, ,„ nfho r wav of looking at the question of sto- 

There is, however, also another way or .. e . . 

Th<.v are caused by mass anomalies, visible 
rhastici tv of gravity anomalies. They are cau>e j U!e 

b„ ones. These ■*» •« 

instance, noontein cha.ns extending in a region fashion 

„ i i k3 i onint of vifiWt however i pattern i$ 

south. From a regional or global point or 

still quite irregular. 

I„ fact, the mass distribution in the crust results from a superposition 
of many causes, such as tectonic and Igneous activity and the action of 
water, ice. and wind. The resulting effect of these causes is Irregular in- 

deed and may well be considered random. 

This is particularly true if we remove known features or trends, for 
instance, by a topographic-isostatic reduction to be mentioned below. 

In this sense, the gravity anomalies, which are caused by such mass ano- 
malies, may also be said to be random. The randomness exists here not with 
respect to time, as it was in the first case {measurement at the same point 
but at different times) but with respect to space (measurement at the same 
time but at different points). The random behavior is more or less indepen- 
dent of position on the sphere and of direction; it is homogeneous and iso 


tropic. 

Stochastic process interpretation. What do we mean by considering the 
anomalous gravitational potential T as a stochastic process? In conformity 
with sec. 34 we put 


T = f(e,*i«) . (38-1) 

The potential T at sea level is thus considered as a function of the 
spherical coordinates e and \ (we employ the spherical approximation 
as usual), as well as of a phase variable u which is a point in a proba- 
bility space ft * To each choice of <u there corresponds a function of 8 
and A . The actual terrestrial potential T would then correspond to one 
particular choice, say « x . 

This means that the mathematical model comprises not only one earth, our 
Earth, but a number of other fictitious "sample earths", each of which cor- 
responds to a different point £ ft , 

Such a model is not a priori impossible (similar models are employed, 
e.g., in statistical thermodynarai cs ) ; it may very well be used if there are 
good reasons: if it is mathematically convenient and provides practically 
meaningful results* 

In the present geodetic case the use of such a model could perhaps be 
justified on mathematical grounds if it were Gaussian and ergodic; however, 
this is impossible in view of Lauritzen's theorem (sec. 35). Whether non- 
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<s ian models such as the one given as the fire* t 
■' 6) „«M..t.«.ll y attractive , t 1 ’ ’* 

'"I lod.1 for to. earth ' s .ra.u.tlona, ' " * ,t0Ch " t ’‘ 

TM present author prefers to look into another direction, which is J 
c4 ted by the Second Example in sec, 35 (p.288). 

Statics without stochastic e. Our principal reason for introducing 
$t0C hastic processes has been to avail ourselves of the corresponding math- 
sat ical apparatus and the statistical terminology, such as the concept of 
c0 variance functions; this is very convenient, useful, and of considerable 
heuristic value. If it is possible to retain this apparatus while at the 
same time working with one Earth only, then there is little reason why we 
should not take Occam's razor" and cut away all the other fictitious 
-sample earths". {Occam: u Enti a non sunt multiplicanda praeter necessitate*".) 

The situation may well be compared to the global statistics of the human 
population at a given time. There are random variations from one human In- 
dividual to the other. We have regular trends, such as the racial and cul- 


tural background, but there are genuinely irregular features left, distri- 
buted over the human population and thus over the earth's surface. This is 
not completely unlike the surface distribution of gravity anomalies {al- 
though the analogy, if pushed too hard, quickly becomes nonsense). 

Is it permitted to study the global population statistics at a given 
time, to calculate various statistical distributions? Everyone will answer 
this question in the affirmative, although there is only one global popu- 
lation. All statistical distributions are simply calculated on the basis 
of this population. 

This is the subject of descriptive statistics , which computes relative 
frequencies, histograms, distribution functions, mean values, variances, 
and covariances only on the basis of the available population {cf. Kreyszig, 
1970, Fart I; Mises, 1957, pp. 166-167). This has the character of a classi- 
fication of the data and does not necessarily presuppose a "stochastic" be- 
bav i our . 


H appears that the statistics of the gravitational field should be 
handled similarly. We simply must take seriously the fact that there is 
0ri ly one gravitational field, and compute the whole statistics from this 
0ne field only. 

Th e appropriate mathematical apparatus for studying the "second-order 
sta ti sties" (variances and covariances) of the gravitational field is thus 
Herbert Wiener's (1930) "covariance analysis of individual functions" 

(°oob, 1949, sec . 1 ) . This model is implicit in almost all geodetic work in 
field (Kaula, 1959, 1967 ; Heiskanen and Moritz, 1957 , chapter 7); ex- 
Plicit1 y it was formulated in {Moritz, 197 3a , sec . 8) , It essentially uses 
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the idea of homogeneity and Isotropy. For the sphere, homogeneity an(j 1jo ^ 
tropy really form a single compound notion, namely, invariance under rot ^ 
tions {in contrast to the plane, where homogeneity, Invariance under tr a „ s _ 
lation, and isotropy, invariance under rotation, are separate notions*^ 
this motivates the introduction of the three-dimensional rotation group. 

Throughout the present book we have used such a covariance analyse, 
individual functions applied to the anomalous potential T , beginning with 
sec. 10. In sec. 37 we have extended the idea of a statistical analysis of 
the individual function T to the computation of statistical distributions 
of T and related quantities. 

It is now of basic importance that, formally , this theory can also be 
interpreted within the framework of stochastic processes, as our ergodic 
Second Model (p.288). This is, of course, independent of the question 
whether the anomalous gravitational field is "really" a stochastic process 
in some physical sense. Probability theory then simply serves to provide a 
convenient mathematical formalism. 

The deeper reason why this formalism can be applied is that, mathemati- 
cally, both probabilities and relative frequencies satisfy the axioms of 
measure theory. Therefore, if we wish to avoid the term "probability", we 
might simply speak of "measure". However, this concept is rather abstract, 
whereas probabilistic terminology possesses an attractive intuitive flavor 
and is thus frequently preferred. 

The problem whether and in which respect the anomalous gravitational 
field is a "genuinely stochastic phenomenon" will be answered differently 
by different people, depending on their scientific outlooks. Even with re- 
spect to the philosophical meaning of "probability" and “stochastic phenom- 
enon" there are many different, even quite opposite, opinions, as is seen 
by comparing books such as {Gnedenko, 1967), (FI nett 1 . 1974 ), and (Mises, 
1957). Still, the mathematical formalism is the same. 

Similarly, the mathematical formalism, proposed here as a statistical 
background of collocation, is independent of how seriously we take the sto- 
chastic character of the gravi tational field. Even if we rigorously deny 
this stochastici ty, we can still accept the formal statistical analysis 
presented here: we then have "statistics without stochastics"; cf. (Sanso, 
1978c) . 

Randomness again. At any rate, the standard errors computed as rotation 
group means are meaningful as global averages. Consider, for instance, 
least-squares gravity interpolation or prediction, as mentioned on pp. 80-81. 
If we use a global covariance function, then the standard error of predic- 
tion computed by a formula of type (9-29) will characterize the average 
i nterpo 1 a ti on accuracy on a global scale. This does not necessarily mean 
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{tl4 t it wU1 aU ° 9lV * the * ver *9® accuracy in a certain region. The latter 
|CC yracy be ^ter obtained by using a regional covariance function, 

*hich character! zes the statistical behavior of the gravity anomalies in 
that particular region. 

por global data combination problems it Is usually the global average 
iccuracy which we need; the present book concerns Itself primarily with 
those problems. Still, regional averages are also of interest, and it would 
he desirable if the statistical characteristics In different regions were 
similar to each other and to the corresponding global characteristics. 


This would be the case if averages over a certain region (including an 
averaging over different azimuths) were approximately equal to the global 
rotation group average. A comparable situation would be throwing a die a 
large number of times. If the average frequency of throwing a ”3" In any 
sample, say, of a hundred throws (e.g., the average of throws No. 1 to No. 
100, the average of throws No. 101 to 200, of No. 201 to 300, and so on) 
is approximately equal, about 1/6, then we say that the die behaves in a 
properly random fashion. This is the much quoted stability of relative fre- 
quency, which is considered characteristic for stochastic phenomena; cf . 
(Gnedenko, 1967 , sec. 1.7). 

Thus we might similarly say that the gravity anomalies behave randomly 
if regional averages (of not too small a size) are approximately equal to 
each other. 

Obviously this is not in general the case. Statistical character! sties 
will be different in a mountaineous region, in a plane region, and in an 
oceanic region, even if they have the same size. These characteristics may 
also depend on the azimuth--this Is called anisotropy--, for instance if 
we have a large mountain chain extending essentially in one direction such 
as the Rocky Mountains. We then speak of regional trends. We may try to re- 
move these trends, for instance hy gravity reduction to be discussed below. 
In this way we may hope to get a more "random" behavior of the residual 
gravity anomalies, more independent of position and azimuth, rendering var- 
ious regional averages similar to each other and to the global average. 

Another possibility which might be used for local applications Is to 
consider local or, exceptionally, anisotropic covariance functions; see, 
for instance, (Groten et al.. »”), (Kearsley. 1977), and (Morrison. 1977). 

For global applications, however, the rotation group average, which is 
homogeneous and isotropic by definition, seems to be the appropriate con- 
cept , 

& +y*pn& removal , From a statistical point of view it 
Gravity reduction as tre 

would he desirable to eliminate all known trends. For instance. an elimina- 
tion of the correlation of the gravity anomalies with elevation is closely 
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related to the Bouguer reduction (cf. Heiskanen 8f, d Moritz, 1967, sec.7-iQj 
In this way, the very toed topnqr«nhic effect* are removed and the Qravj^ 
anomalies become much smoother and easier to interpolate. On the other ha n ^ 
the Bouguer anomalies are approx i ma t e t y propor t i ona 1 to the average 
of an area and thus have the character of a r*a fetal trend. The removal of 
this latter trend, in addition to the local one. 1* effected by an Isostatic 
reduction. 

If Aq is the given free-air qravity anomaly, then 

■ Ag - 2*Gf.h (H-7) 

( G ... gravitational constant, n ... density, h ... topographic eleva- 
tion} is an approximate expression for the Bouguer anomaly, which is rough- 
ly equal to 


- 2 it G ci h 

n 

( h^ ... mean elevation of an area). Therefore, the isostatic anomaly, which 
is approximately given by 

A9j = Ag - 2-n Gp { h - h m ) (38*3) 

(Moritz, 1968b, sec. 6), can be said to be free of the principal trends (lo- 
cal elevation h and mean elevation ); it can be expected to be small- 

er, smoother and more "random" than the free-air anomaly. In fact, if iso- 
static compensation were perfect, then ag T would be zero. 

The great practical importance of the Bouguer reduction for gravity in- 
terpolation and of topographic-isostatic reduction for interpolation of 
deflections of the vertical is well known. Thus, for local or regional pur- 
poses, such reductions are of great value. 

In global data combinations, a consistent isostatic reduction of all da- 
ta under cons i dera t i on , and the subsequent "anti reducti on" of the results 
obtained, would certainly improve the results of least-squares collocation. 
Un f or tuna te 1 y , this improvement has to be paid for by an enormous computational 
effort, which may be justified in some cases but probably not in general. 

It should, however, be mentioned that the gross features of an isostatic 
reduction can be calculated relatively easily from a spheri cal -harmonic ex- 
pansion of topography; cf. (Lachapelle, 1976). 

Removal of a louer-degree harmonic field. Another possibility of a trend 
removal is the subtraction of one of the available truncated spherical- 
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{ ‘ f >i f.on 

, r mnic expansions such f„ u „ d 

;apos£ „ k) n. 1979). 5uC h . f 1 e , d Cpp. I»,„ „ 

j hfi ovnartnJ ° y Wf 1 th* - 


f *4 - 
Such « 


( G«POSChktn. „„ a ,i,i d repc„„ ts ’ 

tunes i K ten Pe expected th.t the r„ 1d ,„ f (' ” ' lh * '*<.lnn„ ... 

Lionel field win be 5mal ,er and nor , , r * '* ‘ Htr *>btr«tl„, ,„ th 
,,ous Gravitational field. Ur ‘tan the on, ip,, 

,»• procedure is conceptual!, t 

I . "reduction" of the data by SU ht,-.... 'sostatic reduction: 

field; c 1,19 the effect of the re,1ona1 

J. application of the collocation formulae 

3 . "antireduction" of the computed ouantln k r * !ill “* Ui 

sponding effect of the regional field * "" C ° rr *‘ 

TM computational effort, however. i s mu( . h j ess 

It is also possible to combine these . „ 

P e„e, 1975). t "° tJ,Pe5 ° ( reduction; cf. (tacna- 

In principle one could also think nf - Q n, 

j * +. ~ . firooving other trends, for instates 

kr ,o«n density anomalies. This corresponds ♦„ , ha • ■ , ’ 

, . . . . .. . esponcs to the principle that all possible 

trends should be eliminated bpfm-o 

, _ . . Detore a PPlying statistics . As many other prin- 

Ctples, this one is good es long as it i s combined with common sense and not 
pushed to the extreme. The analytical side of collocation may help to find 

the proper measure: even if there i« , 

tnere 15 RQ tr6nd removal whatsoever, colloca- 
tion works as an analytical approximation method. 

Group-invariant estimation. Our statistical interpretation makes essen- 
tial use of the invariance with respect to the rotation group (sec. 38). By 
a slight shift of perspective it is possible to stress this invariance, 
downplaying the statistical aspect. In this way we may interpret least- 

squares collocation as a rotation group invariant linear estimation (Sanso, 
1978a). 


Nonlinear estimation. The non-Gaussian character of the anomalous grav- 
ity field implies that the "best linear" estimate is not the absolutely 
best estimate: nonlinear estimation may still reduce the variance of the 
result. Therefore, nonlinear prediction has been suggested, among others, 
by Kaula (1966*) and Grafarend ( 1972). In practice, linear methods are used 
almost exclusively. 

The many facets of collocation , We have seen that 1 east- squares colloca- 
tion has its roots in many fields such as: (1) least-squares estimation , (2 ) 
stochastic processes ,( 3) approximation theory , (4) functi onal analysis, (5) 
Potential theory, {&) inverse and improperly posed problems, and (?) group 
theory. $ onie 0 f these relationships, especially the statistical and the ana- 
Vtical aspect, are interest! ng and signi ficant enough to invite concentration 
one or the other. However, a balanced and complete understanding of least- 
squares collocation involves a careful synthesis of all relevant aspects. 
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un<,er "" ' Molod^nsky'S series (sec. 43); also the pr «. 

'sme S ' f.r«U <*•<•« •' ° Nation has been based on U. 

„„t treatment of l — afl erro r which is ne«,1,gii>i« t n ^ 

This spherical approKimatio p . Z 0) has shown that, in the case 

practical applications. Le^an" I ^ g]obal average on the order of 
of Stokes * formula, this error 1 ^ Qrder of magnitude smaller than 

,0.2m in the geoidal height. ar3tfimetric and satellite data, 

the accuracy implied by the pre j efdal corrections must be taken 

For higher accuracies, howeye • snowing way* which is basically <] ue 
into account. This can be done in ^ by many aut hors. 

to Sagrebin ( 1956) and has been . ty fie ld (the anomalous potential, 

Any Quantity F of the i y , etc.) is expanded as a series with 

the geoidal height, the gravity an °™ * . ing the deviation of the refer- 

respect to a small parameter c charac 

ence ellipsoid from a sphere; 

(39-1) 


F = F 


(O) 


+ eF 


U) 


2 f (2) 
+ e F 


3 f (3) 
+ e r 


m ,„ be the flattening f or some s imi 1 ar el 1 i psoidal 

™ S square of the first excent r i c i ty : 

oarameter; we shall take me h 


e - e * 


2 h 2 

a - b 


(39-2) 


for notations see sec. 2. In view of the smallness of the quantities under 
consideration, squares and higher powers of e may be safely neglecte , 

SO that (39-1) reduces to 

f . F° ♦ e 2 F> j ‘ 39 ' 3) 

we have written F 101 = F° and F i:1 ■ F 1 . In this form we shall try ta 
represent every quantity of the anomalous gravitational field. 


Corr*ati0Ti* 

Such a quantity also d eo «fld 4 on th# 

geodetic coordinates « (Hutud,*, > (l^,' 1 M-, b r th. 

the e 1 llp*Old> . if the quantity ref Prf u U ’ 1 ' f ’ *«« * 'height above 

, function of «•»<!>, 50 that th# qtlB * Mrth ' '* then h U 

* and x only. In thij case, (39-j\ .. * uf 'd»r consideration depends 
° 3> b * e-pUdUy; 


F(^,X) . F°(a , 1 ) a eV UfM 


( i9-*> 


Since the function F°(*, M corresponds 
as fl function on a suitably defined sphere, 
0 f radius 


to e ■ o , it may be considered 
**?■♦ ■ mean terrestrial sphere 


R * Va 2 b a 6371 km , 

* (39-6) 

and ♦ , x may be considered as spherical coordinates on this sphere. 

!n this way we have established a one-to-one mapping of the reference 
ellipsoid on a sphere of radius R by mapping a point of geodetic (geo- 
graphical) coordinates (*,>) on the ellipsoid into a point of spherical 
coordinates (♦•>) on the sphere; the values of * and x being numeri- 
cally the same for both points. 

After having defined, in this way, a mapping of points, we shall estab- 
lish a mapping of functions by letting the function F°($,x) on the sphere 
correspond to the function F ( $ , >) on the ellipsoid, the two functions be- 
ing rel ated by { 39-4) . 

The functions F*($,x) are determined as follows. For the anomalous po- 
tential T , we define 

T 1 { $ , A ) = 0 , (39-6) 

so that we have the fundamental mapping equation ; 

T°(*.x) * T(*,X) . ( 39 ‘ 7 ) 

Then geoidat height, deflection of the vertical, gravity anomalies and 
similar quantities F°(*,X) on the sphere are uniquely defined in terms of 
the basic function T°{*,x) by spherical relations. On the other hand, the 
corresponding functions F<*,x) represent the actual values of these Quan- 
tities on the ellipsoid and are likewise uniquely related to T(e,x) • 

1 1°(*,x) by appropriate ellipsoidal formulas. Thus the funcuons (»•') 
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are likewise well defined; their determl natl on is the purpose of the p fes ^ 
erct section. 

Now we are also in a position to better understand the meaning of the 
spherical approxlma tion , It Is the mapping of an ellipsoidal point with 
geographical (geodetic) coordinates ( + , * ) Into a point of the sphere 
whose spherical coordinates are numerically equal to the coordinates (* t jj 
of the ellipsoidal point; furthermore all first-order quantities e 2 ? 1 ftfK j 
terms of higher order are neglected. 

In the present situation we have the same mapping by numerically 
fying the geodetic coordinates on ellipsoid and sphere; however , now the 
first-order quantities are retained. 

It should be mentioned that the mapping of geodetic coordinates Into 
spherical coordinates is by no means the only way of establishing a corre- 
spondence between the reference ellipsoid and an auxiliary sphere. One may 
also map the ellipsoidal coordinates consisting of reduced latitude b and 
longitude A into spherical coordinates by identifying their respective 
numerical values. This has been done, e.g., by Sagrebin (1956) and Hotine 
(1969, pp. 320-322). Employing p and X leads to somewhat simpler formu- 
las, but the use of $ and A seems to be preferable from a practical 
point of view: it is laborious to transform geographical latitudes a into 
reduced latitudes s for all points used, and the division of blocks for 
mean values of gravity, etc., corresponds to $ , a and not to 8 , A . 

We also mention that Molodensky (Molodenskii et a 1 . , 1962) and Koch 
(1968), in their solutions of ellipsoidal bounda ry- va 1 ue problems, map geo- 
centric coordinates on the ellipsoid (geocentric latitude and longitude) 
into spherical coordinates. 

Geographical coordinates have be>en used by Lelgemann ( 1970, 1973) and 
Moritz (1974). 

Geoidal heights . The geoidal height N is related to the anomalous po- 
tential T by 

N = ~ (39-8) 

where y is normal gravity at the ellipsoid. 

By eq . (2-96) of (Heiskanen and Moritz, 1967) we have, approximately, 

Y * Y (1 + f*si n 2 <(> ) (39-9) 

cl 

where y is normal gravity at the equator and 
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(39-10) 



eq.(2*99)). To the same appro* Ima u 0 e we have 



(19-11) 


a an inspection of numerical values {ibid,, p.80) shows that, appro* imaf*- 

#flo 

l.¥ * 

1 

^ ' 7® * (39-U) 

Th us, (39*9) becomes 

y - v a |l + ^ e 2 si n 2 $j . (39-13) 

introducing the Legendre polynomial 

P 2 (sin4>) = |sin 2 <t» - ^ (39-14) 


we have 


Y = Y a 


1 + A &2 + e Ji P 2 C s i«4>> 


( 39 - 15 ) 


Since the mean value (over the sphere) of P ? ($in<}>) is zero, the mean 
value of y becomes 


o 

Y * Y. 


H 


( 39 * 16 ) 


so that (39-15) may be written as 


Ol, , 1 jj 2 p 

Y Y t 1 + ^- e r 2 


(si n^) 


on, by ( 39 - 14 ) , 


Y = Y 


1 - ^ e 2 + l e 2 sin 2 4> 


( 39 - 17 ) 
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Hence, {39-8) becomes 

N c fi *|e 2 - Je 2 sin 2 *] . (39-18} 

Taking Y ° as the (constant) spherical value corresponding to the ellip. 
soidal value y , we have 


14 


o 



( 39-19) 


as the value of the geoidal height in the spherical approxima ti on , so that 


14 


N° + eV 


'(39-20) 


wi th 


iN 1 = ^ . | s in 2 *]t4° . (39-21) 

Deflections of the vertical. The components of the deflection of the 
vertical are given by 


5 



n 


3N 

Vs* ’ 


09-22) 


as the derivatives of the geoidal height 14 along a north-south direction 
(line element ds^ ) and along an east-west direction (line element ds^ ). 
Generally, the line element of the ellipsoid is expressed by 


ds 2 = p 2 c 4 2 + v 2 cosW . ( 39-23) 

where u and v are the principal radii of curvature of the ellipsoid 
given by 


u 



c 

V ’ 


( 39-24 ) 


V = 


(39-25) 
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whe re we have put 


V « ( 1 + e ' 2 cos 2 $ )7 


{ 39-26) 


and used eqs. (2-3) and (2-4); these relations are found in any text 
Geometrical geodesy. 

Thus , 


on 


ds^ * yd$ , 
ds x = vco$$dx , 


{ 39-27 ) 


so that (39-22) becomes 


T = - A d H 

** . . r\ 


1 3N 
U H * 


n = 


1 3N 


VCOS$ 3X 


(39-28) 


In the spherical approximation we have 


C° * 


1 SN' 


R 3 4> 

1 3N° 

Rcos* sx 


(39-29) 


On expanding we have to order e' 


R = 3 A^b = 


i 1 * 2 ' 

1 - ir e 


* a 


, A 1 J. 
1 + 0 


= R 


‘♦I* 2 


V = l + j e 2 cos 2 <t> - 1 + y “ \ e 2 s in 2 ** , 


5 2 3 „ 2 ■ 2 


1 1-1 J / J £ ' J 

v 3 i*t 1+ £ e -7 e 5in 


J * 


i . If. 1 a 2 1 „2 t , n 2 , 1 

v U 1 1 ' 5 e " 7 e S1rl 


(39-30) 

(39-31) 

(39-32) 

(39-33) 

(39-34) 


320 Cot location : Advanced Aej'ects 


By (39-20) and (39-21) we get 


?N SN° 2 Sfi l 

m .. — 4 p - — ™ 

?* 3* 


3N 
3 * 


+ e 


2 f 1 3 

* ' * 


. f 4 , 3H 

sin ♦ |- 5r - 


e 2 • 7 s i n*cos<)> • N° , 


( 39-35) 


and similarly* 


2l s + e 2(l _ 3 2, 

SX 3X + e I T s,n 1 
\ 


3N U 

3 A 


(39-36) 


Substituting these expressions, together with (39-33) and (39-34), into 
(39-28) and taking (39-29) into account we finally obtain 


C = 6° + e 2 ? 1 , 


n = n° + e 2 n 1 


(39-3?) 


wi th 


13 9 . 2 

17 ‘ 2 f s i n <t 


6° + | si n^cos $ , 


1 5 . 2 1 o 

X 7 ~ si n $ n 


(39-38) 

(39-39) 


In the expressions for { > and n 1 , we may use for N ° any 

approximate values, for instance, such values as obtained from a truncated 
spherical-harmonic expression, the reason being that eV and » 2 „> 
very small. e n are 

Gravity ancalUs. The relation between the anomalous potential T and 

: r :r -::r, ? 9 ’“•»» complicated. „ from 

a eb n (.95 ) to Le gemann (1970), this relation has been found by solving 
b ndary-.alue problem which is ah extension of Stokes' problem ( f p 15 
to the ellipsoid. We shall here follow a e-imAi P 

outlined by Hotine ( 1969 pp 320 322 \ „ , * Pproach > which been 

ordinates * and x ^ ^ ^-loping it for geographical eo- 

be ixpri:::;rr:? s : potentiai t at the .urf.„ may 

expressed by a s pher i ca 1 - h armon i c expansion, 


T (<f.x) - £ I p (s 1- n<i ) {A cos m x + B sin 

n «2 m=o nm nm 


m X) 


(39-40) 
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in g the usual Legendre functions, from geometrical geodesy 
b ^ ha t geographical latitude «j> and reduced latitude ft are 

* no*" 

&y 

tanP E ^ tan * * 

hich we obtain by a series expansion with respect to e 7 , 
^ rD,!1 ■ ear terms , 

t0 l 1,iear 

g * $ - ^e 2 sin<{ico$o , » a e + -je J sin»cos?i . 


rt to the same approximation, 
Hencd* 


l o dP 

p ($in$) = P (sine) t i e si n e cos e . 

nut nm c o d 

following formulas are standard for spherical harmonics (cf 
and Ryzhi k , 1965, P-1005): 


dP (sing) 


nm 


dg 


cose = (n+llsineP^ - (n-m+l)P n+1(in * 


n-m+1 


, v f I “ Sit “T 4 , n . H+ST) fj 

sm b P nnj (sing) = P n+1<m + p n _ 1( 


m 


whence 


dP 

sin s cos 8 — ■ , r ' — = a P + b P +c P „ 

1,1,1 p L,u:i 0 dg nm n+2 ,m nm nm nm n-2 ( m 


wi th 



n 2 - 3 m 2 tn 

nm * (Tn + 3)(^n-“TT ’ 



it is 
related 

(39-41 ) 
restricted 

(39-4?) 

(39-43) 

. Gradshteyn 

(39-44) 

<39-45) 

(39-46) 

(39-47) 
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We substitute (39-43) into (39-40) 
more we note that, e.9-* 


and take (39-46) Into account. Further- 


V c A P , _ * /. 

*• nit) n Tn n-d r ™ n*Q 
n-2 

In this way we can transform (39-40) 
obtaining 


l c n + 2,m A n42,m n» 


(39-48) 


into el 1 i psoidal coordinates 8, i , 


T ■ II P (sine) (C nm cos m x * D^sinmi) , 


(39-49) 


where 


c 

nm 

A 4* 

run 

12 „ 
2" fi K 

nm 

♦ 

D 

nm 

= 8 + ie 2 

nm £ 

l nm ’ 


tt 

nm 

3 n - 2 t m 

- 2 , m 

+ 

b 

nm 

A + 

nm 

r A 

n + 2 * m 

* 

(39-50) 

It 

nm 

a * 

n- 2 , m 

g 

n-2 ,id 

+ 

b 

nm 

8 + 
nm 

C n + 2,m B n + 2 f m 

* 



the coefficients a etc. being given by (39-47). 

nm 

Let us abbreviate (39-49) as 

1=11 T (6.x) * (39-si) 

h L nm 


This gives the potential T at the surface of the ellipsoid. In the space 
outside the ellipsoid, T can then be expressed as 

T(u.B.X) - II S„.(u)T nB (6.» . (39-52) 


where 


S 

rnn 


(U) 




(39-53) 


Q beina a Legendre function of the second kind and u denoting the $ en1 ' 

nm ' . r 

minor axis of the coordinate ellipsoid passing through the space point uno 
consideration; u, 8, x are spatial ellipsoidal coordinates. Cf. (Heiskanen 
and Moritz, secs. 1-19 and 1-20). 


How we 

ellipsoid: 


P ° ldai CQrr.etion# 3 j 3 


4 w tr £ ^ q *j ^ 

“" ’ PPly th ' basu b °“"^ „ 

2 ) . ta*en on the 


*9 


j? T 4 1 T 

? ft Y 3 ft 


09-54) 

tMS relation expresses Aq 1n terms Qf 

normal to the ellipsoid, this derivative equals^ ° ? *** tftr1v#t * v * *T/*h 


3 

yft 


— * -L L 

Ss u w 0 &u 


where 


09-55) 


w o ” a va sip 2 s + b 2 cos 2 g . 


cf . (Heiskanen and Moritz, 1967, pp 68 „ 69) 
Substituting (39-52) into (39-54) we obtain 

AQ = ^ (‘ ~^r + 7 If s nm ) T nm (8,x) 


(39-56) 


(39-57 ) 


where the symbol ( ) 
taken at the el 1 i psoi d , 
From (39-53) we get 


signifies that the quantUiy within parentheses is 
that is, for u = b . 


d$ 


du 


Q L» (2) 

1n.( z 0> 


(39-58) 


where 

7 - i u , . H b 

z ' 1 T - 2 o ' 1 T ’ (39-59) 

dQ 

n t mn 

nm = ~rr ' (39-60) 

** is now appropriate to use the series expansion (Hobson, 1931, p.195, 
e 9 • { 1 9 ) } : 
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J( 1 4 t.n ♦ 

O nm (?) * Cd-« ) j^n+m* 1 Z ( ?C* 3 } A " * m * 


( 39 - 61 ) 


, | $ not needed ff)r th * Dur . 

w **re c denotes . constant, whoso value 

pose. fn , , substitute In (39-5$) and 

w, d.ff.r.n.t.t* (39-61) *° 

(th.t is, u - b ). Obtsla.99 


fdS 

mu 

sir 


) , * n f, fn^l)(n*i"^l ; ' 2 + ... . (39-62) 

. - I — 2^ (n+ 1) 1 - -^^ITTliT^nTTr^ o J 

Jo 1 1-2* 1 

. ,, Q to) it is straightforward to compute that 

Using the second equation in (39-59)* u 


i z o 


(39-63) 


furthermore, by (2-15), 


r 2 - e' 2 =e 2 + e 4 + e 6 + 
o 


(39-64) 


differs from e 
reduces to 


2 only by higher-order terms to be neglected.. Thus ( 39-62 ) 


fdS 


nm 


uU J 


4 (n + 1 * e 2 


(39-65) 


By (39-55) we have 


as 


nm 


ah j 


. r ds i 

1 nm 




{ 39-66 ) 


The expansion of (39-56) gives 


_L * 1 + i e 2 cos 2 p , 
w„ d 


1 


(39-67) 
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ne gleCt1ng e' 1 and higher powers, which we are doing consistently all the 
time. This provides the first summand between parentheses in (39*57). 

To get the second summand, we note that, by (39-53), 

(S ) ■ S (b) ■ 1 . (39-68) 

' nm 'o nm ' ' 

By ( He 1 ska nen and Moritz, 1967 , p.78) we have 

[~ |j) - * | (Hf + m-2fs1n 2 *) , (39-69) 

whence, by (39-11) and (39-12), 

[y TK S nm] 0 * ‘ | ( 1 + e 2 -e 2 sin 2 ♦) . (39-70) 

In terms of the mean radius (39-30) there is 


1 1 m 1 a 2, 

a IT ^ 1 "£ e ) ’ 




1 M 2 2 , 

IT ( 1_ 3 e > 


(39-71) 


In view of eqs. (39-65) through (39-71), eq. (39-57) takes the form 


Ag 


l ll 


n - 


1 + c 2f (n+m+l)(n-m+l) 
2 n + "3 


n+ll 


n " 3 sin 2 <j) 


11 


* T ( 8 , X ) . 

nm 


(39-72) 


There remains to express T nm (6,X) in terms of (<fr,x) . Remember that, 
by (39-49) and (39-51), 

T (e,X) = P (sine) ( C cos m X + D sinmx) . (39-73) 

nm ' ' nm nm nm ' ' 

■y 

In (39-43) we may replace e by 4 in the term multiplied by e , with- 
out impairing the accuracy, whence 

1 o dp 

P n.( Slne > * P „J S '"*> - ? e Sf 


sin<Kos$ . 


( 39-74 ) 
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In (39-73 ) we now substitute p n(Ii C * 1 na ) by ( 39- 74 ) and the coefficients 

C and D by the first line of (39-10). The expression for T ( 8 

nm nm 

thus obtained is then inserted into (39-72). After some s tra 1 ghtf orwa r<j 
algebra* neglecting again terms multiplied by e • we get 


Ag 


m 




( s i n* ) ( A cos m 7 + B s 1 n m > ) + 
rim ' ' nm nm 

[ ( n4nu 1 ) ( n -n>+ l) . !LLU.|p ( s ln*) - 
( 7n + !T 6 j nm 

dP nm 

2 + P nm (sid 4 ) - ^ sin*cos<t-^— * 


• ( A cos ml + B sin m >} * 

' nm run ' 

+ P { s i n$ ) ( K cos m x + L sin nU) 

C nra ' ' ' nm nm 


(39-75) 


We further express si n^cost'dP / d by (39-46), with instead of 6 , 

2 nm 

and sin <j)P by 
nm 


sinV M (si n<p ) 


a 

nm 


P 


n + 2 f tn 


+ 


6 P 

nm nm 


+ V P - 

n ir. n - 2 , m 


( 39-76) 


where 


nm ( 2 n + i) ( 2 n+3 ) 

( n+m ) ( n+m- 1 ) 

y nm = (2n + i7T''Zrr-Ty 


2n 2 -2m 2 +2n- 1 
( 2n + 3 ) { 2n- i } 


(39-77 ) 


this relation is obtained by applying eq. (39-45) twice. 

the summation variable in terms containing P _ and 

n + 1 f m 

to (39-48). 

The final result is 


At last we change 

P . Similarly 
n- 2 , tn 


Ag = Ag° + e 2 ag* 


where 


Ag 


l l 

n-2 m-0 


n - 1 


P (sin<j>)(A cos m x + B sinrn) 
nm ^ nm nm 1 


(39-78) 


( 39-79 ) 
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a a 1 * w y y P (slnt) (H costui 4 hi slnmi) 

R f‘ rtm' nm nm * 


n » 2 m « O 


(39-BO ) 


wi 


1th 


£ * r A 4 * A + y A * 

x nm nm n- 2 t m nm nm nm n+7 t m 


H * k B ~ + A B + u B 

1 nm mu n-2 ( i nm nm nm n4 2,tn 


( 39 - ft 1 ) 


and 


nm 


3(n-3)(n-m«l)(n-ni) 

"^(2nia)(2nMr 


nm 


”3( 2 n +”3 ){ 2 n *T ) 


{39-82) 


( 3n + 5) ( n+m4 2 1 ( n-Hn+1 ) 

11 nm * 2 (2n + 5 ) ( 2 n + 3 J 

The computation of the correction term (39-80), which is multiplied by e 
and has, therefore, a very small effect e 2 ag 1 » can be done in an approx- 
imate way, using a truncated spher i cal - harmoni c expansion obtained by a 
combination of satellite and gravimetric data such as given in (terch et 
al., 1977), (Rapp, 1977) or (Gaposchkin, 1979) l . 

The comparison between (39-40) and (39-79) shows that T = T and eg 
is connected by the usual spherical relation; cf . (Hei skanen and Moritz, 

1967 , p . 89 , eq . (2-155 ')) ; this is as it should be. 

Collocation with ellipsoidal corrections. If we wish to apply ellip- 
soidal corrections in 1 east -squares collocation we may proceed in the fol- 
lowing manner. 

The analytical structure underlying our whole preceding treatment of 
least-squares collocation is based on a spherical reference surface. In 
fact, as we have seen repeatedly, this analytical structure of the anoma- 
lous gravitational field is represented by covariance propagation on the 
basis of spherical formulas such as (15-7) to (15-9); also the covariance 
function K(P,Q) , being homogeneous and isotropic, is essentially related 
to the sphere. 


Whe summation in (39-80) starts with n=2 , although zero and first degree terms are 
introduced by (39-48); these latter terms, however, are conventionally suppressed; cf. 
(Heiskanen and Moritz, 1967, p - 97 ) - 
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<3 w ^ ' 

... sUC h as <I1>27) («5ina s in 

a ,„« collocation formula* *“ cn 

Thus least-squares cot 

)t(l<i of 5 ) * 


* " c „ i C J 1 1 * 


<39-83) 


should fee written, in the present notation. 




O p r ^ 1 ^ 

s * C . t f . i 


putt i ng 


s * s° + e 2 s 1 


1 . 1° ♦ e 2 ! 1 


( 39 - 85 ) 


in conformity with (39-3). Combining (39-84) and (39-85) gives 


c: ! ( 1 - e 2 1 1 } + eV 


(39-86) 


‘6l v 'lX 


which is the improvement of (39-83) by applying ellipsoidal ^ ^ 

The procedure expressed by (39-86) may be described « * 

1 . reduction of the data 1 from the ellipsoid to e P 

app Heat ion of^the 'spherical collocation formula (39-84), giving 


2 . 


C . C : : ( 1 - e 2 ! 1 } 


1 

3. reduction of this result from the sphere back to the ellipsoid 
2 1 

by adding es. , 

It is thus quite similar to reduction procedures described at the en o 

the preceding section. The ellipsoidal reductions el and e s are 
given by the basic reduction formulas derived in this section: (39-21) 

for the geo i da 1 height N , (39-38) and (39-39) for the components € 
and n of the deflection of the vertical, and (39-80) for the gravity 
anomaly ag ; there is, by definition, no ellipsoidal reduction for the 
anomalous potential T , cf. (39-6), We recall that for all ellipsoidal 
corrections we may use an approximate anomalous field as defined, e.g., 
by one of the known truncated spherl cal -harmoni c expansions. 




PART D 

THE GEODETIC BOUNDARY-VALUE PROBLEM 


^ boundar-y value problem is the determination of the earth's 

physical surface from the values of the gravity vector and the gravity po- 
tential^ given on it. The book treats recent developments in this field , re- 
^ tseljj however, to two subjects: first , the investigation of 
series solutions by Molodensky , Brovar, and others, of their convergence, 
and of their equivalence (seas, 43-49) ; and secondly, mathematical studies 
on the evidence and uniqueness of the solution performed recently by H&r- 
mander, Krarup, and Sansd ( secs . 50-64 ) , 

Secs, 40 42 provide an introduction to the mathematical structure of 

Molodensky 's problem; a previous knowledge of the basic principles, such 
as given in chapter 8 of (Heiskanen and Moritz, 1987), is desirable though 
not indispensable. 

The reader primarily interested in applications will find information 
on computational formulas and their theoretical background in secs . 40 - 49, 

H&rmander's work on existence and uniqueness represents a mathematical 
tour de force of great depth and complexity . The present treatment attempts 
only a general, non-technical description of the method, the mathematical 
background, ana the results. 

Sansd* s treatment of the geodetic boundary -value problem provides a high- 


ly original and simple new approach : by means of a Legendre transformation , 
the free boundary -value problem is transformed into a problem with a fixed 
boundary. This approach is related to Molodensky ’s theory in much the same 
Way as Hamilton's treatment of classical mechanics is related to the New- 
tonian approach; it is of similar beauty. The book treats rather fully the 
elementary aspects of Sansd ' s theory. 

Geodynamical effects such as time variation of reference systems and 
tidal influences are small but of great principal significance . Therefore, 
an outline of them concludes the book. 
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IjQ. molodensky' s PROBLEM 

In sec. 2 we have briefly mentioned the problem of rtokes, the gravi- 
metric determination of the geo id; the solution is given by Stokes’ for- 
mula (2-35). This approach, though mathematically quite simple, meets with 
conceptual difficulties because it presupposes that all measurements refer 
to the geoid. Now the actual geodetic measurements are made at, the physical 
earth's surface, or topographic surface, which is the earth's surface which 
we see and on which we walk. Therefore, these measurements must be reduced 
to sea level, that is, to the geoid. This, however, implies the knowledge 
of the density of the masses above the geoid, and this density is only im- 
perfectly accessible to observation. The practical impact of this difficulty 
is not forbidding, but the conceptual difficulties remain. 

Therefore, M.S. Molodensky in 1945 proposed a different approach, namely 
the direct gravimetric determination of the physical earth's surface. This 
problem of Molodensky has played a fundamental role in theoretical geodesy 
during the last decades. A review of the results obtained by 1960 is given 
in the monograph (Molodenskii et al., 1962). An elementary p resen ta t i on with 
emphasis on the physical background is found in chapter 8 of (Heiskanen and 
Moritz, 1967}. Our present treatment will stress the mathematical structure 
of Molodensky's problem and present some recent developments. 

The problems of both Stokes and Molodensky deal with data given on a sur- 
face (the geoid and the physical earth's surface, respectively), which is a 
boundary for the region outside this surface. They are thus geodetic bound- 
ary-value problems. 

The problem of Molodensky may be formulated briefly as follows: given, at 
all points of the physical earth's surface S , the gravity potential W 
and the gravity vector g , to determine the surface S . The potential W 
can be determined by leveling combined with gravity measurements; this gives 
the potential up to an unknown constant which, however, can be found indi- 
rectly by other methods, especially distance measurements. The magnitude of 
the gravity vector £ , which is gravity g , is measured by gravimetry, and 
the direction of £ , which is the plumb line, is obtained by astronomical 
measurements of latitude i> and longitude A . It is assumed that these 
measurements have been corrected for luni-solar tidal effects and other tem- 
poral variations, so that our problem is independent of time, We further 
suppose that the very small effect of the atmosphere has been taken into 
account by an appropriate reduction. Hence, the space outside the surface 
S can be considered empty. 

We thus assume that the earth is a rigid body which rotates with a con- 
stant and known angular velocity w around a fixed axis, which passes 
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through the earth's center of 
the origin 0 of a cartesian 
with the axis of rotation. 

The gravitational potential 
For large values of the radius 


maSS - ™ S Cent * r of «•« will b . taken as 
coord t na te system, the coinciding 

V is n harmonic function outside $ 
vector 


r * 11*11- 


r .y 

V^'x ^ + 




X 


2 

1 


it hds sti expansion in spheric 3 1 


harmonics of the form (6-2): 


MQ-1> 


V ( x ) = ^ Y 2 (n,x) 

r 73— + 7 f— + ... . {40-2) 

the gravitational constant, M denotes the total mass of the 
earth, and Y n (e,x) are Laplace surface harmonics {3-22), e (polar dis- 
tance) and X (longitude) forming together with the radius vector r a 
system of spherical coordinates related to the cartesian coordinates 
x = [x j , x 2 , x^l in the usual way: 


- r sin e cos X 
x 2 = r sin 9 sin X 


x 3 = r cos e . 


( 40 - 3 ) 


The condition that the coordinate origin 0 coincides with the center of 
mass implies that the spherical harmonics of first degree vanish identically 


Y : ( e , X ) a 0 , 


(40-4) 


so that V must have the form 


, . GM . 
V(x) = — + 0 


11 


for 


(40-5 } 


The gravity potential W is then given by 


W(x) 


x) - V(x) + \ w 2 [* 2 + x 2 ) * 


(40-6) 


It will also be assumed that the surface S is a closed, simply connect- 
ed and smooth surface, being differentiable as often as required. 


332 Geodetic 


Boundary-Value Problem 


n ... .. — tr:;: 

,Irth' S ,urf.« b, gravtty •" *' 1 " far fr °"’ be ”" 1 re *"» <1 > 

„ the other herd, there .re many .ore d.U of k, "‘; »«» » 

satellite data, that traascehd the frame of Molodeosky a problem and most 
be handled by data combination techniques such as least-squares collocation. 

To these questions me may answer as follows. From a practical point of 
.lew, the integral formulas arising In the solution of boundary-, a lu. prob- 
lems are often computationally more convenient than collocation and retain 
their Importance If gravity data are available to a sufficient extent, at 
least locally (cf. sec.ig). From a theoretical point of view, the geodetic 
boundary-value problem represents an especially Interesting and significant 


special case, whose Importance for the conceptual structure of geodesy, from 
the time of Clairaut 1 to the present day, can hardly be overestimated; Inter- 
estingly enough, the theory was always far ahead of the data available at 
the time. In fact, the consecutive stages in the development of the boundary- 
value prob 1 em--Cl ai raut , Stokes, Mol odensky- -always served as measures of 
perfection for geodetic theory and set new standards. 

Even today Molodensky's problem is not yet completely clarified from a 
mathematical point of view, with respect to existence and uniqueness of the 
solution, in spite of the decisive progress made in the last few years; it 
remains a challenge to theoreticians. 

Let us now try to get a first grasp of the mathematical nature of Molo- 
densky's problem. 

The gravity vector £ can be expressed in terms of measured gravity g 
and of astronomical latitude $ and longitude A as 


g cos $ cos A 
1 = g cos $ sin a 
g s i n $ 


( 40 * 7 ) 


In space the vector g and the potential W may be considered functions 
of the rectangular coordinates: 


fl = 1(VVX 3 ) * 


w = w { x ! »x 2 ,x 3 ) . 


( 40 - 8 ) 


The well -known formula of Clairaut (cf. Helskanen and Moritz lqfi? c a \ 
a relation between gravity and the geometric form of a level surface 9 In rh &9 prOVfdeS 
Clairaut is a predecessor of Stokes and Molodensky. aCe ‘ n th,s sense > 
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the earth’s surface S , they ere function, of two surface coordinates, 
for which we may take the astronomical coordinates « and a : 

I 3 * * A 5 . 3 * 3 ( $ , A ) ; (40-9) 

the overbar denotes restriction of spatial functions to the surface S 
whereas underlining characterizes vectors and matrices as usual. 

How £ be expressed. In a certain sense, as a function of S and 

fl , symbolically 

I * F(S,W) . (40-10) 

This means that, given the surface S and the gravity potential 3 on it, 
the gravity vector £ on S is then uniquely determined and can be com- 
puted . 

In fact, this may be done as follows. Let $ and 3 be given. Compute 
the centrifugal potential on S (which can be done since the surface S 
is supposed to be given and consequently the coordinates x } , x 2 , x^ of 
the surface points are known) and subtract it from W ; this gives the 
gravitational potential V on S , from ¥ on S we get the potential 
V outside S by solving Dirichlet's boundary value problem, which has a 
unique solution. Now 

g = grad V + centrifugal force 

(grad denoting the gradient) can be computed outside S and, by the con- 
tinuity of first derivatives, also on S , giving £ . Thus £ is, in fact, 
uniquely determined by S and 3 , so that (40-10) holds. In the termino- 
logy of sec. 5, the function F is a nonlinear operator or mapping. 

Suppose now that it were possible to solve (40-10) for S : 

S = ♦(*,£) . i(40-ll) 

This would express the earth's surface S in terms of I and £ , solving 
Mol odens ky ' s problem. 

This is probably the conceptually simplest formulation of Molodensky's 
problem. However, the transition from (40-10) to (40-11) is mathematically 
extremely difficult. If S , 3 and £ were simple real numbers and F 
were an ordinary function (supposed sufficiently smooth) of two real vari- 
ables, then the solution of (40-10) for S would be straightforward. The 
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existence of such a solution is guaranteed by the elementary Implicit 
function theorem. 

In reality the function F In {40-10) H a rather complicated non- 
linear operator, and the existence of a solution (40-11) Is by no means 
obvious. There are implicit function theorems for nonlinear operators 
(e.g. Oieudonnfe, i960; Loomis and Sternberg, I960; Schwartz, 1969; Stern- 
berg, 1969), but the conditions for their application are not satisfied 
in the geodetic case. It was the merit of Hormander (1976) to have found, 
by a mathematical tour de force, an implicit function theorem that is 
applicable to the geodetic boundary- va 1 ue problem (sec. 51). 

To get some first insight into the matter, let us forget all mathe- 
matical difficulties and proceed formally as If S , I? , and were 
Simply real numbers and F were a simple function. Since 5? is given, 
it can be considered fixed once and for all, so that (40-10) becomes a 
function of S only: 

I = f(S) . (40-12) 

To further simplify the notation, we write g instead of £ , obtaining 

9 • f($) . (40-13) 

Thus S is simply given by the inverse function 

S = f _1 (g) * (40-14) 

so that the implicit function problem reduces to an inverse function prob- 
lem. 

To practically find this inverse function, that is, to solve (40-13) 
for S , we may apply the usual procedure for solving nonlinear equations, 
namely linearization . 

Let us introduce an approximation S Q to the earth's surface S and 
let g Q be the corresponding gravity vector, related to S Q by (40-13): 

9 0 = f ( $ o } ' (40-15) 

Wri te , formal ly , 

S = S + A s , 


S = 9 0 + *9 


(40-16) 


and apply Taylor's theorem 
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to (40-13); 


9 0 ♦ A9 - f(S n ♦ AS} 


f <V + f '( S n)AS 


omitting quadratic and higher term,. |„ „„ of |40 ., 5) 


this hp. tom#* 


A S * f, (S 0 )AS , 


(40*1?) 


The formal solution of this equation is 


AS 


Jf '(S 0 ))- 1 A 9 . 


(40-18) 


M )lnk these ideas with the conventional approach to Molodensky’s 

n pm c * w . J 


is the telluroid and g Q is normal gravity on it; Ag 


problem. Here S 

is the usual gravity anomaly referred to the earth's surface (it is here 

P t0 disre 9 ar d the original vector character of Ag and regard it 

as a sea ar quantity) and as is represented by the height anomaly c 
c aracter zing the separation between earth's surface S and telluroid 


S Q ; for details cf. secs. 41 and 42. Thus (40-18) becomes 


e = Mag , 


(40-19) 


where M [f (S Q )] denotes the linear Molodensky operator computing z 
from Ag . Practically one uses Stokes' formula with suitable corrections, 
as the following sections will show. 

Higher approximations may be obtained by Newton's method. Combining 
(40-15), (40-16) and (40-18) we get 


S 1 ' S o + [f ‘{ S o5 ] lf3 " 5 (40-20) 

where we have written S. instead of S to indicate that by this equation 

we get a better approximation Sj rather than the true value S itself By 
repeated application of this formula we get successive better approximations 

^2 1 ^3 

s 2 = s i + [f (s 1 )]“ 1 Eg - ftSj)! , 

s 3 » s 2 + [f‘(S 2 )]" 1 [g - f(S 2 )j , 


(40-21) 
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Rigorous linearizations have been given by Mel ss 1 ( 1971b) and Krarup (1973); 
we shall follow the latter. 

As usual, the linearization consists in introducing suitable known ap- 
proximate values and applying Taylor's theorem. Thus the physical earth's 
surface S will be approximated by a known surface, dose to S , which 
will be called the telluroid and denoted by t . The points Q of i are 
thought to be in some one-to-one correspondence with the points P of S ; 
cf. Fig. 41-1* We also Introduce a normal potential U which constitutes 
an analytical approximation to the actual gravity potential W ; U is 
usually taken as the gravity potential of an egulpotential ellipsoid. 



FIGURE 41.1. The telluroid I as an approximation to the earth’s 
surface S . 


Let 


y * grad U 


(41-1} 


denote the normal gravity vector, in the same way as 
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expresses the actual gravity vector. 

Sf.ce T. and U ana w. nan donate 


u an<j 


(in"the P notatlon of sec. 40, they are 

nt P on s . that is, we fcnow H,, 


A, potential W and gravity 


W 


9 

and 


point P 


and g. 


U and r at Q, that i Si 
are supposed to be given op 
tj ), we know them at every 
, We, therefore, can com- 


pute the differences 


AW * W p - U p , 
* £p • 1 q • 


(41-3) 

(41-4) 


called potential anomaly and (vectorial) gravity anomaly, re p * 

Sy appropriate definitions of the telluroid it is possib e t 
of the two quantities (41-3) and (41-4) equal to zero. To have 


(this means zero potential anomaly, not Laplace s equation.) we may 
Q by the three conditions 



Here $ and a are given by 


y cos $ cos a 
y cos $ sin A 
y sin $ 


(41-7) 


in complete analogy to (40-7) ; thus the normal latitude <f> and longitude 
a determine the direction of the normal gravity vector y , in the same 
way as * and A define the direction of £ . The surface formed by the 
points Q in this manner has been called by Krarup (1973) the Marussi 
telluroid because the three “Marussi coordinates" potential, latitude and 
longitude are identified. 

In this way, the potential anomaly AW can be made 2ero. Somewhat sur- 
prising at first sight is that also the gravity anomaly A£ can be made 
to vanish. This requires defining the points Q of the telluroid by 


1q s Ip 


<41-8) 
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Expressing this vector condition In terms of magnitude and direction of the 
vectors involved, we get three conditions 


*Q " *p * (41-9) 


which again completely determine q . Since g, *, A may be called "gravi- 
metric coordinates , the corresponding locus of points Q has been called 
by Krarup the gravimetric telluroidi for it, In fact, 

*4 * 0 * (41-10) 

After these possible specializations, let us return to the general case 

in which both aw and are nonzero. As usual, we define the disturbing 

potential T by 


" " u * (41-11) 

W and U referring to the same point (this distinguishes T from the 
potential anomaly aw , in which u and U refer to different points!). 
On substituting 


W p * U p + T p 


we get from (41-3) and (41-4) 


T „ + = AW , 

P P Q 5 


Ip “ Xn 3 A i 


(41-12) 


(41-13) 

(41-14) 


Let us now proceed with the linearization. Vie put 


i = vector (41-15) 

(see Fig. 41.1) and systematically neglect all quantities of second and 
Higher order in c - It is well known and easy to see that quantities such 
as T and tg have the same order of magnitude as . So also T 2 , T>, 
etc *» are quantities of second order to be neglected. 
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Br , Taylor r.,«H««.« to »' S '‘ 


u. 


U ♦ grad U • t - * I ‘ i * 




nroduct Df two vectors. Let us proceed l n 
where the dot denotes the Inner produce 

the same way with the normal gravity vec 


ip * X 0 ♦ 9 rAd l * i 


( 41 - 1 ?) 


, T thi . 1et u , wr ite this equation In Index notation, 

what is orady? To see this* let us write 

* 9 ~ a vp r an Index that occurs twice 

using the summation convention (summation 

in a product* in our case over j ) * 


s v i 

P r i ' * 3* ^ C j 


r Q,i 


+ H 


iri 


( 41 - 18 ) 


where 



3 2 U 


3 X.. 3 X . 


Hence grad ^ is nothing else than the matrix 


(41-19) 


M = 



3 2 U 


9X . 3x . 

i 3 


(41-20) 


formed by the second derivatives of the normal potential U . Therefore, 
we may write (41-17) as 


y 


Q 


X? 


- Me . 


(41-21) 


It is clear that y in (41-16) and M in (41-21) refer to point Q . 
Let us similarly expand T p : 


i s T + grad T * c 

p Q - 

Now, however, grad T is already small of first order, so that grad T • i 
is of second order and, therefore, negligible. Thus, consistent with our 
linear approx i ma ti on , we simply have 


41. Linearization 341 


T P ' 'q ’ (41-22) 

the insertion of (41-16), (41-21), and (41-22) Into (41-13) and (41-14) 
now gives 

T q + I ' I * &W • 
ip * Ip + Me * *£ . 

furthermore , 

ip * 1 P * (grad W } p - (grad U ) p 

= grad (W - U) p 
“ t grad T ) p 
= ( T ) Q , 

for the same reason as (41-22). We thus finally get 

T + y T C = aW , (41 -25 ) 

grad T + Ms = ag , (41-26) 

in which T and grad! refer to Q , as well as y and M . We have 
used the matrix notation a T b for the inner product £*b , the transpose 
of a being denoted by a T . The reader will note analogies between the 

present section and sec, 27; cf . p. 234. 

These two equations will be basic for our further developments. Let us 
solve (41-26) for £ , assuming the matrix M invertible, 

s * M" 1 (ag - grad T ) , (41-27 } 


(41-23) 

(41-24) 


and substitute into (41-25): 


T + y T M- 1 ( *£ ' 9 rad T ) « AW 


or 


T - ^M^gradT = aW - y T M _1 &£ - 


(41-28) 
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On putting 

» * * M ' I 


( 41 - 29 ) 


•we get 


T ♦ nJgrad T * JiH ♦ 


f 

* A a 


( 41 - 30 ) 


, , .. **1 i iirnld T . constitutes the fund a- 

This equation, which holds on the tel , It , 

.. - fhe linearized Molodensky problem. It Is a 

mental boundary oondttion for the physical geodesy" from 

generalization of the "fundamental equation of P y - 

y ,a i.it) i« a general 1 zati on of 

Stokes' to Hoi odensky ' s problem, just as (41 ) 

Bruns' formula (pp. 14-15). introduce new coordinates 

Various forma of the boundary conditxon. Let u 

d, by 


Q j - q,(x l .x 2 ,x 3 ) . 

q 2 = q 2 < x t ,x 2 .x 3 ) , 

^ 3 = * 

or briefly 

<li = W * 

and let us assume that the inverse transformati an 

*J ■ W 

also exists. More specifically, we shall select ^ to be the cartesian 
components of the normal gravity vector: 


(41-31) 


(41-32) 



It is clear that one-to-one relations (41-32) and (41-33) exist, at least 
in the spatial vicinity of the earth's surface, so that the quantities 
(41-34) may indeed be used as spatial curvilinear coordinates. 

The matrix M introduced by (41-19) and (41-20) may be written as 
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hi 

3 x" 


{41-35} 


U Is, therefore, nothing ehe than the i, r „u. „ , 

•’« ««-»)• •* u .,„ 9 know „ 

'** Jacobian matrix of the inverse transformation , 41 . 3J y ; th " 5 "’ P ' , 


1 


3X , 

3v 


{41-36} 


ThH may also be shown directly: we have 


Zi'Jh.'Ji 

SX J »k »V k 


by the chain rule of differential calculus; furthermore 

£i. a . I 1 if 1 ’ k • 

Y * lk 1 0 if i f k ; 
for instance, clearly 


3y 

Sv 


J. 

1 


1 



0 . 


Therefore, (41-37) becomes 


(41-37} 


(41-38) 


Hi Hi _ . 

3x 8 y, ik * 

j k 


(41-39) 


which, by (41-35) and (41-36), is nothing but the equation 


MM* 1 = I 


(41-40) 


in index notation, J_ denoting the unit matrix. 

Now the vector m , defined by (41-29), becomes in index notation 


r*W **" - 
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3X X 

m i * * n; Y 3 ’ 

(41-41) 

and we further have 


T * 3 f 

m grad T ■ ^ 


aT ax 1 


H7 Y 3 


„„ XL y , 

(41-42) 

3y 3 Y 3 


again be the chain rule. Hence (41-30) becomes 


T ® ^ w f 

T “ Yi ^ - T 

1 3y i 

(41-43) 

where we have used the abbreviation 


f * AW + rn T A£ 

(41-44) 

An even greater simplification is achieved by introducing 

"quasi -spher- 

ical coordinates" p, 4>» A by 


V = - -L cos £ COS A , 
t p z 

y = - - 4 - cos <J> sin A , 

2 p ‘ 

y 5 - -V sin 4 . 

(41-45) 


P 


Here * and a are normal latitude and longitude as before, because the 
vector y is nothing e1se than normal gravity. The coordinate p is 
taken as positive. If the reference ellipsoid becomes a sphere, then p 
becomes proportional to the radius vector, as we shall see below, so that 
p, A become spherical coordinates; hence the name, quasi -spheri cal co- 

ordi nates . 

Now 


3T = 3 ^i 

3p &Yj_ 3p 


(41-46) 
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again by the chain rule; 


Hi 

ao 


2 

— r COS $ COS 

0 J 


? 

P 


Y 


i 


and, generally, 

3y i 2 

* - — V 

ap p i 


by (41-45), Thus (41-46) becomes 


£T 2 jj_ 

»P P Y i ’ 


arid (41-4 3) reduces to 


(41-47) 


pll + 2T = 2f . {41-48} 

3p 

It should be pointed out that (41-48), in spite of its simplicity, is 
rigorously equivalent to (41-30); there is no further approxi mati on in- 
volved. 

What is the geometrical meaning of the derivative aT/ap ? According to 
the definition of a partial derivative, a/ap means differentiation with 
respect to one coordinate p , the two other coordinates 4, x being held 
constant. This means differentiation along a line 

= const., X = const. (41-49) 

Such lines are called isozenithals (with respect to the normal gravity 
field). The reason for this name is that (4,x) may be considered the co- 
ordinates of the (ellipsoidal) zenith on the celestial sphere. The iso- 
zenithals may also be regarded as the lines along which the normal gravity 
vectors are all parallel, having the same direction (41-49). If the plumb 
K Res W ere straight lines, then the i sozeni thal s would coincide with the 
plumb lines; as the normal plumb line curvature is quite small, isozenith- 
als and plumb lines are not very different. For a detailed picture of the 
geometry of the normal gravity field cf. (SUnkel, 1978a), see also Fig. 41. 2. 
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FIGURE 41,2. Piufitb tines and an isozenithal , 


In view of the fundamental importance of our boundary condition, let us 
approach it from still another angle. Let t denote the arc length of the 
isozenithal line, measured, e.g., from the ellipsoid positive upwards (so 
that it represents the height above the ellipsoid, measured along the iso*- 
zenithal). Then 3/3 t represents a derivative along the isozenithal, in 
the same way as 3/3p . Therefore, these two derivatives, having the same 
direction, can only differ in scale, that is, they must be proportional: 


J_ K - JL 
3 t 3p 


To find the proportional i ty factor C 


3y _ p 
3 t 3 f> 


(41-50) 

we apply this equation to y : 

( 41 - 51 ) 


The right-hand side can be easily evaluated, since by (41-45) 
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Y * Y i Y i * rv . 


y * ■— y , 

p 


(41-52) 


so that 


ll 

3 P 


.2! 

p 


(4 1 -S3 ) 


and 


C * it • il 
3t ‘ 3p 


1 . I 37 
V 9 t 


7 p ~ 


(41-54) 


Hence, by (41-50) 


D 3p ' ‘ 2 


jhi] -1 _3_ 

,Y 3tJ 3t ’ 


(41-55) 


and the boundary condition (41-48) takes the form 


3 T 1 3 y j __ 
sT " y 3t 


I lx f 

Y 3 1 


(41-56) 


The right-hand side may be transformed as follows. By (41-44) we have 


f = AW + m T acf . 

let us have a closer look at the vector m . 

To this effect, let 

x = x(t) 

be the equation of the isozenithal . Then the vector 


(41-57) 


(41-58) 


dx 


£ = ar 


(41-59) 


Win be the unit tengent vector of this curve (it will be a unit vector 
since t is the arc length). Then 
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T j T * T d *t . 

e grad T ■ ^ TT aT 


<41-60) 


by the chain rule. Hence there follows from (41-4?), (41-47), (41-55) and 
(41-60): 


t ?T 1 at 

2 9 rad T " ‘ TV7 y i * 7 c aK 

. M sjr]" 1 !! 

I v a t J 9 1 

Since the vector grad T can have any direction, there must be 

« T . - U |ij“ 1 e T . (41-6?) 

Hence the vector m is tangent to the isozenithal; since t is positive 
upwards, the negative sign implies that m is directed downwards. 

Thus 





( 41 - 63 ) 


Now 


e T A£ = - Ag“ (41-64) 

is nothing else than the component of the gravity vector A£ in the down- 
ward direction of the isozenithal. Since this direction is very nearly ver- 
tical, Ag* is almost equal to the usual gravity anomaly Ag in the sense 
of Molodensky, as entering in eq. (41-67} below. 

In view of (41-63) and (41-64), eq. (41-57) becomes 


f 


AW + 


fl 11 

Y 3t 


- 1 


£9* 


(41-65) 


and (41-56) may be written as 


U - I IX T = - Ag' - - I 1 AW . 
3 t y 9 t 3 y 3 T 


(41-66) 
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This form of the basic boundary condition Is rigorously equivalent to 
the preceding forms (41-30), {41-43), and (4I-4B), Though it looks less 
simple, it is very important because it allows a comparison with the form 
in which the boundary condition for Molodensky's problem was usually pre- 
sented earlier. Take, for Instance, eq. (8-24b) of (Heiskanen and Moritz, 
1967, p.300): 


is • ■ (11 - 67) 

Here the derivative a/ah Is taken along the normal plumb line. This 
equation involves certain approximations {cf. ibid., p.85), which are prac- 
tically permissible but theoretically not rigorous. It was the merit of 
Krarup to have shown that (41-67) becomes theoretically exact if the direc- 
tion of the normal plumb line is replaced by the direction of the normal 
isozenithal {the second term on the right-hand side of (41-66) vanishes if 

the telluroid is defined by II « U as usual). 

Q ? 

The boundary condition { 41 - 66 ) is valid on the telluroid l , which is 
a known surface. The problem is to solve Laplace's equation, &T * 0 , out- 
side i with the boundary condition (41-66). Since the isozenithal is, in 
general , not normal to the surface l , we have an oblique derivative prob- 
lem. Such problems are considerably more difficult than boundary- val ue 
problems involving normal derivatives, such as Stokes* problem. 


42 . SPHERICAL APPROXIMATION 

If the reference ellipsoid is a nonrotating sphere, then 
GM 

Y = J ’ 
r^ 


< 42 - 1 ) 


where 6 is the gravitational constant, M the total mass, and r the 
radius vector from the center of the sphere to the point under considera- 
tion. The normal gravity vector is then given by 

y • - Y£ , (42-2) 


where 
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COS * COS X 

« « . cos 4 sin A (42-3) 

| sin * 

denotes the unit vector In the direction of the radius vector, 4 and ^ 
being geocentric latitude and longitude. The quantities r, 4 . a are the 
usual spherical coordinates. 

The cartesian components of may thus be written 


r m 

Y j - - ~ COS i COS A , 


CM 

— Y cos $ sin A , 


GM . 
--sfn* 


The comparison with (41-45) shows that now 


o = r//G M , 


(42*4) 


(42-5) 


so that 0 is r apart from a scale factor. 

For the non-rotating sphere, the plumb lines, as well as the isozenith- 
als, coincide with the spherical radii. Thus, now 


_ J_ 

3 t ~ 3 r 


(42-6) 


and 


A li - I Ax = _ A 

y 3 T ' Y 3r ' ‘r 


by (41-53). Hence (41-66) reduces to 


9T 

sr 




(42-7) 


(42-8) 


equivalent to (41-48) but with the right-hand side given explicitly. 
The boundary-va 1 ue problem expressed by Laplace's equation 


iT * 0 


'{ 42-9 ) 




1 


and the bi 
by Krarup 
ally it 
The 


n (42*8 ) in s p n 
denaky problem', 
Hons of the ge 
ough the refe 
ery sma 11, «b 
agnitude In e 


r ins 
dary 
s the 
ion h 


in spne 

roblemx It is the one considered in vlr- 
the geodetic boundary value problem, 
he reference ellipsoid is not. exactly a 
all, about 0.3 l, so that on tolerating 
de in equations relating quantities of th« 
ance, in the boundary condition, we can 
ondition even in the geodetic case of a 
pherieal approximation . 

and described repeatedly; cf. 
ometri cal ly as a mapping of a 
h. X) . referred to the el- 
inates (r, x) , referred t 
of this sphere may be related 
d bv 


gjsi iRE 
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The spherical coordinates a, \ of P' are taken to be equal to th» „ 

e geo* 

detlc coordinates of P , and the height h of P* above the sphere i s 
taken equal to the height of P above the ellipsoid; therefore the 

“ “1 u s 

vector r of P' is given by 


The approximation consists in calculating with P' formally as if 
were P . As we have repeatedly mentioned, this can be done only with h,,. 
earized relations involving the anomalous potential T and similar quan- 
tities, for which an error on the order of 0.3 % can be neglected. This 
is usually permissible; therefore, the spherical approximation is used, 
for instance. In Stokes' formula and in least-squares collocation, and it 
will also be used in practical solutions of Molodensky's problem, which 
are based on the "simple Molodensky problem" mentioned above. 

The practical boundary condition. In the beginning of sec. 41 we have 
taken as the teliuroid i an arbitrary surface approximating the earth’s 
Surface S . We shall now specialize £ in the following way, which is 
generally used; cf. (Heiskanen and Moritz, 1967, p,292). 



earth's surface S 
teliuroid I 


ellipsoid 


FIGURE 42.2. The teliuroid . 


Consider the ellipsoidal normal through a point P of S (Fig. 42. 2). 
On this normal select that (uniquely defined) point Q for which 
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" Wp * (*2-12) 

that Is, the normal (ellipsoidal) potential U at 0 Is to be equa i to 
the actual potential^ W at P . The ellipsoidal height of Q , 4 ca1Ud 
the normal height H* of P , and the difference 


t « h - H* « QP 


(*2-13) 


Is called the height oncmalj/. 

The telluroid defined in this way is similar to the "Harussi tellurold" 
defined by (41-6) for which also U - W p but 0 and P do not lie on 
the same ellipsoidal normal. The definition (41-6) is, therefore, geomet- 
rically less simple though more rigorous if the astronomical coordinates 
4>, A are given rather than the geodetic coordinates $, > of P . Prac- 
tically, however, the deviation of $ p from <j> ^ ~ $ p according to (41-6), 
being the deflection of the vertical, is negligible for the present purpose 
since $ and * of Q are used only for computing normal gravity y and 
other quantities of the normal field, which very weakly depend on $ and 
not at all on \ . Therefore, the present definition may very well be used 
practically, and we shall do so in the sequel. 

From ~ W p there follows that the potential anomaly, defined by 
(41-3), is zero, so that (42-8), on writing ag 1 = ag , reduces to 


il 

&r 



= “ 


(42-14) 


which is a boundary condition given on the telluroid i *, the gravity anom- 
aly Ag is defined by 

49 = 9 P ’ y Q (42-15) 


as the difference: gravity on the earth's surface minus normal gravity at 
the tel 1 uroid. 

The height anomaly c is expressed in terms of T by 

£ * ~ • (42-16) 

Strictly speaking, y in this formula refers to Q but we may also take 
for y a mean value such as 980 gal . 
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r is * generalisation of Bruns' formula (2-31} to the probl eitl 

Ec, ‘ |. ff)P sajT ie way- * n ^acfc, if S denotes the 

of Mo 1 oden sky and is surface, then the "tellurold" t reduces to th e 

p sol'd tB the ^he i ght anomaly c becomes the geoidal height N , and the 

* ’ . . ' m wi th r - R M" the spherical approximation, 

boundary cond i t i on ( 42 - 4 , w t St ok«' condition (2-33). 

the ellipsoid is the sphere r ” ■ ,, 

U—««* rr .»»«• Let os "»•"» provide a simp,, 

reasoning to stow that the Unearned problem In the sense of sec. 41 , s , 
practicably sofficlent substHote of tbe nonlinear Molodensh, problem 

outlined in sec. 40. 

The linearization Is performed with respect to T. i , “9 * nd similar 
quantities of tbe anomalous gravitational field. The neg ec e qua tities 

are on the order of 


[i] J a 

60m ' 


^6 * I0^m 


= 10 


-10 


( 42 - 17 } 


or 


fM) 2 

'lOOmga 1 

l 9 j 

L 10 6 mgal j 


( 42 - 18 ) 


(relative error). Such quantities are negligible in view of the present 
accuracy of gravimetric geodesy, which is usually around 10 


43 , mglodensky's SOLUTION 

The "simple Molodensky problem" consists in solving Laplace's equation 


dT 


l!l + ifl + ill . 0 

ax 2 ay 2 s z 2 


(43-1) 


under the boundary condition (42-14) 


3 T 

3 r 


+ 



= - Ag . 


(43-2) 


After this bounda ry- va 1 ue problem has been solved, the height anomaly c 
i$ obtained by Bruns' equation (42-16). 
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It is assumed that the boundary condition {43-2} Is satisfied on the 
given tellur old E , and that Laplace's equation (43-1) holds everywhere 
outside E . This assumption is not completely valid If S lies above t 
but it is easily seen that, in keeping with the present linearization, no 
additional error is Introduced In this way. 

Mol oden s ky (Mol odensk 1 1 et al., 1962 , sec.V-15) derived a practically 
useful and elegant solution by representing T as the potential of a sur- 
face layer and transforming the boundary condition into an integral equa- 
tion. We shall derive this integral equation following (Heiskanen and Mo- 
ri tz , 1967 , sec .8-6} . 

We express the anomalous potential 7 as the potential of a surface 
layer on the telluroid E : 

T * JJ-ldE * //<tl -1 dE - (43-3) 

E 1 l 


T refers to a point P , called the "reference point" or "computation 
point", and 1 is the distance between P and the surface element dz 

{Fig. 43.1); $ is a function defined on £ and representing the density 
of the surface layer. 

Since a surface layer potential is harmonic outside E , Laplace's 
equation (43-1) is automatically satisfied. Therefore, we can substitute 
(43-3) into the boundary condition (43-2). Outside E we have 


If- ■ //* 31 


-1 


Sr, 


d z 


(43-4) 


but this equation is no longer valid on z since the derivatives of a 
surface layer potential are discontinuous at the surface. Instead, we have 
on S 


£L * - 2*4 cos s + /J*i 7 -”dE , 
ar p c e p 

according to eq . ( 1 - 1 9 a ) of (Heiskanen and Moritz, 1967 
gives 


:2*4COS 6 


“ // 
z 


31 


-1 


21 


-l 


3r, 


s fig 


(43-5) 

p.6). Thus (43-2) 


(43-6) 


1 
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FIGURE 43,1. The geometry of Molodeneky ' s solution. 

A basic notational convention, Eq, (43-6) uses a notational convention 
which will be frequently employed in the sequel. Free terms containing no 
integral, such as 2ir*cos8 and Ag , refer to some point; this reference 
point will be the point P in Fig. 43,1. In these free terms, the refer- 
ence to P is understood without further notational indication. It is 
more difficult with quantities under the integral sign, which may refer to 
p or to dr or to both, such as 1 . Quantities under the integral sign 
referring to P will bear the subscript P , for instance r p ; quantities 
bearing no subscript will refer to dr , The symbol 1 will always denote 
the distance between P and dr . This notation is in agreement with Fig. 
43.1; h is the elevation of dr and h p is the elevation of P . 

This notation for quantities under the integral sign appears natural; 
the essential notational convention consists in omitting the subscript P 
in the " free term$ n as mentioned above. For instance, ^cose in (43-6) is 
the same as t_cos6„ in (43-5). This notational convention appears less 
natural; it is, however, very useful as the following developments will snow. 
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Transformation of the integral equation. Since the reference ellipsoid 
is formally considered a sphere, we have by (42-U) and Fig. 43.1. 

r P " R + h P ■ " • r ♦ h . (43-7) 

where h is the height above the ellipsoid. As w * wf)fk wlth tM tellumld, 
the ellipsoidal height h of a telluroid point is the normal height H* 

0 f the corresponding point of the earth's surface (Fig. 42. 2). To the given 
accuracy we may as well use the orthometric height; in practice, we shall 
be satisfied to take approximate heights from suitable topographic maps or 
digital terrain models. 

We have 


1 - v'r^+r^-ar 


p rcos* , 


(43-8) 


which on d 1 f ferenti a ti on gives 


31 


ar. 


r p -rcos^ 


(43-9) 


A simple calculation shows that 


31 


- i 


21 


-1 


3r. 


2 2 

3 + r 

TFT + t . 

c V 2r_l 3 


(43-10) 


Thus (43-6) takes the form 


2* <p cos s - j j 
1 


3 + " 2 ^' 


4»dz = a g 


(43-11) 


The surface element dz may be eliminated by noting that the projection 
of dz onto the local horizon is given by 

dz COS 0 . 

This is also equal to 


r 2 do 


J 


358 Geodetic eounicry-Voloe Problem 


, of solid angle, bacaus. r U the radius vector 

where do Is the eleaent of solid 

of d l . Hence we have 

, (43-U) 

d l * r^sfic MtJ * 

, < /at in can be extended over the unit sphere o : 

Thus the integral in (43-11) can 


2 n 4 cos S - 


r 2 ' r p 


Irr * 1,3 


sec B * 4 d o 
r p 


* &g 


(43-13) 


i ,H„ n for the simple Molodensky problem. 
This is the basic Integral equation for tne 

Planar approximation. We note that 

(43-14) 


r -- R ♦ h s r|u^J 


o . , than i n" 3 wMch is smaller than the error of 

differs from R by less than 10 , wmcn 

the spherical approximation. Thus we may safely put 


= R . 


r? » (h - h ) ( r + r ) = 2R(h - h p ) 


obtaining 


2 it 4 cos S - 


3R + R f h " h P ) 

n + 


i 


secs * <i> d <? = ag . 


(43-15) 


This equation is simpler than (43-13), but hardly less accurate. 

We can also simplify the expression for the distance 1 . We find 

1 2 = r 2 + r 2 - 2r p r cos if> 

= (R + h p ) 2 + (R + h) Z - 2 ( R + h p ) (R + hjeos # 

= 2R 2 ( 1 - cos* ) + 2R(h + h )(1 - cos*) + h 2 + h 2 - 2h p h cos * 


= 4R 2 sin 2 


h+h„ h D h 

1 + -^ + p- 


+ {fi-h p ) 


Imation. 


jvides only an illustrative in 
t mean that a plane is now use 
reference surface always remai 
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- justified* as well as the spher- 

The p T anar- ^ S ° ,Ut " S # ' " 0 '°' 

ical approximation. f the basic integral equation 

densky's Pro _ 9hrink ing, The solut with res pect to a certain para- 

(, 3 - 15 )""''' « f0Und * t ”^t to P "trod U «, i-Tte.d of the function ,, 
„t,r k . It *» 

■ ■" fUnCt ’°" ( 43 - 39 ) 

x ■ a sec 6 


with the result 


2„t-l 


2 ex (l + tan^B) 


3R + R ' (h ‘ h ^ 

rr 


i 


x d o * *9 


<43-20) 


as self-® v ’dnnt. In order to 

omitting o below the double f j[ art ifice ( "Mol oden s ky shrink- 

solve this equation, weappy e - bv k tan 6 . wh ere * * s a 

" Z'7* l * "nteq". equation (43-30, then heco.es 

parameter with 0 s k s l - 

, , . j ,, v . „2 ff^Mxdo » 49 . <43-21) 

2 . x( i + kWe)-‘ - f »//£■*" - R JJ 


where 



1 being given by (43-18). 

° Now we can expand in series of powers of fc 


j_ = _L 

l k lo 


» 

fh-hj 

2r 

1 * I >/ r 

p 


. ] 0 3 


r.l 



* 


(43-22) 


(43-23) 


’the geometrical interpretation is a shrinking of the topography by the factor k ■ 
For instance, if k * 0J , all elevations are reduced to 1/10 of their original size 
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X . X 

X I* 

k Q 


* ♦ l b k 


2 r 


r -1 


h -X] 

2 T 

*0 



( 43 * 24 ) 


with 


f - 1 / 2 ’ 

h • 

- 3 / 2 ' 

r , 

1 u * 

t 

r 


( 43 - 26 ) 


jjeing binomial coefficients, and 




(1 + k tan e) - 1 ♦ J ( - 1 ) r k 2r tan 2t 6 

t* i 


Finally we expand also the unknown function x 


( 43 * 26 ) 


X - I *V 


( 43 - 27 ) 


n =0 


These series are all substituted in (43-21): 

2'!'^x 0 + ^Xi + k 2 x 2 + '*•)(*“ k 2 tan 2 e + k 4 tan 4 3 . . . j 


" 1 

u 

- ag = 0 , 
where we have put 
h-h„ 


[x 0 + k Xl + k 2 x 2 + • . . 


(x 0 +k Xl + k 2 x 2 ...]( 

l-fkV*fkV...] 


do 

do 


( 43 - 28 ) 


n " 


1 


( 43 - 29 ) 


If we carry out the multiplications and combine those terms that are multi 
plied by the same power of k we get 


2*Xo - R / / ^ 0 ' + 
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■■hri’K-'-'lli-'-l 4 


, ** 0 


(43-30} 


. if all coefficients of k n for 

This equation Is Identical y sa s glves th« following systee 

, . 0 . 1 . 1 , 3 . ••• *« *«' • I ** 1 “ Z ' r °’ 

of i ntegra 1 equations: 


Z ’*o • Min'’ 0 ‘ G » 


(43-31) 


where 


G Q = ag , 




3 a G 
O 


G. - 


r 2 |[^x 

t; 


(h-Ky 


i da " q3 ~ x o dq + 2^x o tan"0 , 


‘o O 

/ (i'-f'p) 3 2 

- |r 2 JJ- — -3— x 0 <1cf + Znxjtan & . 


(43-32) 


We are constantly using the abbreviation 

//-//■ (43-33) 

0 

The case n * 0 . For n = 0 , eq. (43-31) becomes 



ag . 


(43-34) 
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This case corresponds to h 

the reference "sphere" Fo _ " ° * that to the ten 

■ ror tMs «». Hi.,, ■<«« 


r ° k || « 2 do . R ? |f 


( »3- 3S ) 


since now 6-0 in ( 43 - 19 ). Th . ,„ h „ 

tn 9 equation gives “'motion of (43-JS, 


(43-30) 


*0 * s(»l^T 0 ) , 

and on eapnessin, T<> i= y Stokes . f. r «, lt (2 ., 5)> 

X ° = ^ i9+ T ^9SU)d 0> « ! |(^do.^j|o o S ( a,do . (43-37) 

<^;,:t^;;::;;;\ Th vr:nr * - ..i„ (,3-3,, since 

the solution of (43-31) ts simply &5 ^ Gn * becotnes (43-31). Hence 


X n “ 2n G n + 16 ,2 H G n S (*)<»o , r2 [|^^ = ^ [J G n M*> do . 


(43-38) 


where S(iji) is Stokes 1 function. 

we get x D from (43-38) with G Q » &g , then we find G from 
(43-32), after that we get Xl from (43-38), then G. from (43-32) and 
X 2 from (43-38), and so forth. 

Finally we determine the anomalous potential by (43-3). Using ( 43 - 12 ), 
(43-19), (43-23), (43-27), and (43-29) we get as a planar approximation; 


T = J/xcos s • I -1 * r 2 sec B do = R 2 JJ x l 1 do 


• r2 // T^(*o +kx i tk2x 2 + •••)( 


T 0 + kT l + k T 2 * ••• 


l-ikV*|kV 


-) 


da 


(43-39) 


In view of (43-38) we obtain 


T o - ^// G o 5 <*>d“ > 


364 


Geodetic Boundary-Value Problem 


£// G , s( * ,d0 

^ ff G 3 S(^}do 


R 

T 

R 2 

T 


II 1 ^ 

o 

ff 


x„ d o 
A o 

x i do 


t 


* 


(43-40) 


The parameter k has served only as a tool to get a convenient mecha- 
nism for a series expansion; at the end, of course, we set k 1 (since 
this corresponds to the actual earth's surface) to get 


T * T + T. + T, + 

0 12 


l T * 
« n 

n«0 


( 43 - 41 ) 


Eq, (43-41), together with (43-32), (43-38), and (43-40), constitutes 
the solution known as Molodensky’s series-, it was derived by M.S. Molodertsky 
in 1960 (Molodenskii et al., 1962), 

The height anomaly t is then obtained by Bruns' equation (42-16). 

To first order, this solution coincides with the solution described in 
sec, 8-7 of (Heiskanen and Moritz, 1967). 

We finally mention that the relation between Ag and T 0 (that is, 
between ag and T in Stokes' problem) is given by the simple Stokes' 
formula (2-35) only if the anomalous gravitational field does not contain 
a spheri ca 1 -harmonic term of degree zero, which means that the mass of the 
reference ellipsoid equals the mass of the earth. If this is not the case, 
then Stokes' formula must be slightly generalized (Heiskanen and Moritz, 
1967, sec. 2-19): 


T o = TJ // " 1 j do 


(43-42) 


Thus it would be more correct to replace in (43-37), (43-38), and (43-40) 
the function S(^) by 5 ( ^ ) - 1 - However, the mass of the earth is now 
very well known; hence we may presuppose that the mass of the reference 
ellipsoid is taken equal to the earth's mass, and use S(^) as we did in 
this section. A related discussion will be found in the following section. 
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44 , brovar's solution 

Motodensky represented the anomalous potential T as the potential of 
a surface layer (43-3): 

T • //♦r I dt . (44-1) 

The reason why such a representation is possible Is that 1 * ' Is harmonic 
as a function of the reference point P , satisfying Laplace's equation 

A 0’ 1 ) - 0 (44*2) 

outside E . It follows that 

aT = JJ<t>A(l“ l }dz = 0 , (44-3) 

e 


so that T is, in fact, harmonic outside E 

Brovar $ (1964) idea is to replace 1 1 by a different harmonic func- 
tion £ , arriving at 


T = J/xEdt . 

E 


(44-4) 


This representation is valid since T will be harmonic if E is, by the 
same argument as used for l" 1 . We may regard (44~4) as the potential of 
a generalized surface layer, and regard the function x defined on t as 
a generalized surface density. 

Then, at a point P outside the surface E , we have by (43-2)- 


A9 p • 


3 T 
ar„ 


f T = J/x 


3E 

Sr 


- ~Z\ dE 

p p 


(44-5) 


^e have interchanged the order of the operator A and tk D , 

have to be justified for full mathematical rigor, in these section* ^ 3 * wh ' ch would 
proceeding in this way; the mathematically minded reader is i nvi ted ’ tTsuoDl r *J ue ? t, Y. 
f.cat.ons himself, in the present case, the i ust I f i cat i on s « ! t PP ^ he J usti ‘ 

wh.ch T refers, lies outside t , then is a regular funlrVJ a Af P ’ t0 

changeability follows from differentiating an ordinary definite ' th \'" Ur * 
a parameter. ary oetimte integral with respect to 
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f t10 „ £ fflay M selected in such . way the 1 

The function t may 

jt_ .2. 


k . - — E 

K ■ sr r_ 

" ' i> P 


(44-6) 


has a suitable f o rm . 

Of particular advantage H the choice 


, 1 r' ZnM 

£ * 4rr ^ fPT 

n*0 


X- - P ( COS lj>) 
n+ I n 


( 44 - 7 ) 


B j n where P 1 $ the reference 
Thus E is a function of two points e sunf.ee element Of is 

point as usual and Q is the point a «h1«h t ^ 

situated! r denotes the radius vector of Q 

r and r . The prime (•) after the summation sign means that urn 

e . . _ s The s pher i ca 1 - ha rmon i c representation 

does not contain a term with n - l . me spne 

{44-7) shows directly that E is harmonic as a function 0 

The series in (44-7, possesses a sum which is related to Stokes fu ct,„„ 

in fact, for r . r we essentially have Stokes' function; cf. 

and Moritz, 1967, eq, (2-169)). The summation may be effected by the me o s 

of sec. 23. Putting 


= o 


{ 44-8 ) 


and noting that 


2n + l 
ITT 


= 2 + 


n - 1 


(44-9) 


we see that (44-7) is a linear combination of the functions F{o,ijf) and 
F as given by eqs. (23-36), (23-42), and (23-50). 

The result may be formulated as follows. The generalised Stokes function, 

defined as 


S(r p ,*,r) 


I 


n=2 


2n+l 

ITT 



P n (cos*) , 


(44-10) 


has the closed expression {ibid,, eq. (2-162)) 
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S (r p ,*,r) 


l * 1 

T + FT 

P r 


31 5r 
~2 * “? c °5 * 


~ cos ^ 1 n — 

r P 


r p -rcosi+ 1 
TFT 


{ 4 A - 1 1 ) 


Thus {44-7} takes the form 


E * 


TTiT 


s (r p ,*.r) - ± 


'(44-12) 


(the term l/r p comes from n * 0 }, and (44-4) becomes 


nr //» 


*7 


S('V'Kr) “ j~\ dt 

p 


|(44-13) 


'To compute the kernel K , we substitute (44-12) with {44*11} into {44-6} 
and perform the differentiation with respect to r p . The result is simply 


2 2 

K <V*- r > ■ •rnrp cos * • 

v 


(44-14) 


so that, on omitting the small last term, (44-5) becomes 


3T 


ar 


p 


+ 




(44-15) 


This formula is valid as long as the point P lies outside the tellu- 
roid z It no longer holds at I because the main singularity of the 
function" S(r ,*,r) is that of 21“ l as WO, according to (44-11). 
Hence, on transition from the outside of z to i itself, the function 

E behaves as 



J 


so that the integral (44-4) behaves as 


(44-16) 
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. the redial derivative a/ar of 
that is, as a surface layer potential* 

( 44 - 13 ) will undergo a jut"P 


X cos fi 


( 44 - 17 ) 


,, , M W fth a taking the place of , C f 

This follows from (43-4) and (43-5) with 

(44-16) (43-3). K.nc. (44-15) 6,com, 5 0 . • 


aT 


_ + i-T 

3r p r p 


- X COS 6 i ^ 




x dr 


(44-18) 


It m,y b, shown th.t the second, logarithmic, singularity of 

* » i A f 3 t / s f on E * c t t [ Mo r i tz i 

does not give rise to a discontinuity of 3, ' ar p 

1968a, p.47). i.ft-hand side of (44-18) is equal 

Brovar f e integral equatvon* As the left na 

-ig t we obtain 


to 


X cos 6 



ag , 


(44^19) 


This is the desired integral equation for determining the density A from 

the given gravity anomaly ag on t . 

In this equation, the subscript P has been used only within the inte- 
gral, in agreement with our basic notational convention (sec. 43). Note, 
e.g., that x in the first term in (44-19) refers to P , whereas X un- 
der the integral refers to the point Q at which dr is situated. 

Brovar's integral equation (44-19) is essentially simpler than Molodens- 
fcy's integral equation (43-11) since for the telluroid coinciding with a 
sphere (for r « r p ■ R ) the integral in (44-19) vanishes, which is not 
the case with (43-11) . 

The further treatment is quite analogous to Molodensky l s method outlined 
in sec. 43. By means of (43-12) we replace the integration over the tellu- 
roid by an integration over the unit sphere, getting 


A cos $ 


1 



r sec 6 A do = ig 


(44-20) 


Then we introduce as a new auxiliary function 
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v « * sec 8 


( 44 - 21 ) 


to obtain 


g cos 8 


*n 


r 2 -r 2 , 

- r 2 y do 


V 


3 


*9 


1 ( 44 - 22 ) 


This equation is rigorous for the simple Molodensky problem* except for the 
missing last term in (44-14) which could, however, easily be added. 

Planar approximation and iterative solution. As a planar approximation 
(sec. 43) this last term Is indeed zero and we have 


2 2 

r 

v 


1 3 r„ 


2R 2 



* 


so that (44-22) reduces to 


v cos 8 - 


Ml 


h-h 


u do = Ag 


(44-23) 


Since the integral is zero for the sphere, it can be expected to be rela- 
tively small for the telluroid which (on a global scale) differs little 
from a sphere. Thus the integral equation (44-23) lends itself to an iter- 
ative solution: 


( i \ 2 

v = Ag sec 8 , 


u (2> - sec 2 8 


Ag + 


-f 

2 TT j 


h-h 


p (1) , 

- y do , 


0 2 t r h-h 

l a U + 1) = sec 2 6 _ *9 + 27 

I 


f^„u, 


do 


l. 


(44-24) 


This method will be used in sec, 47 in a discussion of convergence. 
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, T r “ nt ,: e r *• * 

„p, nI i.„ „lth respec t to MoloPpnkky ' > p.r.met.r . W. sh.ll pr.c„ ( 

in full analogy to sec. 43 . . 

„„ rt p„ c ,n, h by kb «*"« b y »»■«.«> 

(44-23) become* 


, , „2 f f M h * h J 

u(l + k ? t»n J P)' 1 - 1,11 — ■ *’ • 


there is no w, by (43-22) , 


>v 2 * l o + 




where again 


and 1 Q = 2 R sin |r . 


We expand the quantities depending on k into power series (43-24) and 
(43-26): 


1 * c k i,* x • ir 

- = — l b r k n . 

k 1 O r *° 


(1 + k 2 tan 2 e} _1 = l (-1 ) r k 2r tan 2r $ . 


Finally we also expand the unknown function u : 


i 


These series are all substituted into (44-25) 


l k p u l (-l) r k 2 r tan 2c B 

P =0 P x-o 


R 2 t r kn 


//f? I K\ I b r k 2 V r do . 4 g 


a * n p=o 


(44-31) 


r 
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A slight transformation gives 


I l k p * 2c (-l>\ ta n “„ - 

pp*0 r«0 


i i k 

p-O r »o 


p+2r + I, 




2 r + 1 


r Zi-Vp ,2 


do » 6 g 


(44-32) 


from the theory of multiplication of power series fcf. Knopp, 1964, 

.181) it is well known that for series of powers of the variable z there 


p.181) 

holds 


l v P 1 V q - l . 

P“Q H q =o q — n 


n=0 


where 


C n = 3 n b o + a n ~l b l + ”• + a 0 b n = ljn-s b s 


S =0 


This we may write in the form 


® « DO n 

i i «h z» + » = : 

p-0 q=0 P q n=0 s=0 n s 5 


l Is b z n 
^ _ n-s s 


(44-33) 


We shall apply this formula to the first sum in (44-32), putting 
q=2r, s = 2r , z = k , 


(44-34) 


(terms with odd q and s are zero) and then to the second sum, putting 
q = 2r+l , s = 2r+ 1 , z = k . (44,35^ 

(terms with even q and s are zero). The result is 


i k" I (-l)% n . 2r tar. 2t S - 

n=0 r=0 


00 N 


1 *" 1 b r • lr II \-2r-l'—T- do ' ‘9 ■ 0 ' 

n=0 r=0 0 1„ 


(44-36) 
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,_ d N of summation .re taken In such a way that 

The upper limits H a"* hence 

_ ^ ^ .u neaa 1 1 ve , 


the 


M 


u never 

becomes negative 

f r\ 

i 1 

if 

ft 

is 

even* 

L 

if 

n 

is 

odd , 

»T" 




/n-2 

if 

n 

i s 

even , 

~7~ 



n-1 

~T~ 

if 

n 

1 s 

odd . 


(44-3?) 


It is clear that r , as an Integer summation variable, Has nothing to Oo 

with the radius vector which is also denoted by r 

Eq. (44-36) is identically satisfied if the sum of all terms multiplied 

by the same power k n is zero. This gives for n - 0 . 


M o = A9 


(44-38) 


and for n > 0 : 


l <-l> r v„. 2 r tan 2 r f> - 


r=0 


N n 2 2r+l 

y b • — // u , , n „ do = 0 * 
4 r 2r J } *n-2r-l , 2 

r=0 a 


(44-39) 


This equation can be solved for (this term is obtained by putting 

r = 0 in the first summand): 


r.hii'V” 1 

“n = Jo^JJ ,2r+3 u n-2r-l d<! 

- [ (-‘) r b n . 2r tan 2r B . 


{44-40} 


This equation expresses u in terms of p , p., , u 4 and thus al- 

n u i n ■“ 1 

lows the consecutive computation of p n , starting with p Q = Ag by (44-38). 
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The anomalous potential. We finally find T by (44-13), which may also 
be expanded as a power series with respect to k . 

On substituting (43-12) and (44-21) we have 


T " 37 l/K| s (f p ,l*,r) - J-| R 2 do 


(44-41) 


For h » 0 , the tellurold coinciding with the sphere r * R , this becomes 


T o * h // fi 9js(R,4r f R) - * 


do , 


( 44 - 42 ) 


since u Q = ig by (44-38), The definition (44-10) of the generalized 
Stokes’ function shows that 


• m 

S ( R , ip , R ) = ^ £ TjTy" P(cost))*R^S(il»), (44*43) 

n= i 2 

in view of the well-known expansion of S(^) as a series of Legendre func- 
tions (cf. Heiskanen and Moritz, 1967 , p.97); S(\(i) is the ordinary func- 

tion of Stokes as given by eq. (2-38). Thus eq. (44-42), for the “zeroth 
approximation”, reduces to 

T o = 3“ // 49lS(*> ~ l]do . (44-44) 

a 

This is Stokes’ formula extended to the case that the mass M‘ enclosed 
by the reference ellipsoid is not equal to the mass M of the earth; cf. 
eq. (2-189’) of (Heiskanen and Moritz, 1967, p.103). If M’ = M , as is 
usually supposed, then (44-44) and the usual Stokes’ formula (2-35) give 
the same result since 

J/ A 9 do = 0 (44-45) 

o 

in this case . 1 


This is rigorously true for Stokes' problem, in which 4g refers to the sphere, 
but can be expected to hold approximately also for Molodensky's problem in which Pg 
refers to the tellurold. 
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Let us now consider the difference 


AS - S(r p ,*.r) - S(R,*,R) 


■(44-46) 


The substitution of (44-11) gives 


,*S * f - f- + Otr; 1 } - 0{ R~ 1 ) . 


(44-47) 


where 0 ( r ~ 1 ) denotes terms that go to zero for r p -* - as r p s , The 
planar approximation is equivalent to a formal transition R -*■ * , r p -♦ » 
so that (44-47 ) reduces to 


4 $ * 


2 2 
t ‘ r: 


<44-48) 


as a planar approximation. Then (44-46) gives, to the same approximation, 


S(r p ,<f>,r) 1 S{R,ifi,R) + AS = ^${^} + j - j- 


(44-49) 


and, since r p J = R ' 1 


1 1 


S(r p ,\j/,r) - ™ = £[SU) - 1] + f - 


2 t 


(44-50) 


By (43-23) we have, on introducing k so that 1 = 1 k , 


2,2.2 y , k 2 r 2r 

I I T~ 1 r n 

0 0 r=J 


(44-51) 


On substituting (44-30), (44-50), and (44-51), eq. (44-41) becomes 


■ £// I kV[s(*)-lt^ l 

H a P =*0 F 1 O r^l 


do 


I ^ //n n E s U) ’ 1 1 da + 
n=0 g 


♦ i i k p+2r a • i- ff u - 

pioril r 2 " >) P 1 


(h-h p ) 


2 r 


2 r+ 1 

d 1 Q 


d o 


(44*52) 
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To the last sum we apply again (44-33} with (44-34). The result H 


T 


l k"T 


n -o 


(44-53) 


where 


T 0 * H ^ 0 [ S U) - l]do , 
0 

T n * Tn / / »* n l s (*) * Udd + 
0 


+ 


M 


l 

r- t 



fr (h-h p )2r 

JJT 2r+t V n- 2r d<J 

cr 0 


(44-54 ) 


( 44-55 ) 


for n > 0 ; the integer M is defined by (44-37). 

The coefficients & r in (44-55 ) arid in (44-40) are given by 

(43-25); more explicitly we have 


a 


r 






(-l) r l»3«5,..(2r-i) 
2 r r ! 

( - 1 ) r 1 » 3 -5 . . . (2r+l ) 
2 r r ! 


(44-56 ) 


which can also be written in the form 


a 


e 


(- 1 ) 


xllrlL. 

2 2r (rt) 


2 * 


b 

r 


(-l) r 


(2rtl) ! 
2 2 r ( r ! ) 2 


(44-57) 


The solution procedure may be described in the following way. First we 
calculate u n successively by (44-40), starting with (44-38). Then (44-54) 
and (44-55) give T n , and T is finally obtained by (44-53) with k = 1 , 
namely 


T * I T n • (44-58) 

n«0 

4 

The procedure is similar to Molodensky's solution as given by (43-32), 
{43-38), (43-40), (43-41). It is, however, simpler because there we had 
two sets of quantities, namely G„ and x„ » whereas now we only have p 

no n 
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, MMnrfensky'* solution, let us write 

T 0 get a better comparison with Molortens.y 

(44-40) and (44-55) explicitly for n - 0. 1. 


Ag 


2 ,, h-h, 


v i * m 


II 


— "o"'’ ’ 


O O 
.2 j. h-h 

3 M 1 


p vi * da + tan & # 


mi , o 

V 1 0 0 o 


(44-55) 


and 


T o * inr //^o Es ^> " llda 1 


T i - ' lld3 


T 2 = ^ //U 2 IS(*) - Uda - ^{j 


2 r r < h-hp ) 2 


,3 “o '* 0 ■ 


T 3 • ^//, 3 [S(*)-l)0o - 


r (h-M 2 


3 >*i do * 


(44-60} 


Here we have used numerical values for the coefficients and b r as 

given by (44-56). 

The replacement of S ( ) - 1 in these formulas by S (* ) changes T 
only by a constant 


R 


//(v 0 + Uj 


^2 + 


. . . )do , 


{ 44 - 61 } 


which is frequently disregarded; it is zero if the mass of the reference 
ellipsoid equals the mass of the earth. 
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45 , SOLUTION BY ANALYTICAL CONTINUATION 

An elementary approach, avoiding integral equations, H possible through 
formal analytical continuation by means of a Taylor series. It extends the 
solution described in sec. B-6 of (Helskanen and Moritf, 1967) to higher- 
order approximations . 

ContinuoHon to point Uv,l. Ut ag be the gravity ahbmaly ,t the tel- 

lurold. and ag' be the free-alr anomaly at point level, that H. on the 
normal level surface 


U " U A * COnst * * (45-1) 


A being the telluroid point at which the height anomaly c or the deflec- 
tion of the vertical U,n) t s to be computed (Fig. 45.1). 



FIGURE 45.1. Point level - 


On those parts of the point-level surface which are outside the tellu- 
roid (e.g., the part to the left of A in Fig. 45.1), the gravity anomaly 
Ag‘ corresponds to the external anomalous gravitational potential T ; it 
is related to it by (43-2): 


Ag = 


U — T 

3r " r 


(45-2) 
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also In this section we use the spherical appro* 1 ma 1 1 on . On those parts 
the point-level surface which are below the tellurofd, however, *g> Cq ^ 
responds to the analytical continuation T of the external potential 7 
Into the earth's Interior. For the time being we assume that such an ana _ 
lytical continuation Is possible; we shall return to this problem later 


Thus, T outside the tellurold 
Single harmonic function, which is 
{down to point level). Hence, also 
same analytic function: Ag to 1 
connected by a Taylor series: 



I and T Inside I together form a 
assumed regular in the region needed 
ag and Ag' are restrictions of the 
and Ag* to U * U A , They are thus 

(45-3) 


where 


z * h - h A {45-4) 

is the elevation difference with respect to the computation point A . For 
the present we shall assume the series (45-3) to be convergent. 

Note that the derivatives 3/3z, 3 2 /3z 2 , ... in (45-3) designate der- 
ivatives with respect to the quantity (45-4); they are thus vertical deriv- 
atives. As a spherical approximation, they are radial derivatives: 


3 Z 


ar 


This series may be symbolically written as 


Ag = Uag 1 


{45-5) 


where the symbol U denotes the upward continuation operator , which stands 
for the operation to be performed on the function Ag' to get the function 
Ag according to (45-3).^ 

'The name , upward continuation operator, Is not fully correct literally since the 
transition from Ag* to Ag may also involve downward continuation (e.g., left of point 
A in Fig. 45 . 1 ). A similar remark holds for the name, downward continuation operator, it 
might be more correct to call U the "direct continuation operator" and 0 the "inverse 
continuation operator". 
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He ere given ag , t the «, rth ., s „ rf , 
inversion of (45-3) ; ‘ et uS compute Ag' by some 


u 1 *9 • Oftg , 

(4S-6) 

" he n J \T t:~o7 ZZT r"* » . 

(2-3S) and Vening Melnesz' formu 1 T 5t0k#S ’ f0rmU,S 

T and the deflection of the verticil 1 \ -nomalous potential 

vertical U,o) , *u at the poiftt A . 


T « 

r 

In 


R 

37 // ' S (xp }do 


4it 




[ COS a"| 
l^S 1 n a j 


do 


{45-7) 


(45-8) 


pea ing, we should in (45-7} replace R by R + h , but we may 
impairing the accuracy; in the same way we may In (45-8) 
use a mean. value y of about 980 gal as usual. 

ivation of Ag , There remains now to compute the point level anom- 
aly Ag from the measured ground anomaly Ag . We write (45-3) symboli- 
cally in the form 




L 

n 


n= 1 


32 


" » „n x 

T * ,n 3 ' „ , 

J,^ z T ? ; 19 


z n L Ifig’ ; 

(45-9) 

_ l a n 
n! 3r n 

(45-10) 


is a vertical (radial) differentiation operator and I is the identity 
opera tor : 


I f * f ■ (45-11) 

Comparing (45-9) with (45-5) we see that we have obtained a symbolic se- 
ries expansion of the upward continuation operator U : 
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U 


I + 


DO 

l 

r>” ! 




(45- 


»> 


We Shell now try to compute the do.M.rd contlou.tloo operetor 

D - U" 1 t45-l3j 

by forming the format reciprocal of the series (45-12); then (45-$) give* 
ag' . This will be done as follows. 

We replace all elevations h by kh , where k Is the Molodensky p ir# . 
meter with 0 s k s l , as also used in the two preceding sections. Then 
the upward continuation operator (45-12) becomes 


I + l k n z n L - I 
L m n 


n* I 


k n U 


n*=0 


(45-14) 


where 


Ug ® I j U n = z n L n if n « 1 , 2 , 3 , . . . (45-15) 

In the same way we express the downward continuation operator D * U 1 as 
a formal series 


0 


k n 0 




(45-16) 


We may try to determine the D n from the obvious operator identity 
UD = I . 

On substituting the respective series we have 


I l ^0. 

p=0 *q = 0 


I 


or 


l I k p+q U D 

in p q 


I . 


r 
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The application of (44- 33) gives 


l k n l u r o 

n*0 r 


t\-r 


- I 


0 , 


ye require this identity to hold for all values of the parameter k * 
Then the factors of all k n must be zero t For n * 0 we have 

u o°o - 1 * 0 . 

thus because of U Q = I ai so 


For n + 0 we have the equation 


l U 0 = 0 (45-17) 

r-0 x n r 

or 

n 

D + 1 U 0 « 0 , 

n u , r n-r * 

r= I 

whence 

°n ■ - VA-t * 0 ' t 45 ' 18 ) 

r - 1 

This equation expresses 0 n in terms of the known and the previ- 

ously determined Oj, D 2> . .., D n _ 1 . So, starting from D Q = I , we can 
recursively compute the operators Dj, D 2 , 0 3> ... 

Computationally more convenient is the introduction of the functions 

g n = D n Ug) - (45-19) 

£q. {45-17} gives for them 


l U D { i g ) 
L „ t n-r' ' 
r*o 


0 . 
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By ( 4 5 - 15 } and ( 45 - 19 ) this becomes 


r»o 


ir M9n-r> 


( 45-2q ) 


which can be solved for" g n , noting i°t 0 (9 n ) * 9 n 1 


g ■ - V 2 r L ( g } 
’ n r “j r ' 3 n - r ' 


(45-21) 


Eg, (45-21) makes It possible to determine the g n recursively, start- 
ing from 


S 0 ■ 49 . (45-22) 

Then the anomaly Ag' , defined by (45-6), is then given by 


Ag’ = Dig - l O n (Ag) 
n = 0 



(45-23) 


We have put k = 1 in (45-16), so as to change kh back into the actual 
evaluation h , since we had admitted a general k only in order to get a 
convenient mechanism of expansion. 

Then (45-7) gives 


T - S(Ag') = I T n (45-24) 

n=0 

wi th 

T n * S(S nJ * {45-25} 

S denoting the Stokes operator. 

Determination of the L n . We must now study the operators L which 
play a basic role in the present method. 

First we derive some simple formulas for them. The definition (45-10) 
gi ves 


r 
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L 


n 




I i , 

n T^TTT s/ n*t Si 


(45-26) 


or 


L 

n 


n L n-l L ' n LL n -i * 


(45-27) 


TMs is a recursion formula expressing L in terms of l , and L - L. . 
Repeated application of this recursion formula gives 


L 


n 



L n 


(45-28) 


where 


L - LLl ... L (n times); 

this is also evident from (45-26). 

The original meaning of as a spatial operator, namely a vertical 

derivative, is restricted to the use with level -surf ace anomalies ag' 
only, furthermore, this vertical derivative is normal to the surface and 
thus, figuratively speaking, leads out of the surface. 

It is possible, however, to interpret as a surface operator which 

does not lead out of the surface and can be used with data given on an ar- 
bitrary smooth surface which need not be a level surface. This may be done 
as follows. 

The vertical derivative 3/3r can be expressed in terms of surface 
values by the well-known spherical formula (Heiskanen and Mori tz , 1967 ,p . 38 ) 


3f = _ 1 
3 r ^ 


f + 



do , 


(45-29) 


which again uses our current rotational convention (p. 356), P being the 
point at which 3f/sr is computed and to which f in the first term on 
the right-hand side refers, too. Also the other notations are the same as 
before, <j denoting the unit sphere and 


1 


2Rsin| . 


(45-30) 
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„ mj(V neglect the small term f/R in {4$- 29) 
As , pl.n.r .pp r o.l».t "» ' th , surface operator 

so that the haste operator (45 20) 


1(f) 


tr 

n 


■2 


do 


i,(f> 


05 - 31 } 


The second derivative 


K‘ 


3Z 


2 * tl 2 


can be expressed as a surface operator even more easily 

t he a toca, cart system at the pd uo er con- 

sid, ration , the xy-plane hetn 9 the tangent p.ane and he a-ax,s be, ren- 
te. tn agreement with the notatton (45-31). A, a planar appro , mat, o . 

*, ,s a harmonic function in space (p. 175 ). satisfying Lap!ace s eguat.on 


a 2 ag + a 2 ag + i 2 &i = 0 _ 
ax 2 ay 2 az 2 

Therefore, (45-31) gives 


(45-32) 


*- 5 (4g') = -7 


9 2 4g 1 + a 2 a g* 


(45-33) 


3X 


ay 


Thus we may extend the definition of L 2 to arbitrary smooth surface func- 
tions : 


V f > ‘ ' 7< f K, + f yy> • (45 ‘ 3 ‘ ,) 

the subscripts x and y denoting partial differentiation. 

This equation is the planar approximation to the Laplacian surface oper- 
ator & 2 for an arbitrary surface, as given, e.g., by Hotine (1969, p.45); 
Hotine denotes it by I , whereas we are using the more frequently employed 
symbol A 2 , where the subscript 2 expresses the two-dimensional charac- 
ter of a surface. For a sphere of radius R we have in geographical co- 
ordinates 4 , x : 
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. (45- 35) 

the subscripts * end x again denoting partial differentiation. Thus we 
may write (45-34) in the slightly more general form 

t 2 (f } “ ’ | A 2 f . (45-35) 


As a matter of fact, we could also express l 2 by (45-28), applying 
the operator l twice: 

L 2 ( f ) * 7 *- 2 (0 * |UL(f)) ; i(45-37) 

explicitly, we have by means of the auxiliary quantity 

f ! * Lj( f ) = L ( f ) (45-38) 


the result 


L 2 (f) ■ |L(f,) 


(45-39) 


Generally we can by (45-27) express L n recursively in terms of the 
surface operator (45-31): put 


I- ( f ) = , 

n x ‘ in) 


(45-40) 


then 


f in - L ' f > ■ 


7 L ( f d) > ’ 


( 2 ) 

f (3) ‘ 3 L(f 12) ^ ' 


'(45-41) 


f ,„, ■ S L i f • 
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Thfs definition of the as surface operators--by { 4 S - 3 1 ) 

and the recursion formula (45-2/)--1s the relevant one for the present^ ' 
purpose. For Instance, t- n (ag) Is to be understood In this way; i t 
be wrong to Interpret It as 


would 


I I ts * 


as a vertical derivative at the telluroid l , since ag at £ does not 
refer to a level surface. 

Computational formulae. Let us finally summarize our computational for 
mulas. By Bruns' equation (42-16) and by (45-7), (45-8), and (45-23) we 
have 


7~ o // 4 9$U)d<* + l // 9 S ( g? ) do , 

■ W T Q n=l4iy o 






COS a 
Sin a J 


da + l 


1 


. O'' 

n = 1 h Try a 


// g « 
O J J y n di^ 


COS Of 


s i n a 


Ido. (45-43) 


Here Y ° is a global mean value such as 980 gal. The correction terms g 
are evaluated recursively by (45-21): n 


g = 


l 

r*l 


z r L (g ) 

r v 3 n-r ‘ 


(45-44) 


starting from 


9 0 = 49 ; 


(45-45 ) 


there is 


z = h - h„ . 

A 

The l n are also evaluated recursively: 

L „< a S> * ?M L „-1< 4 9)1 


(45-46) 


(45-47) 
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with 


U,(f) 


c o 


d ci 


(45-48) 


These formulas are all that Is needed to compute approximations of an 
arbitrarily high order. All occurring operators are systematically reduced 
to a repeated application of the Integral (45-48) 

Let us finally render the method more concrete by evaluating (45-44) 
expl icitly for n - 1 , Z, 3 : 


“ * zi^Ug) > 

9 2 a * z »- 1 (g 1 ) - Z 2 L 2 (Ag) , (45-49) 

9 3 - * 2L x ( 9 2 ) - z 2 L 2 (g t ) - z 3 L 3 (ig) . 

If we restrict ourselves to n = 1 , then the present solution becomes 




R 

4iry° 


Ag 




5( i|i)do 


(45-50) 


since 


g, = - (h-hJL^sg) - - (h-l^pM = - (h-h A ) “f (45-51 ) 

and the operator L x may be interpreted as a vertical derivative by 
(45-10). This first-order solution may, therefore, be called gradient so- 
lution. Analogous formulas hold for E, and ry . All these formulas are 
very suitable for practical application; cf. (Heiskanen and Moritz, 1967, 
secs. 8-8 and 8-9) . 

The use of analytical continuation for the solution of Molodensky's 
problem has an interesting history which has its ups and downs. It was 
considered already by Molodensky in 1949 for a practical solution of his 
problem but later rejected because the required downward continuation can- 
not be expected to be regular {see below). Later Bjerhammar (1964) took 
up the idea and developed it in the way described in sec. 8-10 of (Heis- 
kanen and Moritz, 1967). The first-order approximation (to n = 1 ) of the 
present method is given in secs. 8-8 and 8-9 of that book; it is also 
shown there that the solution is equivalent to Molodensky's series to n = 1. 
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The full series solution, as an expansion In terms of Molodensky’s para- 
meter k . was developed simultaneously and Independently by Marych {1 969) 
and Moritz (1969b). The latter used the present systematic approach 1 n 
terms of an expansion of the operators U and 0 as formal power seri es 
with respect to k and gave general recursion formulas. He also showed 
the equivalence with Molodensky’s series by an indirect argument using the 
theory of asymptotic series. The concise recursion formula (46-44) is due 

to Eeker (1971). 

The preceding developments were effected In a purely formal manner, 
without regard to convergence problems and irrespective of the question 
whether the presupposed analytical continuation Is possible at all. In fact, 
this analytical conti nuabi 1 i ty cannot in general be assumed, cf. (Helskanen 
and Moritz, 1967, p.321) and sec. 7 of the present book. 

Thus a direct investigation of the mathematical validity and the con- 
vergence of the solution is difficult. Therefore we shall bypass these dif- 
ficulties by exhibiting the termwise identity of the present solution to 
Molodensky’s series in the following section; the convergence problem will 
then be considered in sec, 47. 

Why, then, does the present solution lead to results that are as good as 
the approach by way of integral equations, although the analytical contin- 
uation of the external potential into the earth's interior cannot be ex- 
pected to be regular? An intuitive explanation can be found in Runge's the- 
orem (sec. 8): even if the original potential T cannot be regularly con- 
tinued down to the geoid (say), we can always find another harmonic func- 
tion T' , arbitrarily close to T , which can be so continued and for 
which the basic Taylor expansion (45-3) converges. 


46 . pelli men's equivalence proof 

In the three preceding sections we have met with three different ex- 
pansions for the anomalous potential T . All three are formal series of 
powers of Molodensky's parameter k , but the first two--Mol odensky 1 s and 
Brovar's $olutions--are obtained by a solution of integral equations, where- 
as the third expansion is based on a completely different principle, namely 
on analytical continuation by means of Taylor series. There arises the 
question how these different expansions are related among themselves. 

An indirect argument demonstrates that all these three series expansions 
must be termwise equal. In fact, it can be shown that each of these three 
series, of form 


f 
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T 


k"T 


n«0 


(46-1) 


i s an asymptotic series for k -► 0 . Using the theory of asymptotic series 
w e can conclude that any two asymptotic expansions of the same function 1 
with respect to the same parameter k must be identical (Moritz, 1969b; 

1971, sec. 3). 

However, a direct equivalence proof is highly desirable because it gives 
immediate insight into the structure of the various terms. For n * 1 this 
equivalence has been discussed already in sec. 8-8 of (Heiskanen and Moritz, 
1967). For n * 2 the equivalence is verified In (Moritz, 1971, sec. 4). 
These considerations have been extended to n * 3 by Ecker (1971), who al- 
so pointed out some lines along which a general equivalence proof could be 
achieved, and gave corresponding formulas; but there remained difficulties 
which looked forbidding. 

These difficulties were resolved by Pellinen (1972), in particular, by 
finding eq. (46-9) below. We shall here present a slightly modified version 
of this important and elegant work. 

Pellinen's identity . In the sequel, F, G, U, V, W, ... denote func- 
tions of two variables (x,y) which are differentiable as often as re- 
quired; x and y are rectangular coordinates in the plane. We introduce 
the plane Laplacian operator 


a 



<46-2) 


For the Laplacian of the product FG we find by direct differentiation: 


A(FG) * FaG + GaF + 2 D ( F , G ) 


(46-3) 


where 


D{F,G) 


3 F 3 G 3 F 3G 

3 x ax ay ay ‘ 


(46-4) 


Another identity is 


UD( V ,V ) = |a{UV 2 ) - VA(UV) + |v 2 Ali , 


(46-5) 
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This Is verified by expressing the first two terms on the right-hand sid e 
by means of (46-3); then most terms on the right-hand side cancel and the 
left-hand side remains. 

Using our basic notational convention (p.356). w# may write (46-5) 1rs 
the simplified form 

UDfV,V) « y A [(V-V p ) 2 u| . {46-6J 

This is directly seen by applying A to 

j(V-V p ) 2 U * \m 2 - V p UV + 2 V l U 1 (46-7) 


we have, e.g„. 


A (VpUV ) » VpA { UV } = VA(UV) (46-8) 

since V is not affected by the operator A and becomes V outside of 
it, in agreement with our notational convention. 

Eq. (46-6) and its generalization by Pellinen to higher r = 1, 2, 3, .... 

UfD(V,V)j r * j2~yj 4 r J ( V- Vp) 2r U J f <46-9) 

will play a fundamental role. This formula will be called Pellinen 's iden- 
tity, it may be proved as follows. 

By direct differentiation we find 


3 k (W k U) 
3x k ~ :i ay- 5 


klW k ' j wju + W[ . . , 3 , 


(46-10) 


where W* - - 5 denotes the partial derivative W x raised to the (k-j)th 
power. The terms between brackets, which are multiplied by W , will not 
be needed later. As an example, 


(W 2 U) - 2W 2 U + 2WW u + 4WW U + W 2 U 

' X XX XX XX 


2!W 2 U + W[ . 

X 


Put now 


49* Pallinan *e Equivalmnoa Proof 391 


M « V - V p ; (46-11) 

then 

W x * \ ( 46- 12 ) 

since V p Is constant with respect to differentiation. Outside the differ- 
entiation we have 

V - V p « G (46-13) 


since V * V p there, by our notational convention; cf. (46-8). Hence 
(46-10) gives 


3 k E (V-V p ) k U] 

ax k ~ 3 ay 3 


k! V k ' 3 V j u 
x y 


(46-14) 


the last term in (46-10) contains (46-13) as a factor and hence vanishes. 

Consider now the r-th power of the Laplacian operator (46-3). The bino 
mial theorem gives 


A r =■ 


[ax sy' 


r \ r 

ios 


2r 


i3x 2r " 2s ay 2s 


(46-15) 


so that 


A r [(V - v p ) 2 r u) 


r 

l 

S "0 


a 2 r [ (v-v p ) 2 r u) 


3x 2r ' 2s 3y 2s 


8y (46-14) with k = 2r and j = 2s this is equal to 


(2r)l l = (2r I } |v 2 + V 2 ' £ U - (2r) IU[0(V ,V ) ] r , 


which was to be proved. 

other auxiliary formulas. The operator (45-31) becomes for a plane ref- 
erence surface 
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MO - / 1 dS * 

where the Integral is extended over the whole plane: 

m * 

// ■ / / • 

x«“« y»-« 

the surface element dS is given by 

dS = dxdy , 

and 1 replaces our former 1 ; there is 


( - 16 ) 


( 46 - 17 ) 


(46-la) 


1 = /{ x V x" ) 2 + (y - y p ) 2 , (46-19) 

the point P (x p , y p ) being the point for which L ( f ) is to be computed. 

For the integral (46-16) to exist we must require that the function 
f(x,y) tends to zero at infinity in a sufficiently rapid manner. This will 
always be assumed. 

The second power of this operator L is* by (45-36) and (45-37), noth- 
ing else but the plane Laplacian: 

L 2 = - 4 i (46-20) 

we are now writing A instead of a 2 . We also recall the definition of 
L n by (45-26): 

r 1 i n 

L n = irr L ■ ( 46 - 2 D 

In view of (46-20), the Pellinen identity (46-9) may be expressed in 
terms of the 2r-th power of the operator L : 

UD'tV.V) = L 2r [(V-V p ) 2r IJ] ( (46-22) 


we also have slightly simplified the notation on the left-hand side. 


46. P« llinen'a Equivalence Proof 393 


Stokes' formula takes for the plane the form 
SCf) - tj/J jdS . 


(46-23) 


To see this, write 


T « -^—/J 4g$U)da * 5 ( Ag ) 
o 


(46-24) 


as 


S ( & S> - 4gR _1 $(*)dS . 

a 


(46-25 ) 


where 


d$ = R 2 da (46-26) 

is now the surface element of the sphere r = R . (The use of the letter 
S both in Stokes' operator and in the surface element is accidental.) The 
function R” 1 S (iji ) is given by (44-43), and we get from (44-11): 

«•'$(♦> - (■ + . (46-2?) 

for R -*■ ® there remains 2/1 where 1 is now given by the plane for- 
mula (46-19), and (46-25) becomes the integral 

5(4S) ’ dS • (46-28) 

extended over the plane, dS now being given by (46-18). This proves (46- 
23). The same planar approximation holds for (43-42). 

It is not difficult to see that the plane operators L and S are re- 
lated by 


S = 



(46-29) 


In fact, the operator L gives the vertical derivative of f : 


3 9 4 cod.tio Bou^ry-^lu. Broblm 

For the plane “ e l " >,e 

>T , . L r . * L S { 69 ) • 
69 • ' J2 


using ( 46- 26 ) 


LS 


Thus 


I 


(46-30) 


. this is equivalent to (46-29) 

e — —*“■ ,or the p,ane 


/ / (F*G - GaF )dS ■ / F fj • G an] dC ’ 


(46-31) 


where C Is a closed curve bounding a simply live out- 

»1«.. •/.. denotes the derivative ^ hf , formu „ is the pre- 
ward), and dC is the arc elemen o identity for three-dimensional 

cise analogue for the plane of Green's second identity 

soace; cf, (Heiskanen and Morit2, 1967, P- 11 )* 

space, 1 . . .. . circ ie of very large radius p , and 

Consider now the curve C to be a circle j . . 

let I . ■ . If the functions F and G , together with their deriva- 

tives, vanish sufficiently rapidly at infinity, then the Integra on e 
right tends to zero, and there remains 


//(FaG - GiFJdS = 0 


(46-32) 


where the integral is extended over the whole plane in agreement with 
(46-17), This is the form in which we shall need Green's identity, 
Ecker'a formula. Consider the integral 


J = £//r < 2 " u (*-v p ) 


2r 


UdS 


(46-33) 


extended as usual over the plane; 
Green’s identity to this integral 
We have 


r is an integer a 1 . Let us apply 


a( i ~ n ) * *rr 


(n+2 ) 


(46-34) 


as one verifies by direct di fferenti ati on , using (46-19); hence 
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r 12 " 1 ' 5 » 

Thus the application of {46-32) with 

F ■ (V - V p ) 2r U , G - 1“ (2r_n 

gives 

j * i_ — T // (V - VJ 2r mr (2r * n dS 

2n (2r- 1 ) 2 p 

* T I! r Ur * n M (V - VJ 2 r U]dS . 

2* ( 2r- 1 ) 2 p 

The subsequent application of (46-32) with 

F « 6[ (V - V p ) 2r U) , G = 1“ {2r ' 3) , 

noting that, by (46-34), 

r t2r-l) . 1 &r <2t " 3! . 

(2r-3) 2 


(46-35 ) 


( 46 * 36 ) 


( 46-37} 


yields 


1 — -//r ( 2 r_ 3 ) 4 2 t(V- V ) 2 r U] d $ . 

?*( 2 r-l) 2 ( 2 r- 3) 2 


Continuing in this way, we obtain 


1 


We 


2 tt ( 2 r ^ 1 } 2 { 2 r - 3 } ■ • ’ 3 

finally note that, by (46-20) 


1 //rV _1 [<V - V ) 2r U]dS 

?r- 3 \ 2 ... 3 2 


(46-38) 


r- 1 




1 * 2 r -2 


T „ - t rat ion of the Green identity (46-32) 

~Tl re ™*d'ha« to be justified for full mtheaetlul rigor. 


1-I2e->1 

singularity of this function. 


to the function 
because of the 
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and that we can express the integral 


in terms of the operator {46-16), 


putting 


f - 



there is f - 0 since H contains (V- p ) * J 
performing the differentiations implied by 4 
Thus there results 


as factor even after 


1 

2T 


(V - V p ) 2r u 


2 r + 1 


dS - (-1) 


r- I f 2 r r! 


2r - 


(20 I J 


1 [ { v - V p ) 2r u 


(46-39) 


we have expressed the numerical factor in front of (46 38) in terms of 
factorials, just as we did in going from (44-66) to (44 67). 

In exactly the same way we find 


! ff(V- V 2r+1 U 

2* JJ T 2r+3 


dS 


('D r , 


2 r r ! 
(2r+l) 


2r + l 


[<*- 


v p ) 2r+l u 


.(46-40) 


These two formulas were derived by Eeker (1971). 

Transformation of Brovar's formula . After these lengthy preparations, 
the equivalence proof is rather stra i ghtforward . We write Brovar's solution, 
as given by (44-40) and (44-55), for a plane reference surface, which we 
use for n a 1 . (As a matter of fact, Stokes' approximation, which corre- 
sponds to n « 0 , remains spherical.) We have for n a 1 : 


~ (2r)i 1 ff ~ M 

r = i 2 2T {riy "" 11 


• HvJ * l M)' 2r ’ 2 K jJ " .2r+ 1 “n-2r dS ■ 


2r 


(46-41) 


? ( -i,r amn » ff V . 

4 2 2r ( r | ) 2 H * ^ >-4. 


r=0 


2r+l 


2r+3 


M _ dS - 

n-2r- 1 


M 


r=l 


( 46-42) 


Here we have expressed the coefficients a and b by (44-57) and 
tan 2r e by 


tan 2 g = h 2 + h 2 = D{h ,h) , 


(46-43) 
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which relates the maximum Inclination a of the terrain to the elevation 
h In a geometrically evident way. For n « o there Is simply 


u o * *9 • 


(46-44) 


The upper limits of the sums, M and N , are given by (44-37). 

The transformation of (46-41) by means of Ecker's formula (46-39), with 
U *■ w n _ 2r ®°d V ■ h , gives 


n * S{lJn) rM (2^T 


to 

i 


2r- 1 




2 r 


n- 2r 


( 4 6 - 4 S ) 


where we have denoted by A the point at which T is computed, Then 
(46-42) Is transformed using Pellinen's identity (46-22) and Ecker’s for- 
mula (46-40): 


n rto(2r+l)l 


1 L 2r+1 


- h p ) 


2r + 1 


n-2r- 1 




2r 


This reduces simply to 


(46-46) 


v 


n 



L k 


(h - v k 



(46-47) 


since the first sum in (46-46) gives the terms with odd m = 2r+l and the 
second sum provides the terms with even m = 2r . The summation variable 
k has, of course, nothing in common with Molodensky's shrinking parameter. 
A last simplification is achieved by introducing the operator (45-28), 

(««-«> 

so that (46-47) becomes 



(46-49) 
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Derivation of the analytical continuation solution from Brovar't eer£ 0B 
Finally we shall derive the analytical continuation solution front the 
formed firovar formulas (46-45) and (46-47). Let us Introduce the eleva^ Qr) 
above the level of the computation point' A by 


z - h - h A ; 


( 46 - 50 ) 


this 1$ In agreement with (45-4). 

In (46-49) we combine both sides of the equation into one sum £ since 
L q * I , and expand 


n 

l 

k-0 


(h - h ) k . u - 1 y . i (-D 

p j-o 


k- j 




( 46 * 51 ) 


by the binomial theorem. Since {-l) 2k ' J * ( - 1 ) ^ we obtain 

'n-kj 


n k 

I I M ) 1 

k=0 j*0 




0 ; 


(46-52) 


note that z p becomes z outside the operator , Now we introduce new 
summation indices r, s by putting 

r = k - J > $=j, whence k * r + s , (46-53) 

which results in 


n n- r 


l l (-d ! 

r-0 s=0 


But by (46-48) we have 


F 



r + s 

z r L 


s 

j 

r + s 

L n-r-sj 


(46-54) 


'r + s (r+s) 


1 l r+s = -JT1.LU. I L = 


(r+s)! r s 


r+s 

s 


- i 


L l , 

r s 


(46*55) 


according to the definition of the binomial coefficients. Thus (46-54) re- 
duces to 


A denotes the computation point for T , whereas the point at which u is computed 
continues to be designated by P # 


1 


* ^ * Pel linen * 


n 

l z r L 

r-o 1 


n-r 


On introducing the quantities 


’fll 


I M)*L [*% ) 

•“O «l ’VaJ 


this becomes 


o . 
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(46-56) 


(*6-57) 


II 

l * e L(g n ) - 0 

*r*Q r n * r f u 


(46-53) 


However * this i s precisely th 

(45-19) are uniquely defined eqUat1 ° n < 45 ‘*°> by which the quantiti 

> starting from 


es 


4g . 


Since (46-57) gives for « . „ : 


9 o = » 0 ■ ‘9 ; 


there Is agreement also for the terms with n - 0 
that the quantities (46-57) are identical to the 
by the same symbol in the solution of sec. 45. 

By (46-57) for m = n we have 


. From this we conclude 
quantities (45-19) denoted 


v 


n 




a) 


The substitution into (46-45) gives 


(46-59) 


T„ * S(, B ) - h-DX^Va) 

v 1 I 2r- 1 f_2r 1 

r f t ( 2 r ) ! L l Z V n-2rj » 


(46-60) 
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in view of (46-50). The first sum on the right-hand side becomes, on using 
(46-48) and (46-30), 


I (-l)'n L *' 1 (**»„_,] ’ 

e - 3 

We split up this sum into two parts, one consisting of the terms with even 
s « 2r and the other consisting of the terms with odd s * 2r+l , The 
first part cancels with the second sum In (46-60), and there remains 


N 1 

J 0 T?m>7 


L 2 ', 2 " 1 * 


n-2r 


- 1, 


( 46 - 61 ) 


Now l 2r , apart from the sign, is A r , which is a differentiation opera- 
tor of order 2r . We readily see that, after performing the differentia- 
tion, all terras contain z as a factor. Now, for the computation point A , 


z = z a = 0 


by (46-50). Therefore all terms contain zero as a factor, so that (46-61) 
vanishes . 

Hence (46-60) reduces to 

T n = S{g n ) , (46-62) 

in agreement with (45-25). Thus we have derived the solution by analytical 
continuation from Srovar's solution, which completes the proof of equiva- 
lence of the two solutions. 

In order to get a mathematically "clean" situation and to avoid the need 
of ad hoc neglecting terms during the course of the derivation, we have sep- 
arated the zero-order terms, corresponding to n = 0 and given simply by 
Stokes' formula, from the terms with n s 1 . For the zero-order terms we 
have used the sphere as a reference surface; for the higher-order terras, 
the reference surface is a plane. (In this way it is possible to give a pre- 
cise mathematical definition of the "spherical" and the "planar" approxima- 
tion, although such a consequent interpretation is not, in general, practi- 
cally desirable; in operational formulas and derivations it is usually pre- 
ferable to regard the planar approximation as the omission of terms of order 
h/R , still maintaining the sphere as a reference surface.) 
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This formal separation of the Stokes' term with ft - 0 from the higher 
terms is possible because, for h . 0 , even Brovar's riqoroo, spherical 
integral equation {44-Z?}, without planar approximation, gives ^ • fig ; 
jikewlse, for the solution of sec. 45, we get g^ - spherically as well 

aS in the planar case. 

It Is clear that, in order to consequently carry through the concept of 
, reference plane, we have to assume fig as a smooth (Infinitely differen- 
tiable) function given in the plane and vanishing appropriately at infinity. 

Molodensky's and Brovar's series. Compared with the preceding proof of 
equivalence between Brovar $ series and the series solution obtained by 
analytical continuation. It is almost trivial to see the equivalence bet- 
ween Mol odens ky s series, as discussed in sec. 43, and Brovar's series 
treated in sec. 44. if the reference surface is considered a plane, then 
Stokes function reduces to 2/1 , so that Molodensky's representation 
(43-3) and Brovar's representation (44-13) become equivalent, and there is 

2ir * n * G n = % * 1) (46-63) 

for a plane reference surface. 

So, as a planar approximation, the correction terms in all three solu- 
tions are equal. The analytical continuation solution is as valid, or as 
questionable, as Molodensky's series. A study of the convergence behavior 
of any of these three--essenti al ly identical --series is, therefore, in 
order; this will be attempted in the next section. 


47 , CONVERGENCE OF MOLODENSKY'S SERIES 

In view of the equivalence of various series solutions of Molodensky's 
problem, as discussed in the preceding section, we can limit our consider- 
ations to one of these series. We select Brovar's solution (sec. 44), which 
offers the simplest approach to the convergence problem. We shall here only 
present the main points of the proof; more details will be found in the 
report (Moritz, 1972) * of which (Moritz, 1973b) is a shortened version. 

Brovar's integral equation and its iterative solution. We start with 
Brovar's integral equation in the form (44-23) 1 and with the same notations: 


for the rigorous spherical integral equation (44-22) we should get the same result 
concerning convergence. 
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, 0 2 if h-h 

ucos 2 fl - ^ J j — j~ M<f<f " Ag ' ( 47 *l} 

*1 

On Introducing a new auxiliary function 

K - uC o s 2 8 , ( 4 ?-2) 

this integral equation becomes 


K 


R 2 [f h ‘ h P 

2ff IJ I 3 COS 2 8 
0 


k do 


AS * 


This equation may be written symbolically as 


{ I - * ) k = 4 g , 


{47-3} 


{47-4} 


where 1 is the identity operator, with If * f • and 4 is the integral 
operator given by 


of 



h - h. 


1 3 cos 2 8 


f do 


(47-5) 


for an arbitrary function for which the integral exists. 

The integral (47-5) is strongly singular since the kernel (h-h )/l 3 cos 2 a 
becomes infinite as 1 / 1 2 if 1 ■* 0 (note that { h-h p ) / 1 remains bounded 
as 1 -+• 0 ) , The integral must be understood in the sense of the Cauchy 
principal value , that is, a small circle ip s e around the computation 
point P is first excluded from the unit sphere and the integral is then 
defined as 


lim // . (47-6) 

Z+O (j/>£ 

The integral (47-5) would not exist as an ordinary improper integral, as 
"weakly singular" integrals do. (An example of a weakly singular integral 
is Stokes' integral in which the kernel becomes infinite only as 1/1 •) 
The classical boundary- val ue problems of Dirichlet and Neumann lead to 
weakly singular integral equations, which are of Fredholm type; cf. (Kel- 
logg, 1929, chapter XI), Contrary to this, Molodensky's problem, as an 
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oblique derivative problem, leads to 

cf . (Mi rands , 1970, Set .23). th,„ '"te,r,l .qu.tloM-, 

considered in standard textbooks on potenti r * 6ht>)m l *P« and are not 

strongly singular Integral equations i n t * thp0r y- T he first book on 

(Hi kb 1 i n . 1965 ); this book 1$ still ver ^ mr)re dimensions seems to be 

A formal solution of (47.31 1, / useful for the present purpose 

1 4} is obtained by writing 


f “ (1 * * ) * 1 Ag 
with the Neumann aeries 


( 47 - 7 ) 


{I - * v ' ■ 1 + $ + * 2 + ,3 + 

( 47 - 6 ) 

Such series are known from n*„, 

ces; they are generalizations Wh6re 1 * denote * #tr1 ' 

s of the elementary binomial series 


(1 - x) 


- 1 


l+X+x 2 +x 3 + 

A T * + * 


( 47 - 9 ) 


Here $ 2 means , of course. 


* 2 f = *(of) , 


( 47 - 10 ) 


and similarly for higher powers. 

T he series (47-9) converges for |x|<l . In full analogy, the series 
(47-8) may be shown to converge in a normed space of operators if 


ikll denoting the norm of the operator 4 ; cf. sec. 5. 

Equations (47-7) and (47-8) give the simplest solution of Brovar's in- 
tegral equation from the point of view of functional analysis (provided 
Neumann's series converges!). This solution is different from a series of 
Mol odensky type but essentially identical to the iterative solution de- 
scribed by (44-24). In fact, applying this iterative procedure to the op- 
erator equation (47-4), we get 


k (1 > = 49 . 


( 2 ) _ 


(1) s 


Ag + 


(I + $) Ag , 
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«< 3 > . Ag + *k t2} - (I ♦ » + 4 2 )Ag . 


t*M?) 


<n> 


Ag ♦ *<r 


<n- 1 ) 


(1 + * + 


♦ a 4 


+ 1 ) Ag 


wM ch. on letting n * - . Is seen to give the Neumann series solution. 

tin fortune te ly the convergence condition (47-11) cannot be guaranteed to 
hold, as *»e shall see later in this section. 

Introduction of Molodeneky’e parameter . Let us now introduce Mol odensky * * 
shrinking parameter k , which has played an essential role in the preceding 
sections. Thus we replace all elevations h by kh (0 s k s 1) . 

Then the operator • as given by (47-5) Is replaced by k* k where ^ 
is defined by 


wi th 


t f * " 

V 2 




h-h. 


. -k 3 ' 0 * 2 *!. 


f do , 


tane k * k tan e , 


I 2 = l 2 
k O 


1 + k 


h-h, 


T Q * 2R sin | 


(47-13) 


(47-14) 

(47-15) 

(47-16) 


as usual (sec. 43). 

in the place of (47-4) we now have the operator equation 

(I - k* k )-c = Ag , (47-17) 


which for k = 1 reduces to {47-4} . A formal solution is given by the 
Neumann series 


K = (I + k* k + k 2 * 2 + k 3 $ k + . . . )Ag , 


( 47 - 18 ) 


which converges for 
k HojjH < 1 » 


(47-19) 
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according to (47*11). 

Let now all operators ^ be uniformly bounded for 0 s k t 1 , that 
i s t 


sup 


ll\ll 


c < ** . 


{47*201 


Then the Neumann series (47-18) will converge tn the interval 0 i k ' k Q 
[jt th 

fc O * C_1 (47-21) 


as (47-19) is then satisfied. The gist of the lengthy argument to follow Is 
that Molodensky 'a aeries converges for the same values of k , so that the 
convergence of Molodensky‘$ series is determined by the convergence of Neu- 
mann's series (47-18) . 

Molodensky ’s series. The reason why (47-18) is not yet of Molodensky 
type is that the operator $ k and its powers also depend on k . Let us 
now expand the operators 4> k , $ k , $ k , ... themselves into series of powers 
of k ( substitute these series into (47-18), and collect terms multiplied 
by equal powers of k . We thus get a series 


K 



n=G 


(47-22 ) 


of which the functions are now independent of < ; there is, for in- 

stance , 


< 0 = 49 ■ 

The expansion (47-22) constitutes the Molodensky series for the present 
problem. 

The convergence of (47-22) will be understood in the sense of convergence 
in norm: 


1 i m 


N 

- I 

n=Q 


li 


0 . 


(47-23) 
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A sufficient condition for convergence Is absolute convergence (Dleudonnt 
1960, sec.S.3); 

i •‘"lUJI < “ i (47-2,, 

n*o 

we shall work with absolutely convergent series. 

The operators are given by (47-13). If we expand 1/1* by (44-2g) 

and put 


cos~ 2 e k « l + k 2 tan 2 s , 
then we obtain a series expansion of the form 


{ 47 - 25 ) 


», ’ I.*”*,, ■ 


reO 


(47-26) 


where the operators B 2r are given by 


V ■ jb// f 'o 2 " d ° • 


(47-27) 


L f - b -5- // f l" 2 n 2r+I do + 
2r r 2tt O 


+ b r _j // f 1 " 2 n 2r_1 tan^fido (r > 0} . 


(47-28) 


Let us now assume that the maximum terrain inclination over the whole 
earth satisfies 


0 


max 


< 45' 


(47-29) 


this will be the case after some suitable smoothing. Then, everywhere, 

h-h 

tang < 1 , n = -* — < 1 ; (47-30) 

o 

cf. Fig. 43.2. Hence the integrands in (47-28) will tend to zero as r ■* - » 
and it may be shown that this implies that the integrals also tend to zero 
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{t fcfs U nontrivial since the Integrals are singular), more precisely that 

J.IS ^ ®> r ^ ' 0 * (47-31) 

from this It directly follows that the norms of all operators are 

uT ,lform1y bounded by a number M , so that 

1|B 2r |i i « < - . (47-32) 

yne absolute convergence of a series of linear operators Is equivalent to 
the convergence of the series of their norms; hence (47-26) will converge 
If 


l * 2r |(B 2r H (47-33) 

n=o 

converges, which Is the case for k < 1 . In fact, a majorant of this se- 
ries is 


l , (47-34) 

r=o 1-k^ 


which converges for k < 1 . 

Similar expansions hold for the operator $” , which is the n-th power 
of $ k . We put 


0 


n 

k 


rt> 

I k 2r B 

r =0 


(n) 

2r ■ 


(47-35) 


Now a majorant of this series is the n-th power of the series (47-34), 
namely 


« n i (-i) r 


ISO 



dVi" ’ 


(47-36) 


which likewise converges for k < 1 . Therefore, all the series (47-35) 
will converge for k < 1 . 
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* ... .......... - 4 ;. r:i;:; 9 :;ir;T by 

rj, T.u'.r.n.s‘"r s .- «... ..... ...... .... 

fnr k . 1 * cf. (Moritz, 1972, pp . 12- 13 ) - 

„ „ substitute .11 these series (*^-35) into Neu«.nn , sen es («7- l8) 
, nd if we order with respect to equol powers of . . then w, obt.to 


(I-k«J 




j + + h 2 ♦ 


I 

n*0 


(47-37) 


fn which the operators v n are Independent of 


By (47-17) we have 


k ■ 7 k n v fig . 

* n 
n^O 


(47-38) 


which is (47-22) with 


PC 


n 


V9 * 


(47-39) 


If the operator series (47-37) converges, then the series (47-38), which 
is identical to (47-22), will converge as well. 

This convergence of (47-37) and hence of Molodensky’s series (47-22) 
follows by an application of Weierstrass ' theorem on double series (Kr»opp, 
1964, pp. 444-445). This theorem says: Let a series 


J f (k) (47-40) 

i. n 
n-0 


converge uniformly in k for k $ p , for any p < p . Then the substi- 
tution 


f (k) - I a fc p (47-41) 

n P-o np 

into (47-40) and the subsequent rearrangement with respect to k leads to 
a power series which converges for k < Pl provided the series (47-41} 
also converge for k < p . 
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Apply now this theorem with 


f n (k) - k%f , 


np 


i < ri > 
2r 


P • Zt ; 


(47-42) 


the resulting series is then ( 4 7 - 37 ). We may work with power series whose 
"coeff icients are operators, belonging to some Banach space of linear 
operators* in exactly the same way as with power series whose coefficients 
are real or complex numbers; cf . (Dieudonnfe, 1960, chapter IX). the result 
is the following basic 

THEOREM. Let the positive number C be defined by (47-20) and let 
a < 45 Then Molodensky ’a series (47-22) oonvergea for k < k * l/C 

A X j * 

if C i 1 » converges uniformly for k S 1 if C < 1 . 

Hence, even if 6 < 45° , the convergence of Mol odensky ' s series at 

fill Q X 

the earth's surface (for k = 1 ) is assured only if C < 1 # otherwise 
convergence will hold only for k < k Q , 

As we shall see later, we shall unfortunately not be able to guarantee 
C < 1 . Therefore the essence of this theorem is that the Molodensky series 
(47-22) converges for the same values of k as the Neumann series (47 18). 
provided that B max < 45° . 

Molodensky's series for T . Let us now link the presen resu 
Brovar's method described in sec. 44. 8y (47-2) we have 


•5 2 2 x 

y = kcqs" 2 6 = « ( 1 + k 2 tan 2 e) - v 

Substituting the series (47-22) and rearranging .1th reseect to equal pow 
ers of k gives a series 


v - I k J 


(47-44) 


p^o 


, rhnn (44-30). This series clearly converges whenever 
which is nothing else than (44 30). 

(47-22) does. flf Molodens ky ' s series for « as given by 

This shows the conve 5 jn the s8 „ se of having been obtained by 

,47-44) (it is a M ° 10 ^padding with respect to the parameter k ). 

Hoi odensky 1 s method of f()r T accot . d1n g to the procedure of sec. 

To get the Molodensky ser „ 7 -44) lBt# tht Brovar repre- 

44 (pp. 373-375). we substitute 

sentation (44-41) for 


0 
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and expand Stokes' function by (44*50) and (44*51). The formal mult1pij ca 
tfon of the power lerie* with respect to k then give* <44-53) * which 1* 
Molodensky'* serte* for T ; 


T 


I 


n«0 


M7-4S) 


tt is highly probable that the series (47-45} converges together with 
(47-44), although a rigorous proof has not been given so far. 

In this way we see that the convergence of Molodensky ' s series for tt f 
and most likely also for T , is indeed determined by the convergence 
of the Neumann series (47-18). The condition B <45° unfortunately \% 
by no means sufficient for the convergence of Molodensky's series, contrary 
to what is sometimes found in the literature. 

The i_ 2 norm. Thus the problem reduces to estimating the norms || a |j 
or the number C in (47-20). For computing actual estimates, the t 2 norm, 
defined by 


f If 2 - // f 2 <t° , ( 47 - 46 ) 

0 

is most convenient. We take R = 1 , which only corresponds to a particular 
choice of the unit of length; furthermore we first put k « 1 . Then 
( 47- 13 ) become $ 


s 57// r3l 0 i(l + tan 2 8) f do , (47-47) 

a 

which we split up in the form 



■ *,f * , 2 r , 

( 47 - 48 ) 

V 

* 27 /T 'o 2 A f * d< ’ ’ 

0 

( 47 - 49 ) 

» 2 f 

’ 57 //( r 3 i o"- i 'o 2A > f ' d » • 
0 

( 47 - 50 ) 

f* * 

f(l + tan 2 g) , 

( 47 - 51 ) 


tang_cosa 


A 

(1 + tan 2 g cos 2 a ) 3/2 

( 47 - 52 ) 
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Here 1 0 
( 47 - 3 °)** 6 

o and ® 


Is given by (47-16), 1 by (47-15} with k ■ 1 , and n by 

is the maximum terrain inclination at the computation point 
is the azimuth from P to do , counted from the direction 


0 f maximum inclination. 
The first Integral 


has a standard form of a singular Integral and 


can 


be estimated by a formula of Calderon-Zygmund type. The result is 






Geometrically. is obtained from * by replacing the terrain by its 

tangential plane at P (this is strictly true only if the reference sur- 
face is a plane instead of a sphere). The term has, therefore, the 

same strong singularity as *f , so that in the remaining part tjf * 

this strong singularity cancels and only a weak singularity re- 
mains. 

Although, for & = 45° , eq. (47-53) gives 


]\* t \\ s 0.64 < 1 » 


(47-54) 


the corresponding estimate for ||t|| comes out much larger. Detailed com 
putations can be found in (Moritz, 1972,1973b). The following estimate has 
been derived there: 


11*11 * IK I! + 


11 * 2 1I * lltjl + 


l + 9tan ^itax S 
COS 5 e max p «in 


(47-55) 


where p is the smallest radius of curvature of any normal profile of 

the terrain. Obviously p nin will be much smaller than the earth’s radius 
R , depending on the degree%f smoothing applied to the topographic sur- 
face . 

The estimate (47-55) also holds uniformly for all * k , 0 S k s 1 . It 
is thus an estimate for the constant C defined by (47-20) and occurring 
in the theorem given above. In this way we can assert convergence of Molo- 
densky's series only for small values k < k 0 but not for k = 1 , for the 
actual earth's surface: for this we should need 11*11 < 1 . 

It should, however, be noted that the estimate (47-55) is probably far 
too pessimistic, in the sense that a realistic estimate for ||«|| will be 
much lower. This is a general feature of mathematical estimates, which al- 
ways estimate "from above" and are thus heavily biased in a "pessimistic" 


sense . 


412 Geodetic Boundary-Value Problem 


H therefore, leport.n, to Mt.rpr.t bur result «r«etly. Ue h.„ 

„ , . . dlveraes at the earth's surface. Per- 

not proved that Molodensky s series diverges 

. but we have not been able to show this: we 
haps it converges for k ■ l . 

have proved convergence only for very small 

It Is clearly seed that the estimate for the operator norm II *11 giver, 

by the expression (47-55) depends In an essentia! way oh the .axlmom ter- 

rain Inclination and on the maximum curvature l/o • os the 

smoothness of topography plays a basic role In Questions of convergence. 

he also see that a eel I -defined smoothing of the topography, nhlch remove, 

very steep slope, and sharp ridges. 1s essential before the convergence 

question can even be put In a meaningful way) It can be .olu.i only for 

very smooth topography (corresponding to sisall values of ■ 

Convergence for k < k may seem commonplace, but it does no o , 

for instance, in certain series of celestial mechanics to which we shall 

come back at the end of this section. Thus, the solution given y o 0 ens 

ky 1 s series is stable at least for a sufficiently smooth topography, which 

is by no means trivial. 

Bolder norms. Convergence in the L 2 norm does not necessari y mp y 
pointwise convergence. To get pointwise and even uniform convergence 
all points of the sphere, it would be appropriate to use Holder norms, 

A continuous function f { P ) on the sphere o satisfies a Holder con- 
dition, or lipschitz condition, with exponent a if the expression 


sup iimjliml (47-56) 

PfSea j PQ j a 


is finite, "sup” denoting the supremum or least upper bound. Here a is 
a positive number £ 1 and f PQ j denotes the spherical distance between 
the points P and Q situated on the sphere. Such functions form a Banach 
space H a ; the norm is given by 


= max f f ( P)J +• sup 

P€o PyQec f p Q j “ 


(47-57) 


L e t f , n » 1, 2, 3 be a sequence approximating f such that 

n 


T im|) f - f 


n 


a 


0 . 


(47-58) 


From it then follows that also 
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(47-59) 


ypi formly on the sphere, so that 

eve. uniform, con„r ge „«. COnv ' r 9'"c. ,„, 0 ,, ts pp) 

It on On thoun th.t slhguLx 

not only In L, . but in H8 , d|!r » M >»« (47-.,, corit ,„ UOus 

(Mlkhlln, 1966, §6) Hlranda, 197 0 , ch _ 1 ,h « »«*• holds for (47-44) 

deneky'e aer i## converaea „ U >* T hu$ we 


for * mnt , M) * Thu5 ** c»n say th.t *olo- 

he nce uniformly on the sphere. However * ’™ U * * aUo in 

the constant C in our convergence * h ‘ r#8S °"* b1# marital estimate for 

to get than in the l^ case. 60rem Seen,s t0 be wore difficult 

Practical implioatione of the conv 

different meaning f or the mathemati^T^*** Pr ° bUm ' Convergence has a 
erlcal computations. For the mathe C f ° r the ^odeslst who does nuta- 
tion such as (47-59) i s sati sf i t, ‘ ‘° nver9ence hold * ^ • ^ondi- 

that is, if a practically usah i ’ . the conver 9 en ce is very '■slow”, 

n very high. For the numerical geodlai ITT °"' y by t,Mn ’ 

convergence, in which f f t\ * however « convergence means rapid 

for low n , so that th e \ i ZWl * 9 °° d approx1fflati ™ to f 

cal ly sufficient accuracy 0rmS ° f 3 £eries a1read y 9^e a practi- 

( th::,:tt a ru;;rci:: t ;^:::r‘ t r , .. conv8r9e "“- - • — 

enough, this Is not the case as\ 0I " n "’"= Srica1 c “"70f9nnce" , Curiously 
out in a detailed fashion " <1893 ' “* 

[° 11 F 0 “ ,n9 . eXa "' ,le ' take " (Erdelyi , 1966), has already been dls 

cussed by Euler in 1754. The series 


S(X> - 1 - l!x t 2 !x 2 - 3 lx 3 r . ... ( 47 - 60 ) 

is certainly divergent for all x j» 0 . However, for small x (say 1(T 2 ) 
the terms of the series at first decrease rapidly, and we can try to com- 
pute an approximate value of the function S(x) by using the first few 
terms only. Later on, the series terms will increase, but if we neglect 
the higher terms and use only the first few ones, we still get a quite ac- 
curate estimate of the values of a certain analytical function which is 
the formal "sum" of (47-60). 

Expansions of this kind have been called semi -convergent or conuergentl^ 
beginning series; today the name asymptotic series is used. Thus divergent 
series can be "numerically convergent"! 
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According to Potncarf, many series of celestial mechanics are asymptotic 
series. They are perfectly suited for numerical computations, although math- 
ematically divergent. 

Also Molodensky's series can be treated as an asymptotic expansion with 
respect to k (Moritz, 1971). As the argument of the present section shows, 
we are here slightly better off: our series converges at least uniformly 
for very small values of k ; not even this holds for the series of celes* 
tial mechanics. 

We now recognize that the question whether Molodensky ' $ series converges 
or diverges for the actual earth's surface (k * 1) is largely irrelevant 
for practical applications. If it did converge, but very slowly, Molodensky's 
series would be practically useless. It is easy to see that data errors (in 
ag and h ) become increasingly effective in the higher-order terms; it ap- 
pears hardly meaningful to go much beyond n * 2 . On the other hand, test 
computations show that taking n * 2 or even only n = 1 , we get practi- 
cally quite satisfactory results. Thus Molodensky '$ series is " convergently 
beginning", and this is what we need in practice. 


48, USE OF THE TERRAIN CORRECTION 

In sec. 45 we have seen that we may obtain the height anomaly i; and the 
components £, n of the deflection of the vertical by the formulas (45-42) 
and (45-43). If we retain only the first-order correction g 1 , neglecting 
terms of higher order, we have the gradient solution (45-50): 


4 =T // U9 + g t )S{g,)do , 
' o 


do ; 


we have written y instead of y u . Briefly this is 


C * S(dg + g t ) , 


X 55 I(*9 + 9 t ) * 


(48-1) 


(48-2) 


(48-3) 

(48-4) 


5 denoting Stokes’ operator and V_ denoting Vening Me inesz* operator, X 
being an abbreviation of the pair U,n] . 
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In the present section It will be shown that the formulas 


c * S(a9 + C) , ( 48-5 J 

£. - V(Ag + C) , {48-6) 

are as accurate as ( 4 B - 3 ) and (48-4), provided the gravity anomaly l* lin- 
early depend*** on the elevation h , Here C denotes the well-known ter- 

rain correction which is easier to compute than g } ; cf. (Helskanen and 
Horitz, 1967, p.131). This idea Is due to Pellinen (1962); for a physical 
interpretation cf. (Moritz, 1968b), 

The correction g 1 is given by (45-51) and (45-48) as 


(flj) 


p 



t 


here we have consistently used subscripts to designate: 

A ... point at which 5 , n» ? are computed; 
p ... point to which Ag and g 1 in Stokes' and 
Vening Meinesz' formulas refer; 

Q ... point to which the surface element do in 
(48-7) refers. 

Obviously , 


(48-7) 


Ve 


] PQ = <V PQ 3 »* 1 n tw z > ’ 

denoting the spherical distance between 
The terrain correction may be expressed by 


P 


and Q . 


(48-8) 


C„ = 


IgpR 2 


If 


(V h - ; 


P Q 


do. 


(48-9) 


G denoting the gravi tational constant and p the density of the topo- 
graphic masses , assumed constant. The derivation of this expression is left 
to the reader (hint: expand eq.(3-14) of (Heiskanen and Moritz, 1967) for 
small b = |h-h p | and let the size of compartments in (3-20), ibid., be- 
come infinitesimal). Then (48-5) and (48-6) become 


1 
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C A * S Ap ( A9 + C V * ” A * XApf ftg + C ^P 
To show the equivalence, we thus have to compute 
S AP (C " 9, ) P flnd ^ap {C ‘ Ve * 


(48-10) 


{48-1 1 ) 


The gravity anomalies ig are defined by (42-15), they a e ee air 
anomalies referred to the earth's surface; cf* (Heiskanen and Moritz, 1967 
p.293). Let us assume that they are linearly correlated with elevation, so 

that there holds a relation 


Ag ■ a + bh , 


(48-12) 


where a and b are approximately constants (ibid. t pp.283 284). The con 
stant b is given by 


b * 2nGo , 


(48-13) 


whereas a is the slowly varying Bouguer anomaly which may be considered 
locally constant. Let us, however, assume now that (48-12) holds exactly 
with constant a and b , so that ag is linearly dependent on h . 

Then (48-7) becomes 


<9i) p = ' 2 ^f7 


2 tt (lyh fl ){h Q -h p ) 


d a 


1 


Q 


(48-14) 


PQ 


This is subtracted from (48-9) with the result 


(C-g,) p - |s„« 2 // ((h Q -h p ) 2 ^ 2(h p -h B )(h Q -h p ))i;|do s . (48-15) 


which is easily seen to be equal to 


< c -«!>p * ^ h // % - 2 ' G (’\’nr|j^ 


°B P0 




(48-16) 


°s *>a 


or 
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C - 9j * tf Go L ( h 2 } - 2 nGo h a L ( h > , 

ysing the operator L defined by (45-31). Thus 

S(C-9 t ) - *GnSL(h 2 ) - 2irC,ph A SL(h) , 

VfC-gj) “ ttQo VL (h 2 ) - 2nGnh A VL{h) . 

Now by (46-30) there is 

SI = - y' 1 ! ; 

have the factor y" 1 since Stokes' operator now gives t * 
0 f x ; I denotes the unit operator. To find VI , we keep 
for Stokes' problem 

ji = V^ag) = - grade = - grad S(og) , 

where the symbol grad denotes the operator [ 3 / 3 x , 3/ayl * 

V = - grad * S , 
whence , by (48-20) » 

VI * - grad * S • L = y~ l grad . 

Using (48-23) we thus find 

rV(C-g t } = uGpgrad ( h 2 ) - 2irGph A grad h . 


Now 


grad h = 


3h 
3 X 


* 2h 



'_3h ah] = 

ax * syj 


2h grad h 


(48-17) 

(48-18) 

(48-13) 

(48-20) 

Y " *T Instead 
Ir mind that 

(48-21) 

Hence 

(48-22) 

(48-23) 

(48-24) 


(48-25) 


In (48-24), all quantities refer to A , so that 


i 
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Y V(C - 9 t ) • «Gp?h A (grad h - 2*Gnh A ( grad h } A - 0 {48-26) 

whence 


V(C) - V(g,) . (48-27 ) 

This proves the exact equivalence of the Venlng Meinesz formulas (48-4) end 
(48-6) under the conditions mentioned. 

For the corresponding Stokes' formulas we have (48*18) which by (48-20) 
becomes 


■y S ( C - g^} * - * Gp h A + 2i>Gph A • * *Gph A , (48-28) 

which is not exactly zero. Thus 

S(C) - S(g 1 ) + ir6p T " X h^ . (48-29} 

To get a numerical estimate of the last term in (48-29), we take 
p = 2,67 g/cm 3 and h fl * 1000 m ; then 

_ i 2 + 

TtGpy h ft = 5 cm . (48- 30 ) 


It will be consistent with the present approximation-restriction to 
first-degree corrections to Stokes' and Versing Meinesz’ formulas and as- 
sumption of linear dependence of ag on h --to neglect this small term 
in (48-29), so that 

5(C) * S ( g j ) . (48-31) 
Thus (48-1) and (48-2) become in view of (48-27) and (48-31): 


t * // («9 + C)S{*)d<? , 

o 



1 

4u Y 


// {4g + c) 


dS 

d ^ 


COSal 

Sina/ 


do 


(48-32) 


(48-33) 
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which proves (48-5) and (48-6) t 0 re 

(<6 . 2 , ,"d ,,a- I2 ,. from 

ter « (48-28). flection of the 

The sm 49 ♦ C . p , 

« 1,,d Fa!, ‘ 1^4 « m.y „ y thn r,,B corr *“">". i. „«„ M , 

Stokes ’ end Vening Heines.' Fcrmul* S1ves ’* t,,e F ’V« enowly t„ 

densky’s problem than the use of th» . * ter ap P ro * Nation for « 0 io- 

* ^corrected ,„ 0 ,„ y Jg 

49. PRACTICAL ASPECTS 


Formulas to be used tv ,„ _ 

sists in adding certain correct, o'^t' S °' Ut '°" ° f Ho,ode "skJ's Preble* con- 
vening He, nest. These MoHd ^ ‘° the f0 ™'” ° F »-«■ *" d 

in calculating deflections of Par ‘ UU ' ar 

r. 5i;i «r^i i«; i r°j:* ; h 'T:i “ is about ten ti " ,es as ,ce# ‘ 

in £ Cflfrccnn . A „ * the fo11owif5 9 sense. An error of 1" 

in % corresponds to an error ft f in - , . 

,n r , ; , , O'" Of 30 m in position . An accuracy of 

" * v ~ ~ . m ]" E ° r 11 my be about a $ difficult to get as an accu- 

~ m 10 5 * which !T!eans that the gravimetric method gives ver- 

Ka positlon b * aboyt one order of magnitude more accurately than hori- 
zontal position. 

A similar, but even more pronounced, relation holds between the orders 
of magnitude of the Molodensky corrections for e on the one hand and ^ 
and n on the other hand. In a topography that ranges from flat to moun- 
tainous such as West Germany, the Molodensky correction in ? has general- 
ly the order of a few centimeters, whereas the correction of $ and n 
may reach at least a few tenths of a second of arc, that is, about 10 m ; 
cf. (Groten, 1979, vol.2, pp. 685-686). 

Thus, the computational formulas should be selected with particular re- 
gard to the deflection of the vertical. From this respect, the solution by 
analytical continuation (sec. 45) is preferable to Molodensky’s (sec. 43) or 
Brovar 1 s (sec. 44) solution. In fact, Molodensky’ s solution (the same holds 
for Brovar’s solution) for vertical deflections is more complicated and 
contains two relatively large terms of the same order of magnitude but of 
opposite sign, which are computed in quite different ways, whereby addi- 
tional errors may be introduced; the gradient solution is free from this 
deficiency (Heiskanen and Moritz, 1967, sec. 8-9). 

To second order, the solution by analytical continuation as given by 
(45-42), (45-43), and (45-49) becomes 
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C * ~~ // A 9 ’ S(U.)d CT , 
4n Y a 



* 


I 

4 * y° 


// A 9 


. ds 
<JV> 


cos™ 1 
S 1 nn l 


da 


I 


Ag‘ • Ag ♦ 9 t + 9 2 . 


■S, - - ( h - h A )t J < ag) , 

g 2 « - (h- h A ) 2 L 2 (ag) - (h-h A )L 1 (g 1 ) 


(45-1) 


(49-2) 


(49-3) 


(49-4) 


and 


l 


(O 




da . 


The term 1 2 { ag ) may be evaluated by an iteration of : 

L 2 (ag) = |lj [ L 1 ( Ag) ] 


(49-5) 


(49-6) 


or directly by (45-34): 


l 2 (Ag) 


1 

2 



+ 



(49-7) 


If only c is computed, then g 2 can certainly be neglected. If £, 
n , ? are computed in mountains, then g 2 may have an effect on the de- 
flection of the vertical and may be added, together with g , to ag to 
give the gravity anomaly to be used in Stokes 1 and Vening Meinesz' formulas 
(49-1) and (49-2). 

It may not be feasable to compute corrections of higher than the second 
order even if they would have an effect in extreme situations, because the 
influence of errors in the data Ag on these higher terms might increase 
so strongly as to render their numerical values almost meaningless. 

Much simpler and practically sufficient in many cases is the solution 
■obtained by neglecting g 2 , so that 


49* * 9 + g x » Ag - (h - h A )L 1 (Ag) . 


(49-8) 
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Th 1S is the gradient solution (45-50) described In fHo , e w 

196 7 , eqs . ( 8- 7 1 ) and (8-80)). (HeHkanen and Moritz, 

Still easier for computational purposes u th. ♦ 
tioni it consists In using the Faye anomaly " COrrsct1on so1u ‘ 


&9p ■ A? + C 


( 49 - 9 ) 


instead of *9 In the simple formulas of Stokes and Venlng Heines/, C 
being the usual terrain correction. As we have seen In the preceding sec- 
tion, this tsfMtn cQTTietion solution Is equivalent to the gradient solu- 
tion P e tfie Gravity anomaly is linearly dependent on the elevation. 
Since there will be, at best, only a statistical correlation of A g with 

^ 3n exac t functional relation, this equivalence will only 

be approximate. We may say that the terrain correction solution will have 
an intermediate accuracy between the gradient solution, using (49-8), and 
the crude Stokes and Vening Meinesz' formulas, neglecting all corrections. 

Other linear solutions (Morit 2 , 1968a) seem less practical. 

Computatronal considerations. In the gradient solution given by equa- 
tions (49-1) through (49-6), all computations are reduced to the evalua- 
tion of three integrals: Stokes' and Vening Meinesz* integrals and the 
gradient integral (49-5). The practical evaluation of these three integrals 
has been discussed, e.g., in (Heiskanen and Moritz, 1967, sec. 2-24); a 
mathematical investigation has been made by Meissl (1971c). 

For automatic computation, one considers blocks of various si 2 es bounded 
by geographical grid lines: 5°x5°, l°xl°, 30>x30', down to 5'x5' and small- 
er; mean values of Ag in such blocks are stored. To get approxi mate )y 
square blocks, one might also use 20'x30' and similar si2es. 

In the neighborhood of the computation point it is appropriate to use 
smaller blocks than for distant zones. Recent suggestions have been given 
by Lelgemann (1974) and Cl arke ( 1978 ) . For Stokes' integral, Lelgemann uses 
6'xl0’ blocks up to a distance i(> - 1° from the computation point, then 
12'x20' and 20'x30‘ up to = 5 3 , then l°x l c up to $ = 20° , and global 
spherical - ha rmoni c representation of ag outside 20°. Clarke has a similar 
pattern: 6*x6' up to # = 1.5° , then 30'x3G l to # = 5° , then l°xl° to 
$ = 20° , and 5°x5° for ^ > 20° . Such a pattern can also be used for 
Vening Meinesz* integral, depending on the accuracy to be attained and on 
the gravity data available. 

Essential is the effect of the innermost zone, especially in Vening 
Meinesz* formula and in the gradient integral, which have a stronger singu- 
larity than Stokes* integral and, therefore, require more detail around the 
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ne say of size 30 * x 3 0 ' , one might use a de- 
computation point. In this zone. ^ spline approximation (Siinkel, 

t.H.d ° 19 A ’ m| . s,„c. ipllx functions »f 

1977); see also ( * . flt ion In the three basic Integral f 0rmu - 

polynomials, the necessary integration 

las can be performed ^ the I0 ne beyond about 50km from the 

an th. o.h.r h.nd . t fl „ fn lh « gradient Integra,. 

computation point seem. 99 employs the analytical 

0f part, cp, ar Importance espec . y " ^ ^ #f , cons)stent fl „ d 

continuation solution to hig ",° 9(lti ^ s h , both, e.g., In the for. of 
of gravity anomalies 4g »" values from different re- 

. spline representation. This avoid us ov ^ 

presentations mh.ch might be '"“mpa e- , it . 

and terrain models involve some smoothing which PP 

densky's problem (also in order to obtain practical convergence.) but 

must be done in a consistent fashion. vertical 

For similar reasons, the use of actual observa ions 
gradient an, /ah appears less advisable than the computation M*«> 

from the given ag-field: actual observations tend to be too irregular and 

may not be compatible with the ag-field. 

For the inner zone, least-squares interpolation may also be use 
(Lachapel 1 e , 1977 ). thus getting an approach that combines integral for- 
mulas and collocation. For other aspects of such a combination cf. IKor^ 


1976a). 

Effect of the atmosphere , The theory of Molodensky presupposes that the 
anomalous potential T outside the earth's surface is a harmonic function 
or, in other terms , that the space outside the earth is empty. Thus the 
effect of the atmosphere on ag must be removed by computation. 

In view of the extreme smallness of atmospheric effects, a very simple 
model is sufficient for this purpose. We regard the reference ellipsoid 
formally as a sphere (spherical approximation) and assume that the atmo- 
sphere consists of spherically symmetric layers (Fig. 49.1). For the sake 
of simplicity it is preferable to remove the atmosphere not only above the 
earth's surface, but formally everywhere above the reference sphere. 

The vertical attraction F of the atmosphere at a point P is the sum 
of the attraction F 1 of the atmospheric layer between the spheres 

£ and K and the attraction F 2 of the atmospheric layer A 2 outside 
the sphere K {Fig. 49.1). It is well known from potential theory that the 
attraction of a spherical shell on a point inside the shell is zero. From 
this follows in view of the spherical symmetry of the atmosphere that 
F 2 * 0 . For Fj , however, there follows, again from the spherical symme* 
try, that the attraction is rigorously given by the Newtonian law for a 
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FIGURE 49.1. 


A spherically 


symmetric atmosphere. 


A 


2 


point mass, since the external 
trie body is the same as if the 
center. Thus 


gravitational field of a spherically symme- 
mass of the body were concentrated at its 


F - 



(49-10) 


where m(r) 
the radius 


1S the mass of the atmospheric layer 
r . 


as a function of 


It is now convenient to introduce the mass M(r) of the 
outside the sphere k through P ; there is obviously 


atmosphere 


m(r) = - M{ r ) , 


(49-11) 


M a being the total mass of the atmosphere. Then we get from (49-10): 


F = 



(49-12) 


The first term on the right-hand side can be regarded as the attraction of 
the total mass of the atmosphere, transported into the earth's interior 
and distributed there in a spherically symmetric way. This term i s automa- 
tically taken into account if the mass of the reference ellipsoid includes 
the mass of the atmosphere, which is the usual (and the most appropriate} 
treatment; it is followed, e.g., in the Geodetic Reference System 1967 
OAG, 1970). 
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4 & eou & k “ 

this is the atmospheric 
i the second term, and tnv 
Thus there remains only 

effect on gravity: 


69, 


• “5* • 

r 


<49-13) 


f 

moval of the atmospheric effect, 

the plus sign corresponds to th ' „ etr <c atmospheric density I.,, 

If o(f) ropte^t, , P Mrl«.ny » ^ gives 

then the integration over , . 


M(r) ■ ///o(r) dr ' <"7 p<r)r 2 dr- 

* JT 


(49-14) 


. t t. , can be performed if the law p(r) is 
The integration with respect ^ ha$ been corn p U ted and 

taken from a standard atmosphere. In this way _ a distribution has 

tabulated in (IAG, 1,7.) I there and. ^J^n^te. 

been assumed, but a spherical ore i h grav ity potential W 

The corresponding effect of the atmosphere on the grav 

follows from an integration of (49-13): 


<5W = /dg dr - - G/ dr 

A ® A r r 


(49-15) 


This potential change causes a shift of the level surfaces by 


<5W. 




(49-16) 


which is a consequence of Bruns* formula (42-16). 

Thus the atmospheric effect is taken into account by the following pro- 
cedure : 

1. Add to the measured gravity the positive correction (49-13), in which 


r - R + h , 


(49-17) 


h being the height of the observation point 
2. Form the gravity anomaly 


ag = g + fig 


A 


y » 


(49-18) 
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where r refers tc the Ullurold, and apply Molodensky's 
the resulting height anomaly by c * . 

3, The real height anomaly c is then 


theory; 


denote 


where U R is given by (49-16). 

The corrections f 9 R , iW^, and 6 e, a may be tabulated as a function of 
the height h ; thus the atmospheric corrections are very easy to apply. 

To give an idea of the order of magnitude, we mention that at sea level 
{g R « 0.87 mgal and 6 c ft * -0.7 cm 

In view of the accuracy feasible at present and in the near future, 
can safely be neglected. Thus the atmospheric correction reduces to 
taking sg R , as tabulated on pp. 72- 73 of ( I AG , 1970) as a function of 
the observation station, and adding it to the measured gravity g . 

Ellipsoidal corrections. Since the reference ellipsoid is very nearly 
a sphere, an expansion in terms of e 2 , the square of the excentriclty, 
is appropriate. Such expansions (restricted to terms linear in e 2 ) were 
employed in sec. 39, We shall use these developments to derive ellipsoidal 
corrections to Stokes' and Vening Meinesz 1 formulas. 

By (39-6) and (39-78) we have 


T = T° , (49-20) 

Ag ' - Ag° + e 2 ag 1 . (49-21) 

The "spherical parts" are related by Stokes’ formula 

T° = Jj. //Ag°S(^}da ; (49-22) 

0 

in fact, we have reduced Molodensky's problem to Stokes' problem for “point 
level" by replacing Ag by Ag 1 ; cf. p. 379. The radius is given by 

R = R + h , (49-23) 

A 

: h being the height of the computation point A ; in keeping with the 
present higher accuracy requirements it may no longer be sufficient simply 
to replace R r by R as we have done so far. The ellipsoidal correction 
Ag 1 is given by (39-80): 


426 Geodetic 


Boundary-Value Problem 


'•hi I ’ 


A9 •" Q L L ' n#i 
K n*2 m»0 


(49-24) 


the coefficients G nm * od H 


being defined by (39-81) and (39-82), The 




T . 2*. // (ag‘ - e 2 ftg‘ )S(*)do 


*T 


(49-25) 


Thhh ,h, height anomaly « 9<«en by (39-19). (39-20). (39-2, > 

noting that N is now e : 


R 2 I 

c « — — // (49* - e 2 Ag l )S(^)cfcr + e c . 

4flY A a 

c 1 * (£-|sin 2 *]c° ’ 


(49-26) 

(49-27) 


t° being the first term on the right-hand side of (49-26). The symbol y 
designates spherical gravity at elevation h ft : 


o a y 0 h 

~ f + IF 


i(49-28) 


ay°/3h denoting the normal spherical gravity gradient of -0.31 gal/km . 
The deflection components £» n are obtained analogously: 



1 

4 *t a 


//( ig* - e 2 ag' ) 


dS 

dif» 






(49-29) 


g and Hj are expressed by (39-38) and (39-39), in which N° is t° 
and c° and n° are given by the first term on the right-hand side of 
(49-29). 

It is sometimes more convenient to directly evaluate Stokes 1 integral 
over Ag 1 in (49-25) and (49-26); we simply have 


//Ag 1 S(*)do - I 
4 ir p n =2 


I ^ n J n J Q > X ) + H 5 (9.X)1 • ( 49-30) 

u nm nm v / n m nm v * 

m~o 


i 

n-1 




■ ^ r 


consequence of th. ^ 

T n - ™r &g n . 

re Uti«9 Laplace harmonics of T ftnd ft _ . , 

1967 , P-97). It is clearly permissible here ’ e1U#n * n •»■<* "oritt, 

A * tw11ar transformation is possible f 0r vLr Pl « Ce ** by * ■ 
tnls involves Horizontal derivatives D f h * new formulas, but 

end n a™ computed, alone or f n comhi«!t h#rmon1e4 ' 1hu *. " t 
(49-26) to (49-29) ar® simplest °h with t , then the formulas 

As we have remarked in Sec . 39 u i 

soidal corrections with one of the avaiUM Cl * nt t0 COmput# th * * 1Mp “ 
represent. tl ons e f t*e enter,., , ri> , 

To get the full benefit of e a ‘ 

H n , th curacy improvement from ellipsoidal cor- 

rections, the mapping from the elliosnin t* ♦ 

,.. ooH Thit *u 1psoid to the sphere must be well de- 

fined, This implies that the radius ft „* 

^ 3 g ^ . us R the sphere must be given by 


R = Va 2 b * 6371.0 km , 


(49-31) 


mean gravity Y by (39-16): 


Y° * Y a [l + {e 2 ] = 979.7 gal , 


(49-32) 


and 4> . x must be geographical coordinates on the ellipsoid. These values 
are to be used in (49-23) and (49-28), 

These refinements are, of course, only necessary in the principal ("zero- 
order") terms; in the correction (first-order) terms we may safely replace 
by R and y a by y° . 

For references on ellipsoidal corrections in the geodetic boundary- val ue 
problem, from Sagrebin (1956) to Lelgemann (1970), see p.316. The present 
formulas are essentially due to Lelgemann, although the derivation is dif- 
ferent. 

According to Lelgemann, ellipsoidal corrections reach 0.5 m in g and 
0.05" in 6 and n ; he has also given global maps for them. With ellip- 
soidal corrections, we may compute t to a decimeter or even centimeter 
accuracy, provided the necessary coverage of the earth by gravity data is 
available. Unfortunately we are still far from such a desirable situation. 
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r * mc ar I ZED MOLODENSKY PROBLEM 
50, existence and uniqueness eon the unear.zed 

the existence and uniqueness of the solution 
W e shall now Investigate introduction we first examine 

„ the I Inear Holodensk, »«•>'«• #s 

Stokes’ problem. problem is the bounda ry- va 1 ue problem 

ThP rrcblem cf $***••- ® Uy af50 maly on a sphere, to determine 

m s.Npl.At for.: » «" on and outs)de th , sphere , assuming T to „« 
the anomalous pote corresponding boundary condition Is < 2 . 

harmonic outside this sp ere. _ i t0 the bounding sphere, the ob- 

»>• *»• d,reC '°V e h" c h t0 , problem Involving nor. 

1 igue-deri vati ve problem reduces In this case 

mal derivatives* which Is much simpler. , 

The general solution is given b, Stokes’ Integral formula 


T(e,x) = T 0 ♦ ~//agS(4')do + Tj(e,x) , 

0 


( 50 - 1 ) 


which expresses T on the 91 'ven sphere In terms of Ag on this sphere. 
Here T Q is a fixed constant related to the mass of the earth, and 

Tjfe.x) = fljSin 0 cos A + A 2 sin 6 sinX + A 3 cos e {50-2} 


is a spherical surface harmonic of the first degree. Polar distance 6 
and longitude a are spherical coordinates, and A 1> A 2 , A 3 are arbi- 
trary constants which have the following physical interpretation (Heiska- 
nen and Moritz, 1967 , p.99). Let S jS e 2 . 63 denote the rectangular coor- 
dinates of the earth's center of gravity, the origin being the center of 
the ellipsoid. Then, approximately, 


o 

Y 


(50-3) 


whvru v° denotes , mean value of gravity over the earth. Therefore, non- 

” e !" thSt * he center of t,le . 111 p S 0 ld does not coincide 

with the earth s center of mass 

A necessary and sufficient condition for . 

for continuous boundary values is that the f ^ Pr ° blem t0 be solvab1e 
spherical harmonics of the first degree In 19 “““ " 0t 

thogona, to any hanmonic function of the ftr.t U a T\Z)T “ 
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ffh g{0 ,X)Y 1 ( 9 , X }do * 0 ; 

a 


(50-4) 


(He iik«»" a " d *«'• P ”). Stic, 

c onst* ftts • tB ' s et l ljat ^ orl comprise,, In fact, three Independent conditions. 

The solution (50-1) contains three free constants A A , A . Ine so- 

,„ 1 on c.h Pd “"*0“' P) 1 Putting all A, . 0 . „hfch mein, Jh.t the 

harmonic (50-2) vanishes* 

The f* ct that ig must satisf y t/ire ® condition* end that the solution 
(50-1) contains three free constants expresses the so-called Fredholm al- 

U rnati »* ; *« below - 

It should also be pointed out that a solution (50-1) with A l 0 t A ? 
is physically impossible, although it is mathematically valid as a sol ution 
of the boundary - va 1 ue problem defined by aT * 0 outside the sphere and by 
the boundary condition (2-33) on the sphere. 

In fact, for T to be harmonic and zero at infinity, the centrifugal 
potential contained in both W and U must be equal, so as to drop out in 
T * W - U • This requires that the axis of the reference ellipsoid coin- 
cides with the earth's axis of rotation. If this common axis is taken as 
x axis, then the centrifugal potential is 


1 

2 


2 

to 



(50-5) 


Indeed, if the two axes were only parallel and separated by the vector 1 


[6Xj , sx 2 , 0) , 

then T would contain a term 


2 

0) 


(x 1 6x 1 + x 2 6x 2 J 


(50-6) 


due to the difference of the two centrifugal potentials; this term and 
therefore T , would not be zero at infinity. The same would hold if the 
two axes were not parallel. 


W® often use the vector notation s_ s [ a ^ , a^, a^l without distinguishing between 
?ow and column vectors, provided no matrix operations are involved. 
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<„Hde Sire. th. earth's rotation 
SO the t«0 rotation c ° 1c<1 reasons, and since the 

passes through the center of - * lM ellipsoid for reasons of 

P , th ellipsoid contains the cente u taken as the x 

: t » "enters must He on the coeto ^ only 

Hordl'n... ..is- ones the* «. ^ A _ „ d Aj by ((# . 

x coordinate, so that 2 

3). must be rero. be hystc aHy meaningful, only A } can 

Thus. If a solution (50-1) '* fgr g rots t1ng earth has. In reality, 

differ from tero. so that the so A . 0 , |t Is <|uf‘» natural to 

r? ::rr. of the reference ellipsoid com. 

old. «1th the earth's center of mass. ^ ^ , 1near Moiodensky problem for 
The simple Moiodensky problem. ^ sh#n pr0ve existence and unlque- 

« spherical reference surface (secA )• a one-to-one corre- 

ness of the solution for this pro simple Moiodensky problem, 

spondence between the Stokes prob em ^ bound ary condition (42- 

Let us consider the tel uroi . cooce ntric to the reference 

14) is defined, together with a sp ere 50.1). This sphere 

aph.ro and such that * U \JJJJ ’jclentlst who pro- 
s' might b. called BriUouxn sphere. ‘ out5 j de the earth, 

posed gravity reduction to a level surface complete y 

The function 

(50-7) 

F = r AO 


is well known to be a harmonic function in space, r being the 
radius vector of the point under consideration {ibid. , p.90). As the boun 
ary values of Ag , and hence of F . are given on the surface z , we can 
compute F , and hence Ag , at every point outside z by solving an «*- 
ternal Dirichlet problem , which is uniquely solvable for continuous bound- 
ary data (cf. Kellogg, 1929, p.314). In particular, this gives Ag at ev- 
ery point P r between the surfaces Z and S' --to be denoted by *9 ( r ) 
--and on the Brillouin sphere itself--to be denoted by Ag‘ . 

From the values of Ag along a radius it is strai gh tf orward to compute 
radial differences of the potential T : by (Heiskanen and Moritz, 1967, p- 
92) we have 


-L(r 2 T) = - r 2 Ag(r) , 


(50-8) 
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FIGURE 50.1. The Brillouin sphere. 


which on integration gives 


( r 2 T) - (r 2 T) = ) r 2 ag(r)dr 

P * p 


(50-9) 


r with the symbols of Fig. 50.1, 




r?T 


is 

r 2 t . = J r 2 ag{r)dr 


(50-10) 


t -,l on the telluroid end T' on the Brillouin sphere, 
denotin? the po k , s problem by the following three steps: 

Now we can so re , ^ solving the external Dirichlet 

1. Computation of *g(r) and ag 

problem. , by sol v i n g Stokes' problem for the 

2 . Determi nation o 

sphere S' . ^ £ from T * at S' by (50-10). 

3. Computation of _ ecause Dirichlet’s problem is uniquely 

Steps 1 and 3 are one^ ^ on e correspond to dlff.r- 

vable and because ^ yice versa . Thus the question of sol 

t functions *g' on 
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of Molodenky's problem for the telluroid £ has been reduced to the q Ues 
tlon of solvabi 1 I ty of Stokes' problem for the sphere S* , to which the 
answer has been given above. For the simple Molodensky problem, therefo re 
we have exactly the same situation concerning existence and uniqueness 0 f' 
solution as for Stokes’ problem: Ag must satisfy three conditions, whi c ^ 

may be expressed in the form, analogous to (50-4), 

//Ag’ (e.*)V l (©,A)do « 0 , (50-11) 

<s 

which means that the upward continuation of eg to $* must not contain 
any first-degree spherical harmonic. 1 

Corresponding to these three conditions, the solution for T' , and con- 
sequently also for T , will contain three free constants (this is true if 
the linear boundary value problem is considered in itself; for physical 
reasons, two of these constants must be zero). Again we get a unique solu- 
tion by requiring the spatial function T to have a form that contains no 
first-degree spherical harmonics. 

The linear Molodensky problem. The general linear Molodensky problem for 
an arbitrary reference surface for an arbitrary reference potential, as for- 
mulated in sec. 41, is an ob lique-derivative problem. 

The classical boundary value prob!ems--the Dirichlet problem and problems 
involving normal deri vati ves- -can be formulated in terms of Fredholm inte- 
gral equations of the second kind, and the well-known Fredholm alternative 
holds (cf. Kellogg, 1929, p.298): 

If the homogeneous boundary-va 1 ue problem has no non-zero solution, then 
the correspond i ng nonhomogeneous problem is solvable for arbitrary contin- 
uous boundary values. If the homogeneous problem has n independent solu- 
tions, then the boundary values must satisfy n independent conditions for 
the corresponding nonhomogeneous problem to be solvable, and the solution 
depends on n free parameters (because of the n independent solutions of 
the homogeneous problem). 

An example is furnished by Stokes' problem, in which n = 3 . 

An analogous formulation of the oblique-derivative problem leads to sin- 
gular integral equations for which the Fredholm alternative is, in general, 
no longer valid. An example is Molodensky's integral equation which is no 
longer a Fredholm equation of the second kind. 


1 As a good approximation, Ag 1 in (50-11) may be replaced by the given gravity 
anomaly Ag on the telluroid E , which means that aiso Ag must not contain spherical 
harmonics of first degree. 
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we vef, i f the oblique-derivative problem Is regular, that H. If the 
H °^ioh of the derivative H nowhere tangential to the boundary surface. 
d^ re predholm alternative Is still valid, In spite of the singularity 
the?, h e corresponding Integral equation; cf. (Hlranda, 1970 . p.ftb); this 
* that the number of conditions on the boundary data f , given by 

_ 1 f n 1 h n H o n r a a n f t m — _ J _ . l « 


|!,eaT ' is equal to the degree of freedom In the solution, say ft 


f * ’ ' 

j n the simple Molodensky problem we again had n » 3 . In the present 

e ral linear case, n must be at least three. In view of the three de- 

t of freedom In the spatial shift of the origin, but perhaps there is 
ore eS 


gr« eS 0 ? 

„ . 4 0,r 5 ? 

Hbrmsnder proved that even in the general form of the linear Molodensky 
problem n equals 3 , First, the boundary-value problem defined by the 
poundary condition (41-30) is reformulated as follows: to determine a func 

^ a f i n a H fi ill t c 1 fi A 3 il ft n n ♦ k ft ^a 1 luvftjjl r • n j4 

t i on 


X defined outside and on the telluroid i and satisfying the fol- 


lowing three conditions, 


1, Harmonioity: AT = 0 outside l , 

2* Boundary condition: T + m grad! = f on 

3, No first-degree harmonic: 


T(x) 



as r -*■ 


l * 




(50-12) 

(50-13) 


(50-14) 


c being some constant and 



denoting terms of order 


1 / r 3 and 


hi gher , 

Hdrmander proved that the corresponding homogeneous problem, that is, 
(50-12), (50-13), and (50-14) with f = 0 , has the unique solution T = 0. 

The general solution of the homogeneous problem without imposing (50-14), 
therefore, contains three independent spherical harmonics of degree 1 , 

This proves that n = 3 also for the general linearized Molodensky prob- 
lem; in fact, if n were >3 , then the solution of (50-12), (50-13), and 
(50-14) would no longer be unique, 

Hbrmander's proof is extremely involved and laborious and cannot be given 
here . Even his uniqueness theorem (Hdrmander, 1976 , sec. 1.5) is so compli- 
cated, containing many expressions and parameters, that it cannot be stated 
here i n f u 1 1 , 

bet it be sufficient to mention that Hdrmander ' s theorem contains a num- 
ber of parameters which depend on properties of the earth's topography. 

Larger slopes of the terrain (say 60°) are permitted provided they do not 
°ccur too frequently. Although a detailed study of fitting Hormander's para- 
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meters to the actual earth's topography has not yet been made. It app ears 
that the theorem Is general enough to ensure the uniqueness of solution 0 f 
the linear Molodensky problem, with an ellipsoidal reference field, f or 
the actual topography of the earth, the existence of a solution being gen- 
erally guaranteed by the theory of the oblique derivative problem. 


51 , HdRMANDER's RESULTS FOR THE NONLINEAR PROBLEM 

function problems. In sec. 40 we have seen that the nonlinear 
Molodensky problem can be regarded mathematically as an inverse function 
problem. 

The general inverse function problem may be formulated as follows. Con- 
sider a function f such that 

y * f(x) . (5i-i) 

It can be an ordinary real function of one variable, as illustrated In 
Fig. 51.1, or a nonlinear operator mapping one Banach space X into an- 
other Banach space V , so that 



A 


FIGURE 51.1. The inverse- function problem. 



N 


$1. HOrmander'e Feeul t. for th « 


n«ar Problem 435 


X •* Y 


(51-2) 


and y denoting points In the spaces 


* - ,, x and Y , respectively. More 

precise^ w * sha11 * ssum * that f Is defined on an open set A 

u v ft ■ jh| .. e t i 


Let now *o e ft atia y 0 * f(g be a point of Y . Suppose we can find 


x 0 € A and 

a n ope" neighborhood of y Q , say the "ball" 


B 


lly-y 0 ll < r , 


(SI- 1> 


such that for each y e B there Is a unique x € A for which y * f(x) 
then we say that f Is locally Invertible near y Q , or that the Inverse 
function f" exists: u 


x * f' l {y) 


™ lly-y 0 || < r . 


(51-4) 


If this is possible* then we say that an inverse function theorem holds. 

A sufficient condition is that the function f is continuously differ- 
entiable in A and that the derivative has a bounded inverse at the point 
Xq • This is the inverse function theorem in its usual "elementary" form. 

See, e . g . , (Dieudonne, 1960, sec. 10.2), (loomis and Sternberg, 1968, sec, 
3.11), or (Schwartz, 1969, p. 15); the inverse function problem is a spe- 
cial case of the implicit function problem as we have seen in sec. 40. The 
derivative, or differential, of a function in a Banach space is the so- 
called Frfechet derivative; it is a linear operator. 

The condition of this inverse function theorem sounds natural and easy 
to fulfill, but it is not satisfied in many important applications. In par- 
ticular, it is not satisfied in Molodensky's problem. 

In this problem, the Frechet derivative is represented by the lineariza- 
tion of sec. 41, and its inverse is given by the solution of the linearized 
Molodensky problem. This inverse is not bounded because of the '‘roughening 
effect” of differentiation; cf. p.437. 

In certain cases, the inverse function may exist even if the Frechet de- 
rivative does not have a bounded inverse. We then speak of advanced inverse 
function theorems ; they are usually hard to prove. 

The usual approach to advanced implicit and inverse function theorems is 
by a modified Newton iteration method, as mentioned in sec. 40; cf. (Schwartz, 
1969, chapter II; Sternberg, 1969; Berger, 1977, sec. 3.4). 

Naeh-H&rmander iteration. The treatment of the nonlinear Molodensky prob- 
lem by Hdrmander (1976) involves an extremely difficult inverse function 
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orem. He proved i t by a 
j. Nash In 1956. 


discrete 


n 


tE 51.2. Naah-HVrmander iteration. 



, principle of the Nash-Hormander iteration is illustrated by Fig. 
Let a value f{x) be given but the corresponding x be unknown. 


1 ue 


x is determined in the following way. Select a point x Q a 


» the corresponding 
in the space Y such that 


f (*o> 


Take a sequence y 


of 


*0 * f(x 0 > • 


:he geometry of F 
e y * y Q * whic 
with y = y 2 , w 
oach the desired 
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It <* 1nstrUCtive t0 COm P ar * this method with No . ... 

in ^8- 40,1 {p * 336 ) ‘ In Melton's method the t * **" * U#r#t1on • * shown 
approximation points are all Intersected with at th * 5ucc «*lv# 

line through the end point. In Hdrmander's met^d ^ $#m * horizontal 
it the successive approximation points K ° ' howev « f * the tangents 
with different horizontals y » y f y B 0> V " 2 * ... are Intersected 

P«'»* f(,<) • Th ' rei Pe=t1ve Iteration procodoraa’i;. •»« 

figures by heavy lines with arrows It 1 11 lustrated In both 

in the Nash-Hbrmander method stav^ *„ ! ***" that th * ■PP r ©^Mt1nfl line 
■ n this origin,, „. p ,« fo "* ’ " lD * Peak ' c '“* k «• cum,,, 

nately bo proved to conLgo ^ 0 ?■ F,S ' “" ,0rt “- 

inverse function problems treated b " S * * prob,e "- As ,n ° th ' r »dvan C ed 
must be applied. by N '’' t0 "' S 

f0r ’ nt :° dU<:1n9 a sm oothing in Molodensky's problem „ th, 

° ' “ 9 ' I '* * wc ”- k " 0 *'" difficulty with many higher order solutions 

a e ig er order terms are getting rougher and rougher. This is the 
case if an iteration involves differentiation: the derivative is almost 
always less smooth than the original function. We have already met with 
this difficulty in Molodensky's series. As we have seen, e.g., in sec. 45, 
the calculation of higher order terms Involves successive applications of 
an operator l which acts similarly to differentiation and is responsible 
for the increasing roughness of the higher terms. 

Thus* a roughening effect" is found already in the series solution of 
the linear Molodensky problem. A similar effect, due to differentiation, 
occurs in the iterative solution of the nonlinear Molodensky problem as 
treated by Hormander: the functions involved get rougher and rougher, and 
the iteration is likely to "blow up". 

More precisely, the isozenithal vector field m as given by (41-29) 
involves twice di f ferenti ati ng the reference potential U , and this pro- 
cedure is repeated at each iteration since, as we shall see below, the po- 
tential W obtained at each step serves as a reference potential U for 
the next step. This loss of derivatives of two orders at each step of it- 
eration Is the reason why the Frechet derivative, given by the linearized 
Molodensky problem, does not have a bounded inverse in the Banach spaces 
used for s tudying the nonlinear Molodensky problem. 1 


The reason for this and similar difficulties in Molodensky's problem is that it is 

, . _ L 1 / Jmiwka, air f * _ I S £ _ l 1 . 1 


i ne f cosui i t v ■ " •* ■ w ' " ■ ■ ■ ■ ^ j i i ^ It 

a free boundary-value problem (the boundary surface S is M f ree“* that is* unknown). If 
the earth's surface 5 could be considered known (in principle, it can be determined by 
a combination of geometrical satellite and terrestrial techniques) t then the de term in a' 
tion of the external gravitational field would lead to a much simpler fixed boundary- 
value problem; cf, {Koch, 1371 ; Koch and Pope, 1972 ), 

$ansd*s artifice discussed in the next sections consists precisely In transforming 
Molodensky 1 s problem to a fixed boundary-val ue problem (in “gravity space 11 ), which leads 
to an elementary inverse function problem. 
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this ''roughening effect" by a suitable 
Therefore, we must counterac ^ th# degr ee of smoothing is succ« s - 

smoothing, taking care. howev * t0 obtain the right result. For the 

sively reduced so as. in the _ * d(jr t0 (Httrmander, 1976, chapter 

very complicated details we refer 

II). function theorem obtained in this way is no* 

The inverse, or Imp He . 1ndUat ed in sec. 40. The crucial prob- 

applied to Molod*nsky * Pro ^ the condition, of the pr 4s . 

lerr is to prove that th# reader is referred for details to 

ent implicit function theorem. . here reStr1ct ourselves to descry. 

(Nbrm.nd.i* . 1976. chapter III)- or (nc1pbl results. 

(P9 and explaining some b “ ,C ” wor ds about the Banach spaces and 

«»«■ ««*• F,r5t “ *“ !t 5 „ ^ denskv's problem, 

norms used In Hbrmander's treatmen consisting of real-valued 

In sec. 5 we have considered the space R n ^ 

continuous functions f defined on a compact set 

(51-7) 

|| f |j * max | f (x) | . 


xGfl 


. , „ „ X ] . This function space C will 

x being an abbreviation of t Xj , x 2 . . • ■ ^ x n J 

be denoted in the present context by H . 

r that are continuously differentiable 

An appropriate norm for functions that are concur u x 

as well as continuous is 


imii 


max | f { x) i + max yjjr- 
x€B L 


(51-8) 


where af/9x ± denotes any partial derivative. The functions with finite 

norm (51-8) form a Banach space H - 

Now it is of basic importance for Mol odens ky ‘ s problem, as for many 
problems in potential theory, to define norms |jf|| 0 for 0< a < l , that 
is, spaces H a intermediate between H° and H 1 . For this purpose we 
consider continuous functions that satisfy a Holder condition with exponent 
a ; they are functions for which 


sup • 
x,y§B 


li-Zl* 


(51-9) 


is finite, jx-£j denoting the distance between the points x and £ * 
These functions form a Banach space H a ; the norm is given by 


52 . Hdrmandev'B Beeulte for th* » 

Nonlinear Problem 439 


||f|L * max | f ( x^) j + sup iliillLilli 
* eB x .^ca |x-*| a 


(51-10) 


This norm has already been mentioned In sec. 47, C f. eq . (4?-5 7 v 
It can be shown that } * 


H° 3 H Q| D h“ 2 3 H 1 


<51-11) 


for 


0 < a 1 C a 2 < 1 ; 


(51-12) 


that is, there are more functions in H° than in H** 1 , more functions in 
H 1 than in H 2 , and more functions in H° 2 than in H 1 . So satisfy- 
ing a Holder condition with exponent a is a stronger condition than mere 
continuity and weaker than differentiability. 

We may also consider a Hblder condition (51-9) with exponent o s 1 ; 
it is seen that this is almost (although not completely) the same as dif- 
ferentiability. In fact, we shall use H 1 for the space of functions sat- 
isfying a Holder condition with a = 1 rather than for functions with 
finite norm (51-8). 

So far, we have defined spaces H a for 0 £ a £ 1 . For a > 1 we 
proceed as follows. Let k be a positive integer such that k < a s k+1 
(for instance, for a - 5.75 there is k = 5 ). Denote by Of any deriv- 
ative of k-th order (for instance, 


a 5 f 


2 3 

0 X ^ 0 X 


2 


for k = 5 } . Then the norm !jf|! a is defined as 


jjfll = maxjf(x)| 


j D k f (x)-D k f (y ) \ 
+ sup — — = — n ,_ lf ° — 

ii'il 


(51-13) 


It is clear that (51-10) is a special case of (51-13) with k = 0 . 

In other words, the space H a consists of continuous functions which 
are k times differentiable and whose k-th derivatives satisfy a Holder 
condition with exponent a - k < 1 . 
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\ 


So f dr we have supposed f to be a real-valued function. If f a 
vec t or- va 1 ued function of ro component $ fj i 


f « 




( 51 * 14 ) 


then Its norm will simply be defined as the sum of the norms of its com. 
ponents : 


imi. ■ iif, ii a ♦ ii f 2 ii. * ♦ iif.H, • tsi-151 

Feformu lation of Molodensky ’s problem. Let us first recapitulate the 
basic assumptions for Molodensky's problem: 

(1) The earth is a rigid body rotating with a given constant angular 
velocity w around an axis which is fixed with respect to the earth and 
which we choose as the x^-axis. 

(2) The axis of rotation passes through the center of gravity. 

(3) The earth's surface S is a differentiable one-to-one image of the 
unit sphere in a topological sense. 

(4) The earth's gravitational field does not change with time and is 
harmonic outside S . 

(5) The gravity vector £ and the gravity potential W are known at 
every point of S . 

The problem consists in determining the surface of the earth and its 
external gravitational potential. 

Hbrmander has reformulated this problem in a way that a unique solution 
is possible. We shall employ the usual notation 

* - [V v * 3 ] ' I = [V g 2 ’ 9 3 j (51-16) 

for the position vector and the gravity vector, respectively. The boundary 
values of the gravity vector g and the potential W on S are denoted 
by £ and ¥ , Restriction of a spatial function f to the surface S 
is expressed by foS ; thus foS is a function defined on S 

Then Hdrmander's reformulation of Molodensky's problem reads: to deter- 
mine a closed surface S in R 3 , which is a one-to-one image of the unit 
sphere, from given values g and W , such that the following conditions 
are satisfied: 

3 

17 = WoS + fa. A. , 
l 3 3 


{ 51 - 17 ) 


11. ffd > r *and. r ,, RetuU ' for ^ 


a ■ s oS 

W( x) * 
6V - 0 
V(x) * 


= {grad W )o$ 
V(x) + (xj 
outside S 

♦ oU 


t 


+ X 


t 
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{51-18) 

( 51 - 19 ) 

( 51 - 20 ) 

{ 51 - 21 ) 


Uniqyeoess of the solution U achieved k u . , 

function VC*) , uhich represents the I !" * 11 " 9 th,t the 

cent, ins no tlrst-depree P , r T 9r " ,t ** , “" »««»•«. 

spnerical harmonics; this is espressed 6y (51-21), 


lil 


{ 51 - 22 ) 


I9i°dlsia!at radl T VeCt ° r> The second term on the right-hand side of (51- 
19) designates , of course, the centrifugal force potential, B being the 
angular velocity of the earth’s rotation. 

new feature is (51-17) instead of simply taking ¥ = Wo$ , which 
the restriction of W to S . in the modified expression, the 
a 3 a ' r ' e ^ ree constants to be determined, and the A. are three suitably 
assumed functions. The purpose of adding the linear combination )a.A. is 

to ensure the solvability of Molodensky's problem for arbitrary boundary 
data W and "g . 


This is to be understood as follows. Assume the earth's surface S to 
be known, and consider the given function ¥ = W°$ , We can now solve the 
exterior Dirichlet problem 


PV = 0 , V ■+■ ® for r -*■ » , 

VoS = ¥ - \* 2 jx* + x^j , 


(51-23) 


where x represents the cartesian coordinates of a surface point. This 
gives, for every data function W , a unique solution V(^) . For arbitrary 
data ¥ , the spatial function V(x) will, in general, contain spherical 
harmonics of first degree, contrary to the condition (51-21), 

Let now (51-17) be used instead of ¥ » WoS . Then (51-23) is replaced 
by 


VoS 


= ¥ 


1 2 
2 W 




a .A. 

3 3 


(51-24) 
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data V°S has a unique solutl 

A,,**, the exterior problem d e p e n d e n t sphericl h a rn,,„, cs 

V { x ) Which will contain , hit thr .* oonitant* can chosen i n 

the first degree. N(1W| h nwf,vf>r * - 


on 

of 


flu 


h.rmonieB vanith. 

oh a IM* ^"Vad to three linear equations for the three un . 

This is readily SPpn u(ll have a unique solution, provided 


1s ream ly — , w) 1 i have a uni 

, , These equations w 

known* a , . a i • * ‘ 

the boundary- va l ue pin him 


Av 


0 


voS = I a , A , 
i J 


(M-35.) 


j linearly independent first-de- 

h „ a fblot.on »(») which contains linearly 

gree harmonics 

. , 2 

sinX + c ,cos o ) /r ■ 


(c sinecosx + c 2 sin e 


{SI -21) 


, tn the c Of the boundary-value 

in fact. c, can then be chosen equ ( ince the problem (51-24) 

problem (51-23). and similar for c and t . d „, r - 

is the difference of problems (51-23) and (51-25). 
monies will cancel in the solution of (51-24)- , 

To achieve this, we may select the functions L 


, ( sinsc c»] ot _ a « 


fs i ne s i n x) 




or 


COS0 


or. (51-27) 


If the earth’s surface S coincided with the telluroid I , then the spa- 
tial functions corresponding to the A t by a solution of the exterior 
Dirichlet problem would be the first-degree harmonics 


sinecosx 

2 


s i nes i n x 


cose 


(51-28) 


themselves, so that the condition that v contains (51-26) is certainly 
satisfied (with c. = a. ). If S does not deviate too much from l , then 
this condition is still satisfied because of continuity, even if the func- 
tions A, are now regarded as functions on S instead of l by associa- 
ting to a point P on S the same function value as to the corresponding 
point Q on l ( c f . Fig. 41.1); of course, there will now in general be 


SJ* H&rmande r r a Re&ui+a * 

f ° r tk ‘ "°«Un. ar frcbUn 

The Hfl«p1«.t1on of the modified Hotodtnsk, 
through (51-21) Is now done es lo s.c. 4i . Us 0n1 d lf ferHc!" | by l 5 ''”’ 

---- i‘> A * • *° thBt the b0 -‘ 1 ”y condition «!* 


T + m T grad T « fiW + ^ - £ a ft 

1 1 1 


($l-?9) 


where t i is the difference: a for 

above choice (51-27) we have 6 * 

V 6 3 


S minus 


for 


for the 


a i‘ C i 


1* 


, , i. i , Clearly, the three numbers a 

are small together with T 

fts we have seen in sec, 50, the linear boundary value problem with 
boundary condition (51-29) for a given right-hand side f has a unique 
so 1 uti on pro v i ded f satisfies three conditions. If the three parameters 
S* ^ 2 ’ are no ^ fi Xfi d beforehand but if we let them vary, they may be 

determined precisely in such a way that the three conditions are satisfied 


Thus the linear boundary-value problem with boundary condition (51-29) al- 
ways has a unique solution. 


Outline of the iteration procedure. Without going into mathematical de- 
tails, we shall now describe in broad outline how the Nash-Hormander iter- 
ation illustrated by Fig, 51.2 is to be understood physically in its ap- 
plication to Mol odensky ' s problem. 

We have assumed that the function y = f ( x ) is known; this means that, 
given any x^ , we are able to compute the corresponding = f(x n ) in 
a uniquely defined manner. 

What are the variables x and y in Mol odensky 1 s problem? In the sim- 
plified introductory presentation given in sec. 40 we have taken x * S 
and y = £ (the gravity vector on S ), but now it is appropriate to 
choose x and y in a somewhat different, though more complicated, way. We 
identify x with the triple (W,S,a) and y with the pair (W,c[) ; 


x = (W, S, a) , (51-30) 

y = (W, 1) , (51-31) 

Here W is the gravity potential considered as a spatial function as usu- 
al , a denotes the vector 

a = |a 1 , a 2 , a 3 ] , (51-32) 


being arbitrary real numbers. The function W satisfies (5 1- 19 ) through 
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„ thorw1 „. ihe surface functions and g are 

(51-21) but is arb trary the A being given functions on s , 

determined by (it- ) pot „,J„ „ , the surface 5 . and 

rr. " It It therefor, pess.ble uniquely to compete B and , . 
vector i » (51-18). These two equations thug r «- 

1s, the vector y . by (51-1?) s 1 ' 

*"• ,n,er5e prob, ” ! ”••• 
„ "l j » . to determine «. S. and a i or briefly, given , , t 

^'ibe iteration for solving this problem may now be described in the fol 
lowing way. Me assume a starting approximation 


to 


(U. £, 0) 


<51-33) 


We have put 


W 


o 


U , 


(51-34) 


which is the normal ellipsoidal potential function, or reference potential, 
the coordinate axes being axes of the ellipsoid. We have further put 

S Q = E , (51-35) 


which is the telluroid; any surface approximating the earth's surface S 
and permitting a unique correspondence between points Q of z and P of 
S may be used, cf. sec. 41. We must only require the telluroid i to be a 
smooth surface in the sense that it is arbitrarily often differentiable. 

For the vector £ we may for simplicity take a Q = 0 . 

We now compute y = f(x ) , that is we determine W and g on S , 

u u O *0 0 

which are nothing else than the normal potential U Q and the normal grav- 
ity vector 2 ^ on the telluroid z . 

Next we apply the linearization described in sec. 41; this corresponds 
graphically to the tangent at the point f(x ) in Fig. 51.2. The inter- 
section with the line y = represents the solution of the linearized 
boundary-value problem with the boundary condition (51-29) which, as we 
have seen above, always has a unique solution. 

What is T in the present case? If the horizontal line y = const, to 
be intersected passed through the point y * f(x) for which y is given 
(the end point of the iteration), as it does in Newton's method (Fig. 40.1), 
then there would be T=W-U as usual, since the gi ven W corresponds 


to 

po 


the 

int 

» h 


Re.ulu 

* "onlineo, p robUm 4 , s 

end point of the Heretlon j ust as 

• Pr : SE "‘ h °«ver, the hon, ” r urr 5 l ° Ue 

. • d0E5 "° l P8SS thlrou ^ th. end »• Intersected, 

y 1*1-31 ) ve have 


y x m Sj) 1 


(51-36) 


can 


be taken In a suitable wav uu 

y the mu,., „ lu , 

j rr — . 


*o * <*. 1) 


(51-37) 

IF and 7 denoting the normal potential and » ho 

the tel turoi d * . end the d.t,\,l"! " ,,Ct# - “ 


y s a) , 


(51-38) 


comprising potential and gravity vector as given on the earth's surface S 
In agreement with this we then have 


AW = W 1 ~ u , 
A a = li - i . 


(51-39) 

(51-40) 


The solution of the linear boundary-value problem with boundary condition 
(51-29) then gives a function T which we shall call T . It also gives 
a vector £ by (41-27), which we shall call ^ , and a vector _s * 

(5.* 6 9 , 6-] , which we shall call 6_ . We define a new reference poten- 
tial U 1 by 

Uj - U + T x (51-41) 


and determine a new telluroid i l as the locus of points Q 1 defined by 


QQ 


l 


ii 


(51-42) 


Similarly, an approximation to the vector a = ta^ a 2 , a 3 ) corresponding 
to (51-17) is obtained by 


a 


l 


*o 


+ 



(51-43) 


iwi \ 


1 
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Now we know 


X * 
1 


( U . 


l r V 


01-44) 


and we can compute 


f {*,) “ <V Ii } 


(Si-45) 


by (51-17) and (51-18); note that 
Now this procedure is repeated. 


f(x,J t y, ag r e enient w1th Fi S- 51.7, 
We take a suitable 


y 2 s (V l2> 


(51-46) 


intermediate between y^ and y > compute 

sw - h 2 - tr, . 


(51-47) 


A I = 3.2 



(51-48) 


and solve the corresponding linear boundary- va 1 ue problem, obtaining ? 2 , 
z 2 , and _6 2 . We form 


U 2 = U 1 + T 2 


(51-49) 


determine a new telluroid i 2 as ^he locus of points Q 2 such that 


QjQ 2 - t 2 . (51-50) 

and a vector 1 a 2 by 

a 2 = a t + . (51-51) 

Putti ng 

X 2 • (u 2 * E 2> —2 ) (51-52) 

^The same functions A^ as defined by (55 -27) may be used throughout the iteration; 
their definition is extended from Z to all surfaces l n by postulating that the value 
of the functions is the same at all corresponding points d, Q 2 > • 



* 


I 


SI 
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Result* for th~ u 
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*e can compute f 2 > t y 2 , The procedure c#n h . , 

t««* The essential feature U that the spatial pount*!!*' 1 #rbUrarny ° f * 
t.i« step ts used as . reference peunti.l f or the n.,, r '“” P " te '’ “ * c ' r ‘ 

^ or the boundary surface. and similarly 

The precise mathematical procedure also Involve* 
as we have mentioned. Convergence can be proved us n 

and estimates for the Heear pr ob „m 0 *"* H,,U " **'« 

is exceedingly difficuit and laborious r , *11 this 

. . , laoorious. Finally one obtains fWrmander '# rfc«- 

or4m 0n exlsUnce an <* uniqueness of Molodensky-s problem: 

Assume any e > 0 , then: 

(1) For all ¥ and I in a H 2 + c neighborhood of ¥ and g , 

the modified Molodensky problem defined by equations ( 51 - 17 ) to ( 51 - 21 ) has 
a solution S close to S a - ‘ 

in R 3 . ° 

(2) If W and are in 
teger , then S € H° . 

(3) One oan find a H neighborhood of S Q which oannot contain two 

solutions of the problem . 

2 ^Let us look at this theorem more closely and explain Its meaning. A 
H neighborhood of W Q consists of all functions ¥ for which 


E in H 2 + e and [4j. 


a 2 , a 3 1 close to 0 




for some a > 2 + £ which is not an in - 


-* 0 H 


2+e 


< 6 


(51-53) 


where 6 is sufficiently small and the norm is defined by (51-13) with 
a * 2 + e . Smallness of this norm implies that not only the maximum devi 
ation of ¥ from ¥„ , 


max j¥ - ¥ q | 


is small, but also that 
max|0¥ - D W Q | 


and 



are small, so that not only W must be close to W Q , but also the first 
and the second derivatives of ¥ must be close to those of ¥ Q . In 
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«• 'o’< f .v.v Cm”;::::; 

nes! of t»« than mere elos«"«*» of th. s.com) ana 

o' tha third derl ,a t f »es : the dlffaranc. of th, sec . 

- - T'Z • •• - 

„,ana°that th, delation of th, sorf.c, J"**’ 

dl on s op, S (first d,rlvat.«s) and crv.tur., (s.cond d.rl.atlv,,) , r , 

f.r S . . <" than, a Ho„«r cauia. for 

,h, dlffarence of th, ^ „ , 50lutl0n 

Part (1) of Hijrmander s theorem asserts t 
provided », have a S ood approximation l for th, earth's surface S not 
only with respect to the maximum deviation between S an z , u a so 
with respect to first and second derivatives (plus a HG er con 
and also a good approximation to potential and gravity. 

This condition is obviously very restrictive. If one uses an ellipsoidal 
reference field and the telluroid according to the usual definition, tnen 
the actual gravity field and the earth's surface can be expected to fall 
short of this condition. It is, however, not required that the initial ap- 
proximations for S and W (corresponding to x Q ) satisfy this condi- 
tion; it would be sufficient if any intermediate approximation x n would 
meet it, because then this intermediate approximation could be considered 
as the starting point. Still it seems that even so the actual earth is not 
smooth enough to satisfy the requirements of Hormander's theorem. 

Part (2) of the theorem assures that the resulting surface S will be 
as smooth as the data: if the data are n times di fferentiable and if the 
n-th derivatives satisfy a Holder condition, then the same will hold true 
for S . 


Part (3) ensures uniqueness but under an even stronger condition ( H 3+£ 

o i jp 

neighborhood) than for the existence theorem of Part (I) ( H neighbor- 

hood). However, Hormander thinks it highly probable that H could be 
replaced by H 2+e , so that the condition for uniqueness would be the same 
as for existence. 

In Part (2), integer values of e are excluded; this reflects the well- 
known fact that Holder conditions with e t 0 are essential in potential- 
theoretical considerations . In Parts (1) and (3), also integer e are ad- 


mi tted. 

In conclusion we may say that Hormander’s theorem, although not direct- 
ly applicable to the real earth, gives the first mathematically exact re- 
sults on existence and uniqueness for Molodensky’s problem and is thus of 
fundamental importance. 
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, . 1am ie transformed into a fixed boundary- Value 

,H. fr" bc *”f ry ~“'’ j” s Imp 1 1 f lea tlon wMch Is achieved In this way 

- — - — - - ... 

U T' ma'fl' Inconvenience U that . one-to-one correspondence between cer. 

coordinates x, and g outside and on S . which Is the region 1„ 
Which we wort, (s possible only If the earth Is nonrotating, to see this, 
consider ellipsoidal gravity y along a radius vector In the eouatorla, 
plane. As the height Increases, y first decreases but then It Increases 
again because the centrifugal force becomes dominant. So at a certain el*, 
vation, y will be the same as on the ground, which violates a one-to-one 
correspondence between gravity vector and position. For the actual gravity 
field the situation is similar as in the ellipsoidal case. 

If the earth is considered nonrotating, then the correspondence between 
gravity and position is seen to be one-to-one {provided the Mar us si condi- 
tion holds, see below). In other terms, the correspondence is unique if we 


work with the gravitational potential V and the gravitational vector 
grad V instead of the gravity potential W and the gravity vector ^ = 
grad W . 

It is, of course, clear that only W and grad W {including the centri- 
fugal force) are directly measurable. However, the effect of centrifugal 
force can be calculated with sufficient accuracy on the basis of our current 
knowledge of the earth's surface (the error in the centrifugal force is less 
than ± 0.005 mgal for a position error of ±10 meters), and subtracted from W 
and grad W to give their gravitational counterparts V and grad V . There- 
fore, Sansd’s boundary- val Lie problem, which uses gravitation instead of 
gravity, is practically as meaningful as the original Molodensky problem. 

In the sequel we shall thus work with the gravitational potential V 
which is a harmonic function, and take g as 


so that g is the vector of gravitation rather than gravity. We shall, how- 
ever, continue to call g , even if defined by {52-2), the gravity vector, 
to be in agreement with Sanso's terminology and with the term "gravi ty space" 

(this is consistent with current terminology if we consider the earth non- 
rotating). 


“ r * 
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It is clear that then the exterior q of s 
spends in a one-to-one manner to the interior n ° rd1nari ' s P«ce corre* 
the infinity In ordinary space corresponds to the °! ^ 1n 9r ‘ vtt » *P a «i 

(gravitation Is zero at spatial infinity!}. ° r 9ln 1n cavity space 

We can thus reformulate Molodensky's ornhu* < 

to fi nd 8 funct1on V <*> «h1ch is harmonic in the V as 

known closed surface S , exterior p 0 f an un- 


aV * 0 , 

,„d Which, together with its gradient, assur.es on s 
values 


( 52 - 3 ) 

the given boundary 


Vos = Y(u} , 

(grad V)o S = | (y) , 


where 


(52-4) 

(52-5) 


u = (52-6) 

comprises astronomical latitude $ and longitude A , which serve as co- 
ordinates on the surface. 

We now introduce the components of ^ as new spatial coordinates; 

they are functions of the rectangular coordinates Xj, x 2 » x 3 : 

- g^x.) • (52-7) 

If this transformation is to have an inverse, 

= x ;J (g k ) , (52-8) 

then the Jacobian determinant 


must be nonzero everywhere on and outside 


S . Since 
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9 t * 


sV 

a*, 


(52 -9 j 


this cond i ti on i 4 


det 


? 2 V 


? V X } 


* 0 


( 52 - 10 ) 


c{m iiar con<Mt1on assures the Invert, 
which is called Marussi condi on ( be assumed that the 

ibHity of the matrix * .<«■ * and on S. 

Narussi condition is satisfied y vector g : 

Now the potential V becomes a function of the vecto S 


V = V(i) * V(g 1 .g 2 ,g 3 ) 


(52-11) 


As we have mentioned, this would reduce ty’splcf 

boundary-value problem (actually . "rich • P« ’ • ^ 

Since V as a function of * satisfies a 1 inear par 

equation of second order, which is Laplace’s equation - 0 i oe 

the same as a function of a *<"« the tr.nsf.r«t,on (52-7) or ( ) 
transforns Laplace's equation into another linear second- der partia 
differential equation. However, since the transformation (52-8) is actual- 
,y unknown, the coefficients of this differential equation are not known. 

and therefore this approach appears hopeless. 

Sansd has found an ingenious way out of this difficulty by transforming 
not only the coordinates but also the potential, introducing an adjoint 

potential 


Y = X • jj - V 


w - * 1 


(52-12) 


this is a Legendre transformation familiar from other fields {ordinary dif- 
ferential equations, analytical mechanics, thermodynamics, etc.}. 
Differentiating (52-12) with respect to g.^ we get 

Jql ~ sg i 9 k i ax k ag. i 


in view of { 52-9 ) . Thus 
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3 ? 


(52-13) 


of 


x * grad^v * 


(52-14) 


wh lch s hows 2 striking symmetry between x L and V on the one hand and 
and 4» on the other hand. 


9i 

Also (52-12) is completely symmetric 


v + ’ s Vn • 


(52-15) 


and permits to express one potential in terms of the other 


— X — — - - V 
k 3x, 
k 


V = g, 


3¥ 


- y . 


'k3g k 

The matrix of second gradients of 'i , 


(52-16) 

(52-17) 







3 2 ¥ 


3X . 
1 


L ' a *i* 9 a 


l^l 

i s 

inverse to 

the 


3 2 V 




i 3x i ax j 


i 3x . 1 
L 3 


(52-18) 


(52-19) 


cf. (41-35) and (41-36); that is. 


— v * & * 


(52-20) 


Now Laplace's operator 


aV 


a 2 V . 3 2 V + 

= 2 + 2 „ 2 

ax: ax, ax. 


(52-21) 
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the trace T r of the matrix M„ . and Laplace's e qua . 


is nothing else than 
tion may be written 


TrH v - 0 


<52-22} 


. h , 14tv to find the corresponding partial differently 
TMs * P °” , „ y c0 „ b ,„ 1 ng (62-20) • »« (5?-22> »« 9«t 

equation for , '(9 i , 92*^3 

(52-23) 


Tr (N 

"M - 0 . 

V ' 



On introducing 

2 

a y 



*13 = 

»V 9 j ' 



the matrix 

becomes 




*11 *12 

*13 


= 

*21 *22 

*23 | 

> 


*3! *32 

m 

*33 j 


Inverting this matrix and 

taking the trace gives 

1122 

- y 2 + y 
‘12 

22*33 - *23 * *11*33 * 


(52-24) 


(52-25) 


13 


= 0 , 


(52-26) 


which is a partial differential equation for f(g 1 ,g 2 ,9 3 ) with known co- 
efficients (all ±1) , hut unfortunately a nonlinear one. 

The basic differential equation (52-26) may also be written in the form 


(Tr M ? ) 2 - Tr(M 2 ) . 0 


(52-27) 


which follows from the matrix identity 

TrA" 1 - [(Tr A) 2 - Tr{A 2 )] / (2 det A) 


and may also be verified by direct calculation. 
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in gravity space, the vector a is the position vector, the components 
se rve as rectangular coordinates and gravity g serves as ra<jius vec _ 
in fact, we have from {40-7} 


tor 


* g cos a cos a , 
g » g cos ♦ s in A , 


9 3 * 9 S 1 n ♦ , 


(52*28) 


w here ♦ an< * are the astronomical coordinates (for a nonrotating earth 
or after removal of centrifugal effects). This shows that g , a, A are 
nothing else than spherical polar coordinates in gravity space* The deriv- 
ative 3/39 is thus a radial derivative in gravity space; we have 


ii - _i i_ Hi 

39 3g x 39 


3V \ 

3g v 9 


using (52-28). Hence 


„ av _ „ av 
9 39 9 h 3g 


(52-29) 


and (52-17) may be written as 


V - gii - f 
y ag 


(52-30) 


The boundary condition in gravity space thus becomes 




V(u) 


(52-31) 


where the known function V(u) is given as a function of the parameter 
(52-6) which in gravity space denotes the two angular spherical coordinates 
S \s the image of the earth's surface in gravity space as in Fig. 52.1. 

5 For large values of the spatial radius vector 


r Vk s ’- 1 


(52-32) 


we have 
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i ♦ • 


V * 


9 ' “7 * Oj-iy| . 
r I r 1 


(52-33J 
t 5 ^ - 3 4 ) 


where 


GM 


(S2- 35) 


denotes the product of the gravitational constant 6 and the earth*$ m$s s 
M ; we have taken the coordinate origin at the earth's center of mass. 

For r ■* ■ we have g ■* 0 , so that the spatial infinity corresponds 
to the origin in gravity space. Solving {52-34) for 1/r , 


1 - /M* 0 M) . 


(52-36) 


and substituting this into (52-33) we get 


I 1 

V * p 2 g 2 + Dig' 


(52-37) 


which expresses the behavior of V as g 


Finally, 


1 1 

¥ ~ - 2m 2 g 2 + 0|g‘ 


(52-38) 


which is verified by substitution into (52-30), taking (52-37) into ac- 
count. 

We thus arrive at the following formulation of the geodetic boundary- 
value problem in gravity space: to find the solution of the partial dif- 
ferential equation (52-26) in the region G g inside S with the bound- 
ary condition (52-31) on $ g ; the earth's surface S will then be given 
by (52-14): 

xoS = (grad g f)oS g , (52-39) 


where xoS denotes the position vector x restricted to the surface S , 
that is, the position vector of any surface point, x(*,a) . 
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Since the Direction ,/ag l 5 the direction of the radius vector In 
gravity apace. In general different fro, the nor,., t o S h 

oh’lgne -Derivative problem with a hnown avrf.ce s, and l bou „ d#ry 

condition (5P-31). but for a nonlinear partial differential equation (S2- 
26 > - 


53, linearization 

The linearized equation (41-43) shows a striking formal analogy to (52- 
17 ). To take a closer look at this analogy, we shall also linearize {52-17} 
and other relations in gravity space. We shall follow (Moritz, 1977b, sec .8). 

We shall use the concept of the gravimetric telluroid explained in sec. 
41: there is a one-to-one correspondence between the points P of the 
earth's surface S and Q of the gravimetric telluroid t by postulating 

y^Q) = g t (P) , (53-1) 


that is, the normal gravity vector at Q is to be equal to the actual 
gravity vector at P ; cf. Fig. 41.1. 

As always in the gravity space approach, we assume that the earth is 
nonrotating or, which is the same, that the potential is the gravitational 
potential V . The normal gravitational potential will be denoted by V . 
Then the disturbing potential T is 


it is the same as in the usual definition T = W - U since the centrifu- 
gal potential cancels in the difference. 

The adjoint potentials corresponding to V and V are given by (52-12} 

tU,) ■ ‘ VU 3 (s t )1 ’ (53 ' 3) 

it*,) • WM ‘ • l53 ' 4) 

Here we have been careful in specifying the arguments. The gravity space 
for normal gravity is identified with the gravity space of actual gravity: 

, , n f n and y ■ correspond to the same point in 

eoual numerical values of dr,u 7 t . 

H i+ » therefore, possible to denote the independent varv- 

aravity space. It is, cnereivt** k . . 

able in gravity space simply by 9, . also when the normal potential is 
under consideration, for instance, in (53-4). 
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Equations (52-7) and (52-8) Jlv. th. tr.rsfor.atior ba«»«P ord,q, ry 
span and gravity space for actua. gravity. The correspond n g transfer.,, 
t'ons. between ordinary space and gravity space, for nor.,) gravity , r , 

given by 


9i ‘ • 


(53-5) 

(53-6) 


frs (53-5), g denote the coordinates in gravity space, and v t ( x ^ ) are 
the functions which express normal gravity in terms of the coordinates ^ 
the in (53-6) are the inverse functions of ^(x^) ■ Th1s wil l 

explain the notation used fn (53-3) and (53-4). 

It is clear now that 


* x i {P) 


(53-7) 


are the coordinates of the point P and 

- x ± (Q) {53 ~ 8) 

are the coordinates of the point Q , in view of (53-1); for the same rea- 
son, P and Q are mapped into the same point in gravity space: 


Q 


9 



(53-9) 


to which both ¥ ( g £ > and ¥ ( g ± ) in (53-3) and (53-4) refer. 
Let us now calculate the difference 


t - v - v , ( 53 - 10 ) 

which is the gravity space equivalent of the anomalous potential T as 
given by (53-2). Subtracting (53-3) and (53-4) we get 

T(9i> ' W»i> - ^(gpi - 

- V[x j (g i )] + V(c j (g i )] . (53-11) 


In agreement with (41-15) we put 
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X 3 " S * S 


{53-12) 


/we t h 6 r 9 u mu n t a * h j ^ A 

those of 0 ). Bow to V[x (,’)] we ” { he C0 ° rd, '’ ,U5 ° f * *" d c s 

> ‘ M 1,5 *PP'y Taylor's theorem.. J 

V<X > ) * V( V‘,> ' »U,> * ^L« k 


V( S> * v„ 


™ SUb5t,tUt, °'’ df <«-«) .00 (53-13, , Bt „ (5J . U) 9lves 

,t9l> " Vk * VU 3 ) ‘ V k * mp • • v <«i> * vu a > 


or 


(53-13) 


T ( 9 i > s ’ T te 3 (g i )] 


(53-14) 


In geometrical terms. 


at 


up h , V w, f u Me . k . . P g equals the negative of T 

e have thus obtained the result that the ..j- - 

_ result that the adjoint potential of 

n D 1 V the neoatiuo « t 


at Q . 

simply the negative of T Thic i" v ^ n<s aajoint potential of T is 
H y f ... ‘ Thls 15 certainly surprising at first siqht 

1Ca 65 3 d£eP relat1on between gravity space and ordinary space: 

pression SP f C th 1S n0t anUice introduced ad hoc , but a natural ex- 

leffl 6 mathematl cal structure of the geodetic boundary- val ue prob- 

in i:;;:;; :; c ;::r e evident if w * consia - the — 


S = I 
g g 


(53-15) 


so that the earth's surface S and the tellurold t are mapped into the 
same surface S g in gravity space. 

By (52-29), the boundary condition (52-31) becomes 


l k 3g. 


- f 


o$ g = V (u ) . 


(53-16) 


The corresponding condition for the normal potential V at the telluroid 
l i s 
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fck 3 ^ * *)° S 9 ' * (U) * (53 '^) 

The subtraction of these two equations, which are linear in v and ? ( 
gives by (53-10): 

( 9 k “ r ] oS g " “ ^ U) * (^3-18) 


Mow , 


V(u) - V ( u ) - U<u) - U< u ) “ W P - U e 

because W refers to S and U to I and because the difference of the 
centrifugal potentials at P and at Q is negligibly small. By (41-3) 
this is 


7{u) - V { u > - aW . (53-19) 

furthermore t on S equals - T on l . Thus (53-18) becomes 

<3 

‘ 9 k JT + T = AW * (53-20) 

y k 


which is now a boundary condition on the telluroid Z . The replacement of 
9 k Y k chan S eS (53-20} only by second-order quantities, which are to 

be neglected. Thus the boundary condition on Z finally takes the form 


T 


3 T 

Yk 3Y k 


aw , 


(53-21) 


This is nothing else than (41-43) with A c; = 0 for the gravimetric tel- 
luroid, and with (41-44). We thus have recovered the fundamental boundary 
condition of sec. 41 via gravity space. 

What about the differential equation which t must satisfy? We could 
derive it from (52-26), but there is a much simpler way, using (53-14). In 
this equation we substitute (53-5) and (53-6), obtaining 


* - T(x.) . 


( 53-22) 
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Since T satisfies Laplace's equation 

AT - 0 , (53-23) 

t . - T will also satisfy It: 

At - 0 ! (53-24) 

if t Is considered a function of y i . then the Laplaclan Is to be ex- 
pressed in terms of , which here are to be regarded as curvilinear co- 
ordinates In ordinary space related to the x 1 by (53-5). It Is not dif- 
ficult to transform the Laplacian to curvilinear coordinates; cf. (Hotine, 
1969, p. 19); the important thing to note is that it does not have the "car- 
tesian" form: 



(53-25) 


Thus, as far as the linear problem goes, the gravity space approach 
Simply amounts to the use of curvilinear coordinates in ordinary space. It 
is, therefore, not essentially different from the usual approach outlined 
in sec. 41; it is even less general as it supposes a nonrotating earth. 

The situation is quite different for the nonlinear problem where the grav- 
ity space approach introduces essentially new features and a considerable 
si mpl i f i cati on . 

Different as the ordinary approach and the use of gravity space are, 
the linearized problem is the same in both methods. This is practically 
important because the linearized Molodensky problem is probably sufficient 
for all present applications, as we have pointed out at the end of sec. 42 
Even for the linear problem, however, the gravity space approach pro- 
vides a deeper insight into the problem; in particular, the structure of 
the operator that acts on T in (41-43), 

T ST 

T ‘ Y i T7~ * (53-26) 


is interpreted by the relation between potential and adjoint potential as 
expressed by (52-17). 
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finally introduce a spherically symme- 
S P *#rid«* appro^t^" • ^et us ^ th# .. sph erical approximation- 

trie normal potential; this corre 

outlined in sec. 4Z- f , gura t i on we have 

for a spherically symmetric mass con g 


V • {r ; 

, « f »i P of length and without loss of 
Cf. (52*33). By a simple change of sea e 

generality we can make u - 1 . obtain ng 


V - i 
r 


( 53 - 27 ) 


Differentiation with respect to gives 


Y 


i 



so that 


Y s 



wi th 


{53-28} 


Y 


2 


Y k Y k 


r2 ■ w 


(53-29) 


It is, therefore, possible to express the x £ in terms of y ± by 


x 


i 



{ 53 - 30 } 


in the case of a spherically symmetric mass configuration, cartesian co- 
ordinates x jL and gravimetric coordinates are thus related in a 

simple way. 

Another possibility to convert gravimetric coordinates into cartesian 
coordinates, denoted by y , is by putting 


l 



( 53 - 31 ) 
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se coordinates y i can be Interpreted In the following way. let us con 
T ^ er a n inversion in the unit sphere r . 1 ; see see . 6. This inversion 
^ aoS forms a point with coordinates into a point with coordinates xj^ 

given by 


x 


i 



( 53- 32 ) 


the 


inverse transformation being 


x 


l 



wi th 


r' 2 » x‘x' 
k k 


(53-33) 


c f, eq. (6-15). On substituting (53-30) and comparing the result with (53- 
31 ) we see that 

y ± = - x; , (53-34) 

so that, apart from the sign, y i are the cartesian coordinates of the 
image of the point x t under an inversion in the unit sphere. 

The correspondi ng transformation of harmonic functions is the Kelvin 
transformation (6-17): if b(x..} is a harmonic function of in a do- 

main T , then 


»<«;> - ~r u 



(53-35) 


is a harmonic function of x^ in the domain T' into which T is car- 
ried by the inversion. 

So far, we have interpreted this transformation as a point transforma- 
Hon, which transforms a point i J (x i ) into a point P'(x^) , the coordi- 
nates x i and referring to the same cartesian coordinate system. We 

may , however, interpret it also as a coordinate transformation, by which 
the same point in space is referred to different coordinate systems x ± 
and x: . Then the Kelvin transformation implies that if U(x t ) satisfies 
t-aplace's equation in "cartesian form" using x ± : 


.a li 


X 



. o . 


(53-36) 
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then the function (53-35) satisfies Laplace’s equations in cartesian form 
:u s i n 9 x ' : 


A 


x' 


V 


3 2 v + jIl + = 0 . 

3x ; 2 ax ^ 2 ax ^ 2 


(53-37) 


In view of (53-34), Laplace's operator will then have cartesian form also 
in coordinates : 

A y V = 0 . (53-38) 


The symbol A y , etc. will be reserved for Laplace's operator in car- 

tesian form. 

Let us now apply these considerations to the present problem, We have 
seen that satisfies Laplace's equation fi x T » 0 ; cf„ (53-23). 

t ( } also satisfies Laplace's equation (53-24), but not in cartesian 
form (53-25). If in t( Yi ) we introduce new coordinates y ± , defined by 
(53-31), putting 

Y i * with y2 = y k y k * (53-39) 


then the new function 


*(y A ) 



(53-40) 


will satisfy 

A y 4> = 0 (53-41) 

because of (53-35) with U = - T , V *> 4 and , since T satis- 

fies A T s 0 . 

x 

Also the function v defined by 


*<*,> ■ IK '* 


(53-42) 


is harmonic: 
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V * 0 • 

This C.n be easily verified by direct calculation: there is 


(63-43) 


2 & V * & 4 > + y 
y y 1 1 


ay, 


\> • 


( 53 - 44 ) 


The interpretation of v Is as follows. Consider aw as given by (53-21) 
(Of course, a has here nothing to do with Laplace's oper.torl ) It „ay 
also be expressed in terms of T by 


&W ■* 


3 T 

fk " T 


(53-45) 


In (53-21), aw has been considered as defined on the telluroid E . It 
may, however, also be regarded as a spatial function, defined outside and 
on I , since t is a function of the y^ which can be interpreted as 
curvilinear coordinates in space. If now 4W , regarded as a spatial func- 
tion, is expressed in terms of y i , we can also transform (53-45) to these 
coordinates. This is best done by transforming it first to the form 




(53-46) 


using (52-29) with y instead of g. . Now 

^ * X 


Y = %Y k 


(53-47) 


is related to 


y - 


(53-48) 


by 


Y = y 


y - v'y , 


(53-49) 


fey (53-39). Therefore, 
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and (53-46) takes the form 
AW - ^ • 

Substituting 

t “ y ♦ 

according to (53-40), we get 

AW * jy “ y * " f > ( y jy~ ’ * j * 

Using again (52-29) with y k instead of g k we obtain 

iw * M y » ^ *♦) ■ 

and the comparison with (53-42) shows that 



( 53 . 


5 *> 



(53-53) 


(53-54) 


(53-55) 


This furnishes the desired physical interpretation of v , 
These two auxiliary functions 



which, in the case of spherical symmetry, satisfy Laplace's 


(53-56) 

(53-57) 


equation: 


A 4> = 0 , 
y 

A V = 0 , 
y 


will play a basic role in the next section. 


(53-58) 

{53-59} 


54. Saned'B Treatment of the Nonlinear Problem 
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5i) t SANS 6' S TREATMENT OF THE NONLINEAR PROBLEM 

Fef ormulation of the problem. Let ¥ be a solution of the boundary- 
¥a lue problem defined by the differential equation (62*26) and the bound- 
ary condition (52-31). which, in view of (52-29), may be written In the 
form 


’ * 7 < u ) on S g . (S4-1) 

Then the function 

i - * + c i g i , (54-2) 

with an arbitrary constant vector c 1 , is also a solution of the problem. 
In fact. 


? — d v . —LI „ = v 

' i j ag.ag. * 

so that ¥ satisfies (52-26) if ¥ does, and 


(54-3) 


3¥ 


- ¥ 


3¥ 
3 9 , 


(54-4) 


so that the boundary condition is also satisfied. 

It is easily seen that the addition of the term c.g t to ¥ repre- 
sents a translation by the vector c ± in ordinary space: by (52-13) we 

get 


x . * 

X 


a? = 

3 Si ' 


3¥ 

3 9 i 


+ c , 


- x i + c i 


(54-5) 


We obtain a unique solution by requesting ¥ to have the form (52-38), 
which places the x-coordinate system at the earth's center of mass. This 
is in complete correspondence with the usual treatment of Mol odensky * s 

problem. _ 

However, the solution will not exist for arbitrary boundary values V 

but only for those functions Y(u) which satisfy n conditions; from 
the discussion of the linearized problem we expect n * 3 . It is true 


468 Geodetic Boundary-Value Problem 

.. #4 _ n<t -specially absence of measuring err 0rs 
that if we had fde [”" d "" would 'satisfy these conditions because the 
then the data functio \ ) . nractice, however, especially be. 

solution exists for physical ,, ' e8S0 "^ ' Brror% , we cannot expect that the ac 

tual T(u) will exac * of the b oundary-va lue problem in gravity 

™ S , 'Tt h ?.’ n i; Hflrmander ‘ s f.r-l.t.... cf. .«• S«. «P«1.M y 

«• — — ,tion <54 - i) 6y 


g JJL - v » V(u) + a i g 1 
s k ?g k 


on 


( 54 - 6 ) 


. „ ovn orted to have a solution for 

The new boundary-value problem can now a are 

arbitrary data functions 7(g) . the three constants •r ‘l’ 3 

a y . ..tra rare of the three conditions, 

termined as unknowns and, so to speak, take ca . 

16 . , The main difficulty in the 

Transformation of the differential equation. 

t , . fhci differential goyation for the adjoint 

gravity space approach ties in the difteren h 

y 3 . . . „„ h „ /S 7-761 or {52-27) , is unfortunate- 

potential v . This equation, given by {52 Zb) or t 

ly considerably more complicated than Laplace's equation or e orig na 
potential V . 

The consideration of the spherical approximation in the preceding sec- 
tion suggests, however, that it may be possible to reduce, at least approx- 
imately, this differential equation to Laplace's equation. 

First, in agreement with (52-38), we split off the main part in V by 

putting 


i'{g 1 ) 3 - 2 v g 


+ T{g.) 


(54-7) 


where 


= 9k 9* 


(54-8) 


This may be interpreted by (53-10) as using a spherically symmetric refer- 
ence potential 

i 1 

V = - 2 u 2 g 2 (54-9) 

in gravity space (the reader will find it best to consider all transforma- 
tions to follow as transformations in gravity space and to forget, for the 


Santa: Tv.otn.nt of th . „ 0 „ linear ProbUm w 
time being, about ordinary space). In contrast to the Hr,, r * 

«• > r ' ced / n9 : ed ;:! n ue shan ■« «y mr 

one ,eq.(bt"toj. 

Tb, r.f.r..c. (5,-9). which „ spheric, y syn.etrlc I. ,r„. 

ity space, is the adjoint potential of , potential V that Is spheric,, 
symmetric In ordinary space. In fact, by (52-13) and (52-15), 


r ■ ^ k \ ■ »M. 


i i 


i i 


V ■ Vk 


u 2 9 2 * 2 , 2 g 2 


1_ l 
2 

u 9 


£ 

r 


{54-10} 

(54-11) 

(54-12) 


Eq* (53-31) suggests the substitution 


9 2 9, 


(54-13) 


(Now, however, the y i are to be considered as curvilinear coordinates in 
gravity space, having no direct relation with cartesian coordinates in or- 
dinary space.) This transforms the reference potential into 

! 

v = - 2u 2 y , (54-14) 

eliminating the singularity g at the origin g - 0 . 

We now introduce the new function 


$ 



(54-15) 


so that 


t = y * . (54-16) 

If we neglected all squares and higher powers of t , we should have the 
linear spherical approximation discussed in the preceding section since, 
apart from a scale factor, (54-12) is identical to (53-27). This shows that 
* as a function of y , must satisfy a differential equation of form 


► 
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a y # » 0 ( ♦ ) 


(54-i/j 


o, the right-h.nd ,.< 1 , Sloe. V ° •• * 

there can be "0 term 01 1 » 

linear epproximatton. by <”’ ' d the exact differential equation 

’• ir::,:;:”’.:" “ ~ 

which ♦ fflyst sat STy 


t - - 2v 2 y + y* 


{S4-18) 


x .„,.Hnn 5 which are too lengthy to 

into (50-2D Performing some tr.nsfo motions 

„e given here. The result is rather simple. 

(54-19) 


= n Z B 1 (4>4) * 

.here is a guadratic operator given by 

»,(♦.♦) ■ j(*-y*')V + y 2 l(TrL) 2 -Tr(L 2 )] 

(it must be guadratic since the original equation (52-26) is). The matrix 
L has elements 


{54-20} 


l. . = 

13 


2 

ik 4 y 2 ) 




(54-21) 


where «... denotes the elements of the unit matrix and 


3 2 <t> 


ay 


(54-22) 


4 ,’ is defined by 


. - 14 
sy 


and expresses the Laplace operator in the "cartesian form" 


t 
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a 2 3 

ay? 




needless to say, y t are not rigorously to be Interpreted 
coordinates In ordinary space. 

The boundary operator (54-1) 


9k »«■, 



t 


is transformed as follows. Using (54-9) we find 


so that 


» If * ? - "V * 


gil - f 

y sg 


1 I 

2 2 . „ at 

P 9 + 9 jg ‘ t 


Si nee 


y = 9 


by (54-13) , we have 


3t _ 3t dy 
3 g " 3y cfg 


1 ~ 2 3t 

7 s ay 


In view of these relations we get 


3T 




f = 


1 

2 . 1 „ 3t 

P y + 2 y ay 


- T 


, substituting (54-16) and taking (54-6) into account we 
mdition for $ : 


14 - * • 2[v(o) + a.y i ] on S ( 


ay 


(54-23) 

as cartesian 

(64-24) 

(54-25) 

(54-26) 

(54-27) 

(54-28) 

(54-29) 
find as boundary 


(54-30) 
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where 


v ( u ) 




{54-31} 


is a function of the data, and 


y{u) * yo$ g , y i (u) = y.°$ g {54-32} 

denote the values of y and y i calculated for that point of the surface 
$ which has the parameter u . 

Since the direction of 3/3y , as well as the direction of 3/3g , is 
the direction of the radius vector in gravity space, we still have an ob- 
lique derivative problem as in the original formulation given at the end 
of sec, 52; the problem is, however, simplified because we now have a 
"quas i 1 i near " differential equation (54-19), which has a form suitable for 
an iterative solution. 

It is possible to transform the problem still further by introducing a 
new potential v by 


V — aj 


, Ji 1 
* 


= Ifv|i - 

ay 


(54-33) 


This substitution has been motivated in the preceding section; cf. (53-57). 
As a linear approximation, v(y i ) is harmonic and is, furthermore, related 
to the potential anomaly aW . 

In fact, we even have rigorously 


L i 

V(g i ) = v 2 g 2 + yv , (54-34) 

so that yv represents the perturbation in the potential V , if expressed 
in gravimetric coordinates g i , in the same way as we had 

i i 

’f(g i ) * - 2 y 2 g 2 + y<j> , .(54-35) 

t * y$ representing the perturbation in the adjoint potential y , It 15 
easy to verify (54-34) by substituting (54-35) into (52-30). 

By means of ( 54-33 ), eq. (54-19) is finally transformed into a d i f f e r 
ential equation (more precisely, an i ntegrodi f ferent i a 1 equation) f° r v 
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.1 

A y v ■ v 1 B 2 (v ,v} 


{54-36) 


whe re the operator Is givers by 


fa vdy 4 

o r 

+ 4y[TrH*TrN - Tr(HN)] , 


8 2 ( v * v ) • - va y v - v' | A y vdy ♦ 2[(Tr N} 2 - Tr (N 2 ) i 


{54-37) 


M and N are 3x3 matrices with elements 






i3 


tk 


ik 


|iVVl v 

4 .2 


kj * 


3 y i y v 

|-¥ J\, d > ■ 

y Jo 


(54-38) 

(54-39) 


where 6^ denotes the elements of the unit matrix and 


3 2 v 


13 ~ ay t ay j * 


(54-40) 


v' is defined as 


, 3 v 

v = Ty 


(54-41) 


and a again denotes the "cartesian form" of the Laplace operator 
The Y solution of (54-36) has to satisfy the boundary condition 


v°S 


v 4 a.y. . 


(54-42) 


v = v(u) and y = y(u) being given by (54-31) and (54-32). This is simp- 
ly the boundary condition for a Dirichlet problem . 

8y means of the substitution (54-33) it has thus been possible to tran$ 
form Sanso's problem into a Dirichlet problem for the nonlinear equation 
(54-36) The price to be paid is that this equation is a nonlinear integrc 
differential equation* as (54-37) shows. However, since the principal part 
of (54-36) is simply Laplace's equation, the quadratic right-hand side be- 


r 
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J , 11 an nation is still relatively manageable M t 

1 n g comparati vely small, our equation 

is hardly necessary to remind the reader that (54-36) s as rigorous as 
the original equation (52-26); no negations are Involve ). 

This reduction to a Blrichlet problem is similar to met ods used in the 
linear Nolodensky problem, cf. (Brovar, 1964), (Krarup. 1973: the "Pr ague 
method" ) and the reduction to the Brillouin sphere In the present sec. 50. 
The enormous advantage of the gravity space approach Is that the bound ary 
condition (64-1) is linear even for the nonlinear problem, so that methods 
can be used that are applicable to the Kolodensky problem only in its lin- 
earized form. 

A necessary condition for the existence of the solution is 


(%L 


(54-43) 


In fact, the differentiation of (54-33) gives 


3v _ v 3 2 4 (54-44) 

Sy i k a V y ’ * 


If the solution 4 is to be regular with finite second derivatives at the 
origin y = Vy _.y - 0 , then (54-44) must tend to zero as y fc 0 . The 
condition (54-43) is to be provided for by suitably disposing of the free 
constants a t , a 2 , a 3 in the boundary condition (54-30), 

If a solution v satisfying (54-43) has been found, then 4 is ob- 
tained by 


4 = - 2 v{ 0} + 2y / (v(y) - v ( 0) ] y 2 dy 
0 


(54-45) 


it is easy to verify by direct substitution that this solution satisfies 
(54-33). Then the adjoint potential v is given by (54-35), and finally 
the earth's surface is obtained by (52-39), 

Study of existence and uniqueness . There are thus two possibilities for 
formulating Sansd's problem in a way suitable for an iterative solution. 

We may consider it either an oblique-derivative problem for the partial 
differential equation (54-19) with the boundary condition (54-30), or a 
Dirichlet problem for the integrodifferential equation (54-36) with the 
boundary condition (54-42). 
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In both formulations we have boundary-value problems with a fixed bound- 
ary* t0 which the "elementary" inverse function theorem can be applied (the 
reason why we had to use an advanced Inverse function theorem in Molodens- 
k y * s problem Is that It Is a free boundary-val ue problem). It Is easier to 
verify the conditions of applicability of the Inverse function theorem for 
the second formulation, in terms of Oirichlet's problem {Sansd, 1976, 1977); 
the application of Newton's method gives even definite numerical estimates. 
The result Is that a uniform solution exists provided v satisfies the 
coftd f t i on 

ll|V( U )|| 2tc < 6 , (54-46) 

where the constant d is sufficiently small. The norm Is a Holder norm 
very similar to the norm used in sec. 51. 

Since v , as given by (54-31), has the character of an anomalous poten- 
tial (actual potential minus spherical reference potential), this result is 
very similar to Hormander’s result (51-53). It is derived much more easily 
but is restricted to a nonrotating earth and a spherical reference poten- 
tial, whereas = U in (51-53) can be the usual ellipsoidal reference 
potential. On the other hand, closeness in H 2+£ is sufficient even for 
uniqueness whereas in Horsnander's theorem we had for uniqueness even to re- 
quire closeness in H 3+e ; cf. p . 448. 

An essential progress, both with respect to his first result (54-46) and 
to Hbrmander 1 s result, has been achieved by Sansd ( 1978b) by using the first 
formulation in terms of the oblique-derivative problem given by (54-19) and 
(54-30). Again the "elementary" implicit function theorem can be applied but 
the conditions for its applicability are more difficult to verify. In return 
for this one gets a much stronger result; a unique solution exists already 
i f 


l!v(u) - v 0 (u)|! 1+£ < 6 . ( 54-47) 

The function 7 0 (u) ma y now usual ellipsoidal normal potential, or 

a similar reference potential; we are no longer restricted to a spherical 
reference potential. The essential improvement, however, is the replacement 
of the norm || \\ 2 + z by || )| 1 + e : we no longer need closeness of the sec- 
ond derivatives, but only closeness of v and v Q together with its first 
derivatives plus a HSlder condition; cf. p. 448. 

It is not known, however, whether the condition (54-47) is satisfied for 
the real earth since we only know that a number d , ensuring existence and 
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, f4n „ exists but not how great It is. The number 6 
uniqueness of the so u . ^ n#t „ 0 i d for the reel potentlel. 

m, y well be so smel „ tt yeers, the problem of existence 

Conolurf.wp , for Holodensty' s problem has for the first 

and uniqueness of the ■ n , th em.t1cal rigor. Certainly, existence 

time been treats w only „ nder ,ery restrlctlue conditions on 

and uniqueness ha.e b e P dtv1>t|ons fr0 . , -normal" solution, con- 

smoothness and sma nes „ et 1n the actual geodetic situation, 

dftions which we cannot expect t 

However these results have been obtained rigorously* 

The treatment by Hbr.ander uses a very advanced Inverse 
rem and Is mathematically extremely complicated; U 1 

earth. The mathematical complexity Is mainly due to t e ac o 

denshy's problem Is a free boundary-value problem, the boundary surface 


be i ng unknown . 

The gravity space approach due to Sanso transforms the ree oun ary 
problem into a fixed one, although for a nonlinear partial differential 
equation. It nevertheless reduces essentially the mathematical complexity. 
The limitation of the gravity space approach is the restriction, to a 
rotating earth; practically this amounts to the use of gravitation instead 
of gravity by reducing for the effect of centrifugal force. 

The results obtained by Sanso are stronger: he only requires closeness 

4 . _ ■ I I Lt ^ J _ . 


of 


and 


in 


H I+e for existence and uniqueness, whereas Hdrmander 


had to require closeness in H 2+e for existence and even closeness in 


,3+e 


for uniqueness. 


Thus, from a theoretical point of view, the impact of the gravity space 
approach to the geodetic boundary-val ue problem appears enormous. It throws 
new light on this problem and provides powerful new methods for studying 
its mathematical aspects. 

From a practical point of view, on the other hand, it is important to 
note that the 1 i neari zati on (linear in the anomalous potential T ) is the 
same in the usual approach and in gravity space, as we have seen in sec. 

53. All usual methods for practically solving Molodensky’s problem, as dis- 
cussed in secs. 43 through 49, are based on this 1 i neari zati on . The gravity 
space approach does not give a new contribution to methods of this type; 
the essential advantage of the new approach manifests itself in the non- 
linear problem. 


It may be remarked that, in a work that has not yet been published, Sanso has also 
treated (by an iterative procedure) the problem of a rotating earth, but even Sanso's 
original problem is practically meaningful as we have pointed out at the beginning of 
sec, 52. 
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55 , geodynamical effects 


Throughout the present book we have assumed the following idealized sit- 
uation: the earth is a rigid body which rotates with constant angular veloc- 
ity around an axis which Is fixed with respect to the earth and passes 
through the earth s center of mass. This center of mass, or geocenter, is 
taken as the origin of a rectangular coordinate system and the rotation 
axis is used as its z- axis, or x^-axls. In this way, neither the earth's 
figure nor its gravity field nor the coordinate system to which the earth 
is referred, vary in time. 

This simple model is surprisingly accurate, down to an accuracy of 1 
part in a million ( 10 6 ) and better. The time-variable deformation of the 
earth because of tides is only of the order of a few decimeters. 

Until a decade ago, an accuracy of 10 -6 was the goal that could real- 
istically be aimed at in the determination of the earth's figure and grav- 
itational field. Then a breakthrough came, mainly from two sides: modern 
techniques in absolute gravity measurements and laser ranging to satellites 
achieved accuracies better than 1(T 8 or made them appear feasible. This 
means accuracies on the order of a few centimeters in absolute position; on 
this level of precision, geodynami cal effects have significant influence. 

In the present section we can, of course, only sketch the barest out- 
lines. Vie shall restrict ourselves to two topics: the effect of solid earth 
tides and some considerations regarding a more precise definition of ter- 
restrial coordinate systems. Other geodynamical effects such as the motion 
of continental plates according to plate tectonics will not be considered. 

We shall primarily discuss geodetic aspects. For geophysical implications, 
the classical reference is (Munk and Macdonald, 1960); a more recent review 
article is (Rochester, 1973). 

The basic principle is to reduce the observations to the simple rigid 
earth model mentioned above, on which the usual methods of physical geodesy, 
as treated in this book, are based. Thus geodynamic effects are taken into 
account by suitable corrections. In view of the smallness of such correc- 

lions, this appears to to the appropriate approach. 

t'des Consider the gravitational attraction of the moon at a point 

^ the earth's surface which, with an accuracy sufficient for the present 

P ° n !„ kp presented by a sphere of radius R (Fig. 55.1). The poten- 

purpose, can De 

tial of this attraction at P is 
Gy 

v = T * 


(55-1) 


478 Geodetic 


Boundary-Value Problem 



FIGURE 55.1. The tidal attraction. 

Expand 1/1 as a series of spherical harmonics (3-32) to 9 et 


V 



P (COS if’ ) 
n 


£55-2) 


G being the gravitational constant, v the mass of the moon; the other 
flotations are understood from Fig. 55.1. The term of zero degree ( n - 0 ), 


v 


o 


_ Gv 
‘ T * 


represents the potential of the attraction of the moon at the center of the 
earth; it is responsible for orbital motion. The first-degree term ( n = 1 ) 
causes a shift of the equipotential surfaces without changing their shape; 
only the terms with n * 2 and higher correspond to true deformations. 

Thus the tidal potential becomes 


u * Gp I -^ T P n (cos*) . (55-3) 

n-2 d 

The dominating term is of second degree. We shall limit ourselves to 
this term; higher-degree terms can be treated in an analogous fashion if 
necessary. Thus we shall put 

R ^ 

U = Gu ir P, (GOSlfO . 


(55-4) 
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let us now express cos* i n term* * k 
nates of P and of the moon's center In th 3e ° Centr1c spher *cal coordl- 
system the point P has the coordinates ( ^ earth ~ Mxed equatorial 

polar distance of P, 4 denoting the geocentric iaHt / * 9 ° "* ^ the 

geocentric longitoOe. Similar, y . th . hJS U( , * «• 

the polar distance Is given by D « q n «., dlnates ( p.h ) , where 

the moon, and h denotes the Grpom^ k * bein9 the declination of 

th. engle between the Greenwich Ilridt “I ,n9 ' e " ^ <*• 

the moon's center. Contrery to ast *? th ' ner,<ll,n P J ti'ng through 

counteo positively ; usase ’ both 1 *" d * *" 


moon 




FIGURE 55.2, Coordinates of P and 
of the moon t 


Then the addition theorem of spherical harmonics, eq. (3-30)* gives 


P _ ( CO S * ) = R 2O^ 9tX)R 20^ > ^ + 


+ ~R 21 (e,x)R 21 (p,h) + ^S 21 (0,x)S 21 {p,h) + 

+ -^ R 2 2 ^ 9 ’ X ^ R 2 2 ^ b ^ + T2 S 22 (9 '^ S 22^ P * h ) * 


(55-5) 


Now this expression is substituted into (55-4), and all an d 

S (p t h) , as well as the lunar distance d , are represented as functions 
of time t using the theory of the motion of the moon. Details are found 
in (Melchior, 1978, chapter 1). The result has the form 



480 Geode tio Boundary-Vatu* Problem 




u - * t (t)R 20 (e,x) + a 2 (t)R 2l (9,x} ♦ « 3 ( t}$ 21 (e ,x ) + 

+ a 4 (t)R 22 {e t X) + a 5 {t)S 22 {6.X) , (55- 6) 

where the functions * 1 { t ) can be represented as trigonometric series 


a t (t) 


10 


l a cosu t + l b, sinu t . 
j-l 3 3 3 


(55-7) 


A similar expression can be obtained for the effect of the sun, and it 
will be assumed that (55-6) and (55-7) represent the combined effect of sun 
and moon. 

Thus the tidal potential U at the earth's surface has the form of a 
linear combination of spherical harmonics of the second degree whose coef- 
ficients are quasi- periodic functions of time. 

Elastic deformations. If the earth is assumed to be a purely elastic sol- 
id, then a point P on its surface undergoes a quasi -periodic displacement 
on the order of half a meter. This displacement is expressed by the vector 
u whose components in polar coordinates ( r,e,x ) are given by 


u e = g ae • (55-8) 

u = 1 .. 

A g COS'? -A ' 

Here g denotes a mean value of gravity ( g = 980 gal ), and h and 1 
are constants called Love numbers. 

In the system xyz defined in the usual way (sec.l), the components of 
the vector u are obtained by a rotation: 


U 1 


si n^cos A 

- s i n A 

COS<|>CQS X 

u 2 

5 

sin<j)SinA 

COSA 

co$$5 i n A 

V 

1 

-cos d> 

0 

si n<j> 



u 


e 


u , 


A 


U 


r 


(55-9) 


By subtracting the tidal deformation £ from the actual measured co- 
ordinates x . , one obtains ti me- i ndependent coordinates x free from 
tidal effects: 
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* * £ oba ' “ • (55-10) 

The deformation of the earth causes Us gravitational potential to change 
by 

«V * kU , (55-11) 

where k is a third Love number. In space outside the earth, this induced 
tidal potential is a harmonic function: 


SV * k (?] 3 [*ltt)« 2 o(9.») ♦ 

* a 2 (t ) R 2 i< 6 ’*) + a 3 (t)S 2l (e,x) + 

+ a 4 (t)R 22 (9,x) + a 5 (t)S 22 (e,x) , 


(55-12) 


The fact that both _u and 6 V depend linearly on U is due to the 
smallness of the deformation {any smooth function can for small values of 
the argument be regarded as a linear function); it is an expression of 
Hooke's law well known from the theory of elasticity. 

Conventional rounded values of the Love numbers are 


h • 0.6 , k - 0.3 , 1 = 0.08 . 1(55-13) 

Other geodetic effects. The induced potential (55-12) affects satellite 
orbits (Groten, 1970). Tidal influences on terrestrial observations are 
usually combined effects of deformation and potential change. Thus, the 
"geometric" Love numbers h, 1 usually occur in combination with the "po- 
tential” Love number k . For instance, tidal changes in gravity are pro- 
portional to the factor 1 + h - 3k/2 ; changes in astronomical latitude 
and longitude involve the factor 1 + k - 1 , and horizontal pendulum ob- 
servations are affected by the factor 1 + k - h . For details cf. (Mel- 
chior, 1971 and 1978) and (Groten, 1979). 

Real deformations. The purely elastic model just outlined represents a 
high degree of idealization. Resonance effects of the liquid outer core of 
the earth cause a dependence of the Love numbers on frequency u . Such 
Love numbers can be computed on the basis of an assumed earth model (Mel- 
chior, 1978, chapter 6). The picture is further complicated by the fact 
that there are local disturbances due to the effect of oceanic tides and 
other local perturbations (ibid., chapters 11 and 12). This makes a model- 


482 Geodetie Boundary-Value Problem 


. . arruracv of * few c e n 1 1 me t e r s quite diffi Cu1t 

Ida of tidal effects to an accuracy or cult > 

n. p. rncn.nt deformation. The const, nt te . <" 55-7) is indepen. 

d „t of time ,nd COSOS . "permanent deformation . Ac u.l y. nly the e „ f . 
ficient a associated with tht zonal h.rmonlc R 20 (9,x) - Pyfcose) ,, 
different from tero, causing a minute change In the flattening of the earth. 
It has been suggested by Honkasalo ( 1964) to correct only for the tin,-,,,, 
pendent part of the tidal effects, leaving the permanent deformation. From 
a geodetic point of view, it appears, however, preferable to consistently 
subtract the complete tidal effect including the permanent deformation, in 
fact, this procedure fully removes the influence of sun and moon and thus 
provides the simplest way to ensure that the earth's gravitational potential 
V is harmonic everywhere outside the earth; this is basic for physical 
geodesy as we have seen throughout the book. 

The celestial pole. This concept plays a basic role in the precise de* 
finition of terrestrial coordinate systems. We shall be satisfied with a 
general description of the problem of defining this concept, referring the 
reader for details to the excellent presentation by A. Leick and 1. 1, Muel- 
ler, “Defining the Celestial Pole", Manuscripta Geodaetica, vol.4, pp. 149- 
183, 1979. 

Fig. 55.3 shows the terrestrial sphere in the vicinity of the North Pole 
as seen from above. The following abbreviations are used: 


F ... 

figure axis. 


I ... 

instantaneous rotation axis, 

H ... 

angular momentum 

axi s , 

E ... 

Eulerian pole of 

rotation. 

C ... 

celestial pole. 



The figure axis F (we do not distinguish between an axis and its pole 
wnich is Its intersection with the celestial or terrestrial sphere) is the 
axis of maximum inertia (cf. Heiskanen and Moritz, 1967, p 62) If the earth 
were an ellipsoid of revolution, then F would denote its axis of symmetry. 

The axis H corresponds to the direction of angular momentum, which 
plays a basic role in the dynamics of a rigid body 

For an explanation of the other terms we must distinguish between free 
and forced notion. Free motion corresponds to the absence of external forces, 
in our case * to the absence of oravita + irmai + ^ . 

r y vocational attraction of sun and moon* 

forced motion represents the effort 

T , fcU ertect of these external forces. 

If there were no external forces + • ic I 

w . t( t . s * then the instantaneous rotation axis 

With c°’ nC Th “I th E ' and Ue 2 " 9Ular o x i s H would coincide 

a circ,e\:i;Tirrv;r r ; cause . h u descrne 

escribe a similar curve around E ■ 
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For the further description we make the assumption that the earth is a 

, i oHr solid ellipsoid. Let us first consider the free motion only, 
purely elastic 

r . . r E then describe concentric circles whose radius is on 

The points C ana 

, „ r rt ?» which corresponds to 6m. Both points are very close 

the order or v.t 

t ther* there is CE = 2 cm . The point 0 corresponds to the figure 

tll . undisturbed case. Since the axis of rotation I does not 
axis m inc u 

incide with the axis of figure, the rotation of the earth produces a non- 
symmetric deformation, which causes the axis of maximum inertia to shift to 
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■r f C and S lie on the same radlu* 

S such that GS * 2 m . The points E. c, ana 

a , sucn vn . the oeHod is the Chandler period 

and slowly rotate together around 0 , the pen 

of polar motion of about 430 days . _ nnn „ 

So moon for the free motion. The ettrectton of son end c.oses 

he deter, bed fo„o.». The I nttenteneoo, po . of rote- 

„ 0 „ I deter I he> e ne.r-e,rcu,.r doted cure. eroond the Eul.rl.n pol. 

E ;„d the angular momentum pol. H performs . slmlHr motion .round the 
celettl.1 pole C . of red, I .round 0.6 end 0.4 - . respectively. Thl, „ 
of the s.me magnitude es the tld.l deform. tlon: In feet, the cause Is the 
seme. The points H end I .re again r.ther plot, together ("Is 21 cm,. 

Especial ly remarkable Is the forced motion of the figure an s .It 

describes e quasi -cl rcul ar motion around Its free position S , Its radi- 
us SF is on the order of 60 m I Thus the figure axis Is particularly un- 
stable. Its forced motion being a hundred times larger than the forced mo- 
tion of the rotation axis. It may be mentioned that F, H , and I lie on 
a straight line. 

The period of these forced motions are on the order of 1 day; we there- 
fore speak of diurnal polar motions. 

The most important point Is C . which Is therefore called the ceU.tial 
reference pole, or celestial pole. By its definition, it is unaffected by 
forced motion and does not, therefore, exhibit a diurnal motion with re- 
spect to an earth-fixed coordinate system. It may also be shown that C 
has no diurnal motion with respect to a space-fixed system, that is, re- 
ferred to a nonrotating system which is "fixed with respect to the stars ♦ 

These two conditions determine C uniquely and independently of any 
model assumption such as perfect elasticity; this definition can, therefore, 
also be used in the case of the real earth. Furthermore it can be shown that 
most astronomical measurements refer to C rather than to the instantaneous 
rotation pole I , 

This accounts for the use of C to define the celestial pole in the most 


appropriate way. 

The body-fixed motion of C , as considered so far, is the precise defi- 
nition of polar motion’, the space-fixed motion of C is precession and nu- 
tation'; cf. (Mueller, 1969, sec. 4.1}. 

The new formulas for nutation adopted by the International Astronomical 
Union at its XVII General Assembly in Montreal in August 1979 refer to the 
celestial pole C as defined above. 


H 8ody- fixed mot I on ,r is an abbreviation for ^motion with respect to a body-fixed refer- 
ence system*** and similarly for “space-fixed motion 1 ** 
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terrestrial reference 6yetem$. The D rnhi Bn „* . . 

rigorously defined Ur,„t„„ coord, net, system coopmltld TZ'tZ' 
there Is no such syste. ,o which .11 point, on the eerth's ", 
wou ,d he ot rest. Points are continuously m o„n g because o, tidal ,f ts 
p „te ntlon. oca tectonic disturbances, etc. .11 that can be booed ' 

ls that a coordinate system ten be defined at which surface points , re t' 
rest in some average way. 

This problem admits of several solutions and is at present much discussed. 

The V rocee ngs 0 a recent meeting on this subject (Kolaczek and Welffen- 
bach, 1975) give a vivid picture of these discussions. 

It is generally agreed that even a future, more precisely defined refer- 
ence ame should be close to the system presently used: It should be a car- 
tesian coordinate system xyz whose origin is at the geocenter (or perhaps 
corresponds to some average position of the geocenter); the z-axls should 
be directed along some average position of the rotation axis, and the zero 
meridian should be close to the (mean) Greenwich meridian. 

Various choices of coordinate axes have distinguished physical proper- 
ties, as pointed out in (Hunk and Macdonald, 1960, pp. 10-12). 

Tisserand axe s. For a rigid body rotating with an angular velocity vec- 
tor w , the velocity ^ of any particle is 


1 = <£ x x , (55-14) 

which is the vector product of w with the position vector x . For a de- 
formable body this relation cannot be satisfied in general; there will be 
a difference 


e * V - w x x . (55-15) 

If w is defined by the least-squares condition 

/// ,£ 2dM = minimum * (55-16) 

earth 

dM denoting the element of mass* then any system xyz rotating with this 
angular velocity is a system of Tisserand axes. 

Such a frame also has the property that the total angular momentum due 
to motion relative to it is zero. 

Thus, for Tisserand axes, only the rotation of the frame, that is, its 
motion, is specified. Any cartesian system whose axes are fixed with respect 
to a Tisserand frame, is also a Tisserand frame. 
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mo- 


itable for formulating the equations of 
A Tfsserand frame 1 5 very su fl particularly simple form in such a 

tion of the earth because they a ^ m _ formally the same as for a rigi<j 

system, being then for a de orma not directly accessible to g e0 - 

earth , On the other hand, such a system 

detic observation. 6xeS are defined in such a way that the 

Frinaipal «**>* °f inertia. system: the products of inertia 

— - — - 

•< — - f ° r ::: n,pso,d) ,o ■■ 

60dy «. «.r. r . %% » 

In the case of the earth, t e q t an ellipsoid of revolution, 

are ill defined since the earth is very c precise definition of 

Even tH. Pour axis of inertia is -suit * for a P'« ^ ^ 

the 2 -axis because of Us ' nst * ' ^ respect to the earth by as much as 
gure axis corresponds, oscillates with resp 

60 m . as we have seen above (Fig. 55. 3). reference fra.es, 

Mather axes. In hi s thorough discussion of te 

Mather (1973, 1974) proposed the following definition. The o g 

watner ¥ ^ with t ^ e instantaneous axis 

(instantaneous) geocenter; the z-axis coincides w 

of rotation; and one fixed station P on the earth's surface defines the 

xz.plane (this P.ane either passes through P , or P has an assigned f„ed 

1 ongi tude ) . 

This is perhaps the conceptually clearest and most natural definition of 
a geodetic reference system. Everyth! ng~the origin, the z-axis, and tne 
xz-plane-H unambigously defined physically. Its main merit lies in pre- 
senting a clear theoretical model. 

For practical purposes, tidal motions have to be removed by a suitable 
model, and the z-axis should be oriented through the celestial pole C 
rather than along the instantaneous axis I because C is observable (see 

above) . 

But even so, coordinates xyz of any point on the earth's surface would 
change with time because of the motion of C with respect to the earth 
(polar motion) even when there is no real shift of the position of the point 
under cons i dera ti on . Furthermore, irregular motions of the fundamental sta- 
tion P would be reflected as spurious temporal changes in the coordinates 
of the other stations. For this reason it is desirable to define the coor- 
dinate system, not with respect to one station P , but with respect to 
several reference stations, hoping that irregular displacements of the in- 
dividual stations average out. This leads us to the next definition. 
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Geographical axes. According to {Hunk and Hacdonald, I960 * p.U), geo- 
graphical axes are attached “In a prescribed way" to certain observator ies . 
0ne possible rigorous definition in this sense would be the following. 

Assume N stations (observatories) on the earth’s surface. The coordi- 
n ates x, * [* t * y t » i i 1 ♦ 1 « i, 2, N , of these stations, relative 

to a certain Instant t Q , are given; the coordinate system S Q is, in 
principle, arbitrary. 

At a subsequent Instant t , the rectangular coordinates of the same ft 
stations are again determined by observation, which results In the values 
* (x^, y‘, 2[] . They are referred to another coordinate system S' 
which may be arbitrary and unrelated to $ 0 . 

If the configuration of the N stations did not change with time, then 
there would be a certain rotation matrix R such that 

Rx' - x^ . (55*17) 

for all N stations. In view of relative motion of the stations, however, 
such an equation will not be exactly satisfied; there will be deviations 

, -Rx'-x. < 55 ' 18 > 

Now the three parameters defining the rotation matrix R (for instance, 
three Eulerian angles, cf. sec. 36) can be determined by means of the con- 
dition 


e T Pc = minimum 


(55-19) 


with a given positive definite weight matrix P . 

This determines the matrix R , and now the coordinates x 1 of any 
point in the new system S' can be transformed to the original system S Q 
b (55-17) Thus the coordinates at any instant t can be unambi gous 1 y 
referred to the original system S Q . This coordinate system is related, 
not to any physically defined axes, but "in a prescribed way" to the N 

given observatories. 

In the case of errorless observations, the formal least-squares adjust- 

nf / c c _ i g ) ensures that the configuration of the N stations 
ment by means or 1 = 3 1 J > 

u fitted as closely as possible to the original configura- 
at epoch t i =■ 


1 The minimum condition (55-19) may, in a way, be considered a discrete analogue of 
(55-16) . 
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t it it thus g geometri ca 1 fitting rather than a sta- 

tion of the Stations; llprescribed wfl y« implies the use of the same N 
tistical adjustment . The P a11 | nst ants under consideration, 

stations and of the same matr * wb j c h can be represented by an 

It is clear that r “ oy j d beforehand, so that the residual dis- 

,nalytlc«1 «o<.N « « , .ore or loos r.ndom oh.r.ct.r, 

placements £ ltt ( 55 residuals (55-18) indicate the 

vr ::;:: e ; h : f — ■“* — i ° •«* 

amount by which tne » » f COU rse, the procedure 

>' ***" *" -s,r, , t,o;;i ;; r :;s. - . - ts ; The weight ... 

averages their effeot .. well a t a » ... statm1c5 of 

trix P may then be chosen so as to take 

the measuring errors. def , „,ti ons-TI sserand 

constderattons* Each of tnese 

axes, figure axes, Mather axes, and geographical axes--con ai 
aspects which must be taken into account in an optimal e mi io 

terrestrial reference system. 

Geographical axes seem best, as far as possible at all, to corresp 

to the practical requirement that the adopted station coordinates 
change with time. They can also be realized observational 1y in a theoreti- 
cally rigorous way. 

The arbitrariness of the initial coordinate system S Q can be used to 
satisfy the physical requirement that the z-axis is somehow related to the 
earth's rotation axis. The best candidate for the pole representing the z- 
axis seems to be a point close to the center 0 of Fig. 55.3. In the elas- 
tic model, the point 0 represents the long-term average of the rotation 
axis, of the celestial pole, and of the figure axis; and it does not change 
its position relative to the earth's body. It can further be shown that 0, 
or any point fixed with respect to it, represents the z-axis of a Tisserand 


frame . 

For the real earth, matters are more complicated than for the elastic 
model. There is no longer a unique point 0 which has the same simple phys- 
ical properties as in the elastic case. Therefore, rather than defining the 
2 -axis physically by the point 0 , it seems appropriate to assume it con- 
ventionally in such a way that it is close to a mean rotation axis and a 
mean figure axis. Also the zero meridian will be assumed con ventional ly but, 
of course, very close to Greenwich. 

The celestial pole can then be referred to this system through polar mo- 
tion observations by satellite laser, doppler, or VLSI techniques. 

The origin of the system $ o can be placed at the geocenter by dynami- 
cal satellite observations or by gravimetric techniques. The basis of the 
first method is the fact that the geocenter is at the focus of the orbital 
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el Hpse of . (orbit., perturbation bo not cb.o,. the 

The second method use, the phenomenon that . spheric., -h.r.o.lc e.p.nslon 
of the exte n potent,., does not contain flrst-depre. ter., ,, the r 
is placed at the geocenter (p.20). 8 

For an absolute practical determination of the geocenter with high pr*. 
cision. the satellite technique Is appropriate. In this way, the origin of 
S o is placed at the geocenter at the Instant t Q . Since, for subsequent 
times, this system is defined by reference to N surface stations. It may 
happen that, at later times t , the origin no longer coincides with the 
geocenter. For monitoring this relative shift of the geocenter, the gravi- 
metric technique may be used, as has been pointed out by Mather (1973, 1974} 
The principle is as follows. 

At any point ( $,x ) of the earth*s surface, gravity changes because of 
a shift of the origin by the first-degree harmonic 


5g ~ c (cos$cosa * $x + cosifisinx ♦ 6y + sin<t * 6z) 


(55-20) 


where 


c = -3.1 ygal cm 


- 1 


(55-21) 


Monitoring Sg by highly precise absolute gravity measurements at a number 
of well -di str i buted observatories (preferably coinciding with the N sta- 
tions used for fitting the coordinate system S Q ) thus gives the shift 
vector fix . 

Finally we mention that also the present official terrestrial reference 
system as defined by the Bureau International de 1‘Heure (BIN) uses the 
principle of geographical axes, but fitting astronomical coordinates * 
and A of a number of observatories rather than rectangular coordinates 

(Mueller, 1969, pp.84 and 343). 

For a more precise definition, at the centimeter level, satellite laser 

nd interferometric methods using rectangular coordinates are more promis- 

afl than astronomical coordinates whose accuracy can hardly be essentially 

ing , . Ua n rpcpnt level of a few decimeters. Such future systems 

improved beyond the present 

Id however be related to the present system in such a way as to pre- 
serve continuity. 
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